
Cent. Eur. J. Phys. • 11(8) • 2013 • 969-976
DOI: 10.2478/s11534-013-0302-5

Central European Journal of Physics

Is gravitational mass of a composite quantum body
equivalent to its energy?

Research Article

Andrei G. Lebed1,2∗

1 Department of Physics, University of Arizona,
1118 E. 4-th Street, Tucson, AZ 85721 , USA

2 L.D. Landau Institute for Theoretical Physics, RAS,
2 Kosygina Street, 117334 Moscow, Russia

Received 20 December 2012; accepted 18 September 2013

Abstract: We define passive gravitational mass operator of a hydrogen atom in the post-Newtonian approximation of
general relativity and show that it does not commute with energy operator, taken in the absence of gravi-
tational field. Nevertheless, the equivalence between the expectation values of passive gravitational mass
and energy is shown to survive for stationary quantum states. Inequivalence between passive gravitational
mass and energy at a macroscopic level results in time dependent oscillations of the expectation values
of passive gravitational mass for superpositions of stationary quantum states, where the equivalence re-
stores after averaging over time. Inequivalence between gravitational mass and energy at a microscopic
level reveals itself as unusual electromagnetic radiation, emitted by the atoms, supported and moved in
the Earth gravitational field with constant velocity using spacecraft or satellite, which can be experimentally
measured.
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1. Introduction

One of the major problems in physics is known to be a cre-ation of the so-called "Theory of Everything" - unificationof all fundamental forces in nature, including electro-weak,strong, and gravitational ones. In this context, the mostdifficult step is a creation of quantum gravitational theory.This even may not be possible in the feasible future, sincethe fundamentals of quantum mechanics are very different
∗E-mail: lebed@physics.arizona.edu

from that of general relativity. In this situation, it is im-portant to find a way to combine quantum mechanics withsome non-trivial approximation of the general relativity.This allows to introduce some novel physical ideas andphenomena, which can be experimentally studied. So far,to the best of our knowledge, only trivial quantum me-chanical variant of the Newton approximation of generalrelativity has been experimentally tested in the famousCOW [1] and ILL [2] experiments. On the other hand, suchimportant and non-trivial quantum phenomena in generalrelativity as the Hawking radiation [3] and the Unruh ef-fect [4] are still far from their direct and firm experimental
969
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confirmations.It is known that gravitational mass of a composite classi-cal body in general relativity is not a trivial notion andis a subject of several paradoxes. One of them is relatedto application of the so-called Tolman formula [5] to afree photon, which formally results in a doubling of pho-ton active gravitational mass [5, 6]. The solution of thisparadox is due to an account of stress in the walls ofa container [6], containing photon, which compensates theabove mentioned increase of photon mass. More precisely,it is shown [6] that averaged over time active gravitationalmass of a photon in a container with mirror walls is E/c2,where E is photon energy. Importance of the classicalvirial theorem for the equivalence between averaged overtime gravitational mass and energy of different compositeclassical bodies is stressed in [7, 8]. In particular, it isshown that electrostatic binding energy, U , contributes topassive and active gravitational masses as 2U/c2, whereaskinetic energy, K , contribution to the gravitational massesis 3K/c2 [7, 8]. Application of the classical virial theoremto electrostatitally bound two bodies, which claims thataveraged over time potential energy, < U >t , equals to-2 < K >t , results in the equivalence between averagedover time gravitational mass and energy,
< m >t= m1 +m2 + E/c2, (1)

where m1 and m2 are bare masses of the above mentionedbodies, E = K + U .
2. Goal
The main goal of our paper is to consider a quantum me-chanical problem about interaction of a composite body(e.g., a hydrogen atom) with an external gravitational field(e.g., the Earth). Our first result is that the equivalencebetween passive gravitational mass and energy may sur-vive at a macroscopic level. In particular, we show that thequantum virial theorem [9] results in equality between theexpectation value of passive gravitational mass and en-ergy, divided into c2, for stationary quantum states. Oursecond result is a breakdown of the equivalence betweenpassive gravitational mass and energy at a microscopiclevel. We define passive gravitational mass operator ofa hydrogen atom in the post-Newtonian approximationof general relativity and show that it does not commutewith energy operator, taken in the absence of gravita-tional field. Therefore, an atom with definite energy inthe absence of gravitational field, E , is not characterizedby definite passive gravitational mass in an external grav-itational field. Passive gravitational mass is shown to be

quantized and can significantly differ from E/c2. Our thirdresult is that we discuss how the above mentioned inequiv-alence can be experimentally observed. In particular, wesuggest experimental investigation of electromagnetic ra-diation, emitted by macroscopic ensemble of the atoms[10, 11], supported and moved with constant velocity inthe Earth gravitational field by using spacecraft or satel-lite. Our fourth result is that the equivalence between theexpectation values of passive gravitational mass and en-ergy is broken at macroscopic level for superpositions ofstationary quantum states and restores only after averag-ing over time.
3. Gravitational mass in classical
physics
Here, we derive the Lagrangian and Hamiltonian of a hy-drogen atom in the Earth gravitational field, taking intoaccount couplings of kinetic and potential Coulomb ener-gies of an electron with a weak centrosymmetric gravita-tional field. Note that we keep only terms of the order of1/c2 and disregard magnetic force, radiation of both elec-tromagnetic and gravitational waves as well as all tidaland spin dependent effects. Let us write the interval inthe Earth gravitational field using the so-called weak fieldapproximation [12]:

ds2 = −
(1 + 2 φc2

)(cdt)2
+ (1− 2 φc2

)(dx2 + dy2 + dz2),
φ = −GMR , (2)

where G is the gravitational constant, c is the velocity oflight, M is the Earth mass, R is a distance between acenter of the Earth and a center of mass of a hydrogenatom (i.e., proton). We pay attention that to calculate theLagrangian (and later - the Hamiltonian) in a linear withrespect to a small parameter φ(R )/c2 approximation, wedo not need to keep the terms of the order of [φ(R )/c2]2in metric (2), in contrast to the perihelion orbit processioncalculations [12].Then, in the local proper spacetime coordinates,
x ′ = (1− φ

c2
)
x, y′ = (1− φ

c2
)
y,

z′ = (1− φ
c2
)
z, t′ = (1 + φ

c2
)
t,

(3)
the classical Lagrangian and action of a hydrogen atom
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have the following standard forms:
L′ = −mpc2−mec2 + 12me(v′)2 + e2

r′ , S ′ = ∫ L′dt′, (4)
where mp and me are the bare proton and electron masses,respectively; e and v′ are the electron charge and veloc-ity, respectively; r′ is a distance between electron andproton. [Note that, due to inequality mp � me, we disre-gard kinetic energy of a proton in the Lagrangian (4) andconsider its position as a position of center of mass of ahydrogen atom]. It is possible to show that the Lagrangian(4) can be rewritten in coordinates (x, y, z, t) as

L = − mpc2 −mec2 + 12mev2 + e2
r −meφ

−
(3me

v22 − 2e2
r

)
φ
c2 . (5)

Let us calculate the Hamiltonian, corresponding to the La-grangian (5), by means of a standard procedure, H(p, r) =
pv− L(v, r), where p = ∂L(v, r)/∂v. As a result, we obtain:

H = mpc2 +mec2 + p22me
− e2

r +mpφ +meφ

+(3 p22me
− 2e2

r

)
φ
c2 , (6)

where canonical momentum in a gravitational field is
p = mev(1−3φ/c2). [Note that, in the paper, we disregardall tidal effects (i.e., we do not differentiate gravitationalpotential with respect to electron coordinates, r and r′,corresponding to a position of an electron in the center ofmass coordinate system). It is possible to show that thismeans that we consider the atom as a point-like body anddisregard all effects of the order of |φ/c2|(rB/R ) ∼ 10−26,where rB is the Bohr radius (i.e., a typical size of theatom)]. From the Hamiltonian (6) averaged over time hy-drogen atom passive gravitational mass, < mg >t , definedas its weight in a weak centrosymmetric gravitational field(2), can be expressed as

< mg >t = mp +me +〈 p22me
− e2

r

〉
t

1
c2

+ 〈2 p22me
− e2

r

〉
t

1
c2 = mp +me + E

c2 ,(7)
where E = p2/2me − e2/r is an electron energy. We payattention that averaged over time third term in Eq. (7) isequal to zero due to the classical virial theorem. Thus,we conclude that in classical physics averaged over timepassive gravitational mass of a composite body is equiv-alent to its energy, taken in the absence of gravitationalfield [7, 8].

4. Gravitational mass in quantum
physics
Now, we proceed to the original part of our paper. TheHamiltonian (6) can be quantized by substituting a mo-mentum operator, p̂ = −ih̄∂/∂r, instead of canonical mo-mentum, p. It is convenient to write the quantized Hamil-tonian in the following form:

Ĥ = mpc2 +mec2 + p̂22me
− e2

r +mpφ + m̂g
eφ , (8)

where we introduce passive gravitational mass operator ofan electron to be proportional to its weight operator in aweak centrosymmetric gravitational field (2),
m̂g
e = me + ( p̂22me

− e2
r

) 1
c2 + (2 p̂22me

− e2
r

) 1
c2 . (9)

Note that the first term in Eq. (9) corresponds to the bareelectron mass, me, the second term corresponds to the ex-pected electron energy contribution to the mass operator,whereas the third nontrivial term is the virial contributionto the mass operator. It is important that the operator (9)does not commute with electron energy operator, takenin the absence of the field. It is possible to show thatEqs.(8), (9) can be also obtained directly from the Diracequation in a curved spacetime, corresponding to a weakgravitational field (2). For example, the Hamiltonian (8),(9) can be obtained [10, 11] from the Hamiltonian (3.24) ofRef. [13] (where different physical problem is considered)by omitting all tidal terms.
4.1. Equivalence of the expectations values
Below, we discuss some consequences of Eq. (9). Supposethat we have a macroscopic ensemble of hydrogen atomswith each of them being in a ground state with energy E1.Then, as follows from Eq. (9), the expectation value of thegravitational mass operator per one electron is
< m̂g

e >= me+ E1
c2 +〈2 p̂22me

− e
2
r

〉 1
c2 = me+ E1

c2 , (10)
where the third term in Eq. (10) is zero in accordance withthe quantum virial theorem [9]. Therefore, we concludethat the equivalence between passive gravitational massand energy in the absence of gravitational field survivesat a macroscopic level for stationary quantum states.
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4.2. Breakdown of the equivalence at a micro-
scopic level
Let us discuss how Eqs. (8), (9) break the equivalencebetween passive gravitational mass and energy at a mi-croscopic level. First of all, we recall that the mass oper-ator (9) does not commute with electron energy operator,taken in the absence of gravitational field. This meansthat, if we create a quantum state of a hydrogen atomwith definite energy, it will not be characterized by def-inite passive gravitational mass. In other words, a mea-surement of the mass in such quantum state may give dif-ferent values, which, as shown, are quantized. Here, weillustrate the above mentioned inequivalence using the fol-lowing thought experiment. Suppose that, at t = 0, wecreate a ground state wave function of a hydrogen atom,corresponding to the absence of gravitational field,

Ψ1(r, t) = Ψ1(r) exp(−iE1t/h̄) . (11)
In a weak centrosymmetric gravitational field (2), wavefunction (11) is not anymore a ground state of the Hamil-tonian (8), (9), where we treat gravitational field as a smallperturbation in an inertial system [7, 8, 10–13]. It is im-portant that for an inertial observer, in accordance withEq. (3), a general solution of the Schrödinger equation,corresponding to the Hamiltonian (8), (9), can be writtenas

Ψ(r, t) = (1− φ/c2)3/2 ∞∑
n=1 anΨn[(1− φ/c2)r]

exp[−imec2(1 + φ/c2)t/h̄]exp[−iEn(1 + φ/c2)t/h̄] . (12)
We pay attention that wave function (12) is a series ofeigenfunctions of passive gravitational mass operator (9), ifwe take into account only linear terms with respect to theparameter φ/c2. Here, factor 1−φ/c2 is due to a curvatureof space, whereas the term En(1 + φ/c2) represents thefamous red shift which is an effect of the gravitational fieldon time. Ψn(r) is a normalized wave function of an electronin a hydrogen atom in the absence of gravitational field,corresponding to energy En. [Note that, due to symmetryof our problem, an electron from 1S ground state of ahydrogen atom can be excited only into nS excited states.We also pay attention that the wave function (12) containsa normalization factor (1− φ/c2)3/2].In accordance with the basic principles of quantum me-chanics, probability that, at t > 0, an electron occupiesexcited state with energy mec2(1 + φ/c2) + En(1 + φ/c2)

is
Pn = |an|2, an = ∫ Ψ∗1(r)Ψn[(1− φ/c2)r]d3r

= −(φ/c2) ∫ Ψ∗1(r)rΨ′n(r)d3r. (13)
Note that it is possible to demonstrate that for a1 in Eq.(13) a linear term with respect to gravitational potential,
φ, is zero, which is a consequence of the quantum virialtheorem. Taking into account that the Hamiltonian is aHermitian operator, it is possible to show that for n 6= 1:
∫ Ψ∗1(r)rΨ′n(r)d3r = Vn,1/(h̄ωn,1), h̄ωn,1 = En−E1, n 6= 1,(14)where Vn,1 is a matrix element of the virial operator,
Vn,1 = ∫ Ψ∗1(r)V̂ (r)Ψn(r)d3r, V̂ (r) = 2 p̂22me

− e2
r . (15)

It is important that, since the virial operator (15) doesnot commute with the Hamiltonian, taken in the absenceof gravitational field, the probabilities (13)-(15) are notequal to zero for n 6= 1.Let us discuss Eqs. (12)-(15). We pay attention that theydirectly demonstrate that there is a finite probability,
Pn = |an|2 = ( φc2

)2 ( Vn,1
En − E1

)2
, n 6= 1, (16)

that, at t > 0, an electron occupies n-th (n 6= 1) energylevel, which breaks the expected Einstein equation, mg
e =

me+E1/c2. In fact, this means that measurement of passivegravitational mass (i.e., weight in the gravitational field(2)) in a quantum state with a definite energy (11) givesthe following quantized values:
mg
e (n) = me + En/c2 , (17)

corresponding to the probabilities (16). [Note that, asfollows from quantum mechanics, we have to calculatewave function (12) in a linear approximation with re-spect to the parameter φ/c2 to obtain probabilities (16),which are proportional to (φ/c2)2. A simple analysisshows that an account in Eq. (12) terms of the orderof (φ/c2)2 would change electron passive gravitationalmass of the order of (φ/c2)me ∼ 10−9me, which is muchsmaller than the distance between the quantized values(17), δmg
e ∼ α2me ∼ 10−4me, where α is the fine struc-ture constant]. We also point out that, although the prob-abilities (16) are quadratic with respect to gravitational
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potential and, thus, small, the changes of the passive grav-itational mass (17) are large and of the order of α2me. Wealso pay attention that small values of probabilities (16),
Pn ∼ 10−18, do not contradict the existing Eötvös typemeasurements [12], which have confirmed the equivalenceprinciple with the accuracy of the order of 10−12 − 10−13.For our case, it is crucial that the excited levels of a hydro-gen atom spontaneously decay with time, therefore, onecan detect the quantization law (17) by measuring elec-tromagnetic radiation, emitted by a macroscopic ensembleof hydrogen atoms. The above mentioned optical methodis much more sensitive than the Eötvös type measure-ments and we, therefore, hope that it allows to detect thebreakdown of the equivalence between energy and passivegravitational mass, revealed in the paper.
5. Suggested experiment
5.1. Lagrangian and Hamiltonian
Now, let us consider the Lagrangian of a three body sys-tem: a hydrogen atom and the Earth in an inertial coor-dinate system, related to a center of mass of a hydrogenatom, where the Earth moves from the atom with smalland constant velocity u � c. In this case, we can makeuse of the results of Ref. [7], where the correspondingmany-body Lagrangian is calculated as a sum:

L = Lkin + Lem + LG + Le,G , (18)
where Lkin, Lem, LG , and Le,G are kinetic, electromagnetic,gravitational and electric-gravitational parts of the La-grangian, respectively. In our approximation, where wedisregard in the Lagrangian and Hamiltonian all terms ofthe order of (v/c)4 and (φ/c2)2 as well as keep only classi-cal kinetic and Coulomb potential energies couplings withexternal gravitational field, different contributions to theLagrangian (18) can be rewritten from Ref. [7] in the fol-lowing simplified way:

Lkin + Lem = −Mc2 −mpc2 −mec2 +Mu22+me
v22 + e2

r , (19)
LG = G mpM(R + ut)

+G meM(R + ut)
{1− 12 [v · u + (v · R̂)(u · R̂)]/c2}

+32G meM(R + ut) v2

c2 , (20)

Le,G = −2G M(R + ut)c2 e
2
r , (21)

where R̂ is a unit vector directed along R and where weuse the inequality me � mp.Then, accepting and using the following condition,
u� v ∼ αc , (22)

(where αc is a typical electron velocity in a hydrogenatom) and keeping only relevant terms in the Lagrangian,we can write:
L = me

v22 + e2
r −

φ(R + ut)
c2

[
me+ 32me

v22 −2e2
r

]
. (23)

[Note that taking into account that a center of mass ofa hydrogen atom does not exactly coincide with a protonwould give in the Lagrangians (20), (23) some extra termsof the order |φ(R + ut)|mevu/c2 � |φ(R + ut)|mev2/c2.In addition, we disregard the difference between electronmass and the so-called reduced mass, which are almostequal under the condition me � mp]. It is easy to showthat the corresponding electron Hamiltonian is
H = p22me

− e
2
r + φ(R + ut)

c2
[
me + 32 p22me

− 2e2
r

]
, (24)

which can be quantized as it was done in Sect.4:
Ĥ = p̂22me

− e
2
r + φ(R + ut)

c2
[
me + 32 p̂22me

− 2e2
r

]
. (25)

5.2. Photon emission and mass quantization
Here, we describe a realistic experiment [10, 11]. We con-sider a hydrogen atom to be in its ground state at t = 0and located at distance R ′ from a center of the Earth. Thewave function of a ground state, corresponding to Hamil-tonian (8) ,(9), can be written as

Ψ̃1(r, t) = (1− φ′/c2)3/2Ψ1[(1− φ′/c2)r]exp[−imec2(1 + φ′/c2)t/h̄]exp[−iE1(1 + φ′/c2)t/h̄] , (26)
where φ′ = φ(R ′). The atom is supported in the Earthgravitational field and moved from the Earth with constantvelocity, u� αc (see Eq. (22)), by spacecraft or satellite.According to Eq. (25), electron wave function and time
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dependent perturbation for the Hamiltonian (8), (9) in thisinertial coordinate system can be expressed as
Ψ̃(r, t) = (1− φ′/c2)3/2 ∞∑

n=1 ãn(t)Ψn[(1− φ′/c2)r]
exp[−imec2(1 + φ′/c2)t/h̄]exp[−iEn(1 + φ′/c2)t/h̄], (27)

Û(r, t) = φ(R ′ + ut)− φ(R ′)
c2

(3 p̂22me
− 2e2

r

)
. (28)

We pay attention that in a spacecraft (satellite), whichmoves with constant velocity, gravitational force, whichacts on each hydrogen atom, is compensated by some non-gravitational forces. This causes very small changes of ahydrogen atom energy levels and is not important for ourcalculations. Therefore, the atoms do not feel directlygravitational acceleration, g, but feel, instead, gravita-tional potential, φ(R ′ + ut), changing with time due toa spacecraft (satellite) motion in the Earth gravitationalfield. Application of the time-dependent quantum mechan-ical perturbation theory [9] gives the following solutionsfor functions ãn(t) in Eq. (26):
ãn(t) = − Vn,1

h̄ωn,1c2
{[φ(R ′ + ut)− φ(R ′)] exp(iωn,1t)

− u
iωn,1

∫ t

0
dφ(R ′ + ut)

dR ′ d[exp(iωn,1t)]},
n 6= 1 , (29)

where Vn,1 and ωn,1 are given by Eqs. (14), (15). Note thatunder the suggested experiment the following condition isobviously fulfilled:
u� ωn,1R ∼ αc(R/rB) ∼ 1013c, (30)

therefore, we can keep only the first term in the amplitude(29):
ãn(t) = − Vn,1

h̄ωn,1c2 [φ(R ′+ut)−φ(R ′)] exp(iωn,1t) , n 6= 1.(31)As follows from Eq. (31), if excited levels of a hydrogenatom were strictly stationary, then a probability to findthe passive gravitational mass to be quantized with n 6= 1in Eq. (17) would be
P̃n(t) = (

Vn,1
h̄ωn,1

)2 [φ(R ′ + ut)− φ(R ′)]2
c4

= (
Vn,1
h̄ωn,1

)2 [φ(R”)− φ(R ′)]2
c4 ,

n 6= 1, (32)

where R” = R ′ + ut. In reality, the excited levels spon-taneously decay with time and, therefore, it is possible toobserve the quantization law (17) indirectly by measur-ing electromagnetic radiation from a macroscopic ensem-ble of the atoms. In this case, Eq. (32) gives a probabil-ity that a hydrogen atom emits a photon with frequency
ωn,1 = (En − E1)/h̄ during the time interval t. [We notethat dipole matrix elements for nS → 1S quantum tran-sitions are zero. Nevertheless, the corresponding photonscan be emitted due to quadrupole effects].It is important that the probabilities (32) depend only ongravitational potential in initial, φ′ = φ(R ′), and final,
φ′′ = φ(R”) = φ(R ′ + ut), positions of a rocket (satellite).This allows us to clarify their physical meaning. Let usconsider a general solution of Hamiltonian (8), (9) for ahydrogen atom, located at a distance R” from the centerof the Earth:

Ψ̃(r, t) = (1− φ”/c2)3/2 ∞∑
n=1 ãnΨn[(1− φ”/c2)r]

exp[−imec2(1 + φ”/c2)t/h̄]exp[−iEn(1 + φ”/c2)t/h̄]. (33)
[Note that the wave function (33) corresponds to an in-finite number of eighenfunctions of a weight operator ata position R”]. Now, if we ask a question: "What is theprobability for electron with definite energy at position R ′[wave function (26)] to have a quantized weight at position
R” with n 6= 1 [see Eq. (17)]?", then the answer is givenby main principles of quantum mechanics:

an = ∫ Ψ∗1[(1− φ′/c2)r]Ψn[(1− φ”/c2)r]d3r

= −[(φ”− φ′)/c2]∫ Ψ∗1(r)rΨ′n(r)d3r ,

Pn = |an|2 = (φ”− φ′)2
c4

∣∣∣∣Ψ∗1(r)rΨ′n(r)d3∣∣∣∣2 . (34)
By using Eq. (14), the probabilities (34) can be writtenin a familiar way:

Pn = ( Vn,1
h̄ωn,1

)2 [φ(R”)− φ(R ′)]2
c4 , n 6= 1, (35)

which coincides with expression (32). Since the proba-bilities (32) and (35) are equal, we can conclude that allphotons, emitted by a macroscopic ensemble of a hydro-gen atoms, correspond to the breakdown of the Einstein’sequation for gravitation mass and to quantization of themass (17).Let us estimate the probability (35). If the experiment isdone by using spacecraft or satellite, then we may have
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|φ(R ′ + ut)| ≤ |φ(R ′)|. In this case, Eq. (35) is reducedto Eq. (16) and can be rewritten as
P̃n = ( Vn,1

En − E1
)2φ2(R ′)

c4 ' 0.49× 10−18( Vn,1
En − E1

)2
,(36)where, in Eq. (36), we use the following numerical val-ues of the Earth mass, M ' 6 × 1024kg, and its radius,

R0 ' 6.36×106m. It is important that, although the prob-abilities (36) are small, the number of photons, N , emittedby macroscopic ensemble of the atoms, can be large sincethe factor V 2
n,1/(En − E1)2 is of the order of unity. For in-stance, for 1000 moles of hydrogen atoms, N is estimatedas

Nn,1 = 2.95× 108( Vn,1
En − E1

)2
, N2,1 = 0.9× 108, (37)

which can be experimentally detected, where Nn,1 standsfor a number of photons, emitted with energy h̄ωn,1 =
En − E1.
6. Oscillations of the gravitational
mass expectation value
To summarize, we have demonstrated that passive gravita-tional mass of a composite quantum body is not equivalentto its energy due to quantum fluctuations and discussed arealistic indirect experimental method to detect this differ-ence. We have also shown that the corresponding expec-tation values are equivalent to each other for stationaryquantum states. In this context, we need to make the fol-lowing comment. First of all, we stress that, for superposi-tions of stationary quantum states, the expectation valuesof passive gravitational mass can be oscillatory functionsof time even in case, where the expectation value of en-ergy is constant. For instance, as follows from Eq. (9), forelectron wave function,
Ψ1,2(r, t) = 1√2 [Ψ1(r) exp(−iE1t) + Ψ2(r) exp(−iE2t)],(38)which is characterized by the time independent expecta-tion value of energy, < E >= (E1 +E2)/2, the expectationvalue of passive gravitational mass is the following oscil-latory function:
< m̂g

e >= me + E1 + E22c2 + V1,2
c2 cos[ (E1 − E2)t

h̄

]
. (39)

Note that the oscillations of passive gravitation mass(39) directly demonstrate inequivalence of passive grav-itational mass and energy at a macroscopic level. It is

important that these oscillations are strong (of the orderof α2me) and of a pure quantum origin without classicalanalogs. We also pay attention that our preliminary cal-culations 1 show that an active gravitational mass can ex-hibit similar time dependent oscillations of its expectationvalue in superpositions of stationary quantum mechanicalstates. We hope that these strong oscillations of passiveand active gravitational masses are experimentally mea-sured, despite the fact that the quantum state (38) decayswith time.If we average the oscillations (38) over time, we obtainthe modified equivalence principle between the averagedover time expectation value of passive gravitational massand the expectation value of energy in the following form:

<< m̂g
e >>t= me + (E1 + E2)/2c2 =< E > /c2. (40)

We stress that physical meaning of averaging procedurein Eq. (40) is completely different from that in classicaltime averaging procedure (1), (7) and does not have thecorresponding classical analog.
7. Summary

In conclusion, we note that we have suggested to mea-sure a number of photons, emitted by excited electrons ina macroscopic ensemble of hydrogen atoms, provided thatthe atoms are supported and moved in the Earth gravita-tional field with constant velocity, u� αc, by spacecraftor satellite. It is important that the physical origin of theproposed effects are due to different couplings of kineticand potential energies with an external gravitational field.This proposal is very different from that, discussed in Refs.[13–15], where small corrections to electron energy levelsare calculated for a free falling hydrogen atom [14, 15]or for a hydrogen atom, supported in a gravitational field[13]. Account of the above mentioned small correctionsto energy levels cannot change significantly the numberof electrons, excited due to spacecraft or satellite motionin an inhomogeneous gravitational field (2), calculated inthe paper. We also note that, in accordance with Ref. [16],self-forces and self-torques in gravitational field are notimportant in our case, since we consider neutral atoms.
1 A. G. Lebed, Advances in High Energy Physics, submit-
ted (2013)
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