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Abstract: Several classes of transcendental equations,
mainly eigenvalue equations associated to non-relativistic
quantum mechanical problems, are analyzed. Siewert’s
systematic approach of such equations is discussed from
the perspective of the new results recently obtained in
the theory of generalized Lambert functions and of al-
gebraic approximations of various special or elementary
functions. Combining exact and approximate analytical
methods, quite precise analytical outputs are obtained for
apparently untractable problems. The results can be ap-
plied in quantum and classical mechanics, magnetism,
elasticity, solar energy conversion, etc.
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1 Introduction
Obtaining exact solutions for the equations of physics is
a fascinating endeavour for scientists. However, this goal
can rarely be achieved. In quantum mechanics, for in-
stance, there are very few cases when, for a given prob-
lem, both the eigenfunctions and the eigenvalues can be
obtained exactly. This happens when the Hamiltonian has
some symmetry properties, or when it is extremely sim-
ple. But otherwise, even for the most elementary one-
dimensional potentials, like the square well potential,
given by [1]:
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V (x) =
{
−V0, − a2 < x < a

2
0, otherwise

(1)

with V0 > 0, when the wave functions can be expressed in
terms of elementary functions, the eigenvalues of the en-
ergy E (or of the wave vector k =

√
2m |E|) cannot be ob-

tained exactly. Namely, the eigenvalues of the wave vector
k are given by a transcendental equation:

sin ka
ka = p (2)

where p is a dimensionless parameter, describing both the
potential and the particle, and a is the length of the well.
The solutions of (2) are

k = 1
a ξ (p) (3)

with ξ (p) satisfying the equation:

sin ξ (p)
ξ (p)

= p (4)

Evidently, ξ (p) cannot be written as a �nite combination
of elementary functions. Variousmethods exact or approx-
imate - of solving eq. (2) - (4) have been recently discussed
in [2–5].

What is currently called "to solve the Schroedinger
equations for a square well", means actually to solve a lin-
ear Sturm - Liouville problem, i.e. to obtain the solutions
of a linear di�erential equation - the Schroedinger equa-
tion - which satisfy some boundary conditions. In the pre-
viouslymentioned case, the solutionsψ (x)must vanish in
the limit x → ∞. In other cases, for instance in the linear
theory of elasticity applied to dipolar materials with voids
[6], or in the non-classical theories of thermoelasticity [7],
[8], more general boundary conditions are imposed.

Similarly, the exact expressions of eigenvalues of en-
ergy (or wave vectors) of other quantummechanical prob-
lems are the solutions of more or less similar transcenden-
tal equations (see for instance [9]):

tan ξ (p)
ξ (p)

= p, ξ (p) tan ξ (p) = p, tanh ξ (p)
ξ (p)

= p, ξ (p) tanh ξ (p) = p (5)
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to quote the simplest examples only. In more complicated
cases, instead of p, the r.h.s. of equations similar to (4)
contains polynomials or rational functions of p, etc. Such
equations do not appear in quantum mechanics only, but
also in electromagnetism, �uid dynamics, elasticity, etc.

There are few systematic approaches of transcenden-
tal equations like (3) and (4). One of them has been initi-
ated by Stewart and his co-workers, some 40 years ago, us-
ing the theory of Riemann problems. Another one, devel-
oping the concept of generalized Lambert functions, was
recently proposed by Mezö, Baricz and Mugnaini, and is
subject of intense research.

Meantime, in order to obtain results which are not just
numerical, but still preserve a dependence on the physi-
cal parameters of the problem, several analytic approxi-
mations for the solutions of the transcendental equations
have been obtained, in the last decades. Also, mathemat-
ical symbolic computation programs, like Mathematica,
provide a powerful tool to investigate, both numerically
and, in some extent, analytically, the solutions of tran-
scendental equations similar to (4) and (5).

As the exact results are obtained by mathematicians
who are not much interested in approximations, and the
analytical approximations are obtained by physicists who
are notmuch interested in exact (and sometimes very com-
plicated) solutions, the exchange of information between
researchers working in these �elds is sometimes de�cient.
A better communication between scientists involved in
these �elds could be bene�cial for �nding new physical
applications of mathematical results, semi-quantitative
behavior of solutions whose exact form cannot be ob-
tained, etc.

In this paper, we shall make an inventory of Siewert’s
exact results on transcendental equations, and we shall
also mention the approximate analytical results, obtained
by other researchers, in the study of these equations. We
shall show how a combination of both approaches - the
exact and approximate one - can be used for a better un-
derstanding of mathematical and physical aspects of the
problems under examination.

The structure of this paper is the following. As Siew-
ert’s approach is the most comprehensive systematic ap-
proach of the transcendental equations, we shall use the
series of his papers as the spinal column of our article. A
short exposition of his results will be done in Section 2,
where an introduction of the generalized Lambert func-
tions is also presented. The �rst speci�c application is de-
voted to the Langevin function, discussed in Section 3; in-
ter alia, an analytic approximation of the inverse Langevin
function will be used in order to provide an approxi-
mate expression of a certain generalized Lambert func-

tion. Such approximations are useful not only in para- or
super-paramagnetism, but also in polymer physics and in
solar energy conversion.

In Section 4, equations involving hyperbolic and alge-
braic functions are studied, with applications to the Cur-
rie - Weiss theory of ferromagnetism. In Section 5, an ap-
proximate solution of an equation involving trigonometric
and exponential functions, with applications into the the-
ory of vibrating plates and quantummechanics, is written
in terms of Lambert generalized function, using an alge-
braic approximation of tan x. In Section 6, both the one-
dimensional movement of a point electric charge in the
�eld of another, �xed charge, and the Kepler equation for
hyperbolic orbits, are analyzed in terms of the Wright ω
function. In Section 7, we shortly discuss two new appli-
cations of the Lambert functions in physics. In Section 8,
two equations involving algebraic and trigonometric func-
tions - one of them, pertaining to reactor physics, and the
other one, to celestial mechanics (Kepler equation for el-
liptic orbits) are solved, using algebraic approximations
of trigonometric functions. Section 9 is devoted to conclu-
sions.

2 Siewert’s approach to
transcendental equations and
generalized Lambert functions

In a series of papers published between 1972 and 1976 [10]
/S50, [11] /S52, [12] /S57, [13] /S53, [14] /S56, [15] /S59, [16]
/S62, [17] /S63, [18] /S68, [19] /S71, [20] /S80, [21] /S89, [22]
/S100, [23] /S108, Siewert and his co-workers - Burniston
(for [10], [11], [13], [15], [16], [19], [20]), Phelps III (for [22],
[23]), Essig (for [14]), Dogget (for [19]) andBurkart (for [17]) -
studied the solutions of several transcendental equations,
important for their physical applications. All the afore-
mentioned publications are available, with open access,
on Siewert’s web page [24]; the symbols /S50, /S52, etc., in
the �rst three lines of this paragraph, indicate the number
of the respective paper in Siewert’s publication list, on his
web. The approach used in these papers is based "on com-
plex variable analysis and requires ultimately a canoni-
cal solution of a certain Riemann problem; the solution of
the suitably posed Riemann problem follows immediately
from the work of Muskhelishvili [25]", as stated in [11]. The
e�ort invested in this vast research is impressive, and the
results are a pioneering and extremely valuable contribu-
tion to the development of the theory of transcendental
equations. In the same time, the solutions obtained in this
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way are, in general, very complicated and di�cult to use
in physical applications.

Recently, the interest for these solutions increased,
as some of them can be expressed in terms of general-
ized Lambert functions, and put in a much more usable
form, according to the results obtained by Mezö, Baricz
[26] and Mugnaini [27]. Similar to the Lambert function
W (a) ,which is de�nedas the solution of the transcenden-
tal equation:

xex = a (6)

the generalized Lambert function
W (t1, t2, ...tn; s1, s2, ...sm; a) is the solution of a similar,
but more complicated transcendental equation [26]:

ex (x − t1) ... (x − tn)
(x − s1) ... (x − sm)

= a (7)

Theparameters t1, t2, ... are calledupper parameters, and
s1, s2, ... - lower parameters.

If the denominator, respectively the nominator of the
fraction in eq. (7) is equal to 1 - in other words, if the up-
per, respectively the lower parameters are absent -we shall
denote the corresponding solutionsW (−; s1, s2, ...sm; a) ,
respectivelyW (t1, t2, ...tn;−; a) .

However, as we shall see, not all the Siewert solutions
can be expressed in therms of generalized Lambert func-
tions.

The theory of these functions may seem (and e�ec-
tively be) very complicated, but, as Corless [47] notices,
"the LambertW function is the simplest example of a root
of an exponential polynomial", i.e. of an expression of the
form:

m∑
i=1

Pi (x) ewix (8)

with Pi (x) - polynomials in x, "and exponential polynomi-
als are the next simplest class of functions after polyno-
mials." The generalized Lambert functions are the roots of
an exponential polynomial (8) corresponding to the case
w1 = 0, w2 = ̸ 0, P1 ≠ 0, P2 ≠ 0 and all Pi ≡ 0 for
i > 2. The cases already investigated correspond to the sit-
uationwhenboth P1 and P2 have only real roots. Exponen-
tial polynomials similar to (8) may appear in the solutions
of non-linear Sturm - Liouville problems (see, for instance,
[48], eq. (67), where the parameters wi are imaginary) or
non-linear fractional Klein - Gordon equation (see, for in-
stance, [49], eq. (23), where the parameters wi are real).
So, with the study of the generalized Lambert functions,
we assist - and we are free to contribute - to a very impor-
tant development of mathematics.

Till now, there are two cases when the generalized
Lambert function can be put in a convenient form:

(1) If, in eq. (6), n = 1 and m = 1, so it contains only
one upper parameter, t1 = t and one lower parameter, s1 =
s, t ≠ s, its solution can be written as series expansion
around a = 0:

W (t; s; a) = t − (t − s)
∞∑
n=1

L′n (n (t − s))
n e−ntan , t − s = ̸ 0

(9)
where L′n is the derivative of the Laguerre polynomial. The
inverses of the functions coth x− 1x (the Langevin function),
(tanh x) /x and x tanh x can be expressed as generalized
Lambert functionsW (t; s; a) [26].

(2) If, in eq. (6), n = 2 and m = 0, so it contains only
two upper parameters t1 and t2, its solution can bewritten
as a series expansion around a = 0:

W (t1, t2;−; a) =

t1 −
∞∑
n=1

1
n · n!

(
ane−t1
t2 − t1

)n
Bn−1

(
− 2
n (t2 − t1)

)
(10)

where Bn are Bessel polynomials.
The generalized Lambert functions represent a �eld of

intense research; for instance, recently Mezö [28] obtained
the main properties of W (t; s; a) , when the parameters
t, s, a are complex. We can expect that, in near future,
equations similar to (9) and (10) will be obtained for other
types of generalized Lambert function, besides W (t; s; a)
andW (t1, t2;−; a)

The applications of the generalized Lambert functions
W (t; s; a) and W (t1, t2;−; a) to various physical prob-
lems of quantum mechanics, magnetism or hydrodynam-
ics were presented in [29], [30] and [9]

In the next section, we shall start our discussion con-
cerning the Siewert solutions and generalized Lambert
functions with the examination of transcendental equa-
tions involving the Langevin function.

3 Transcendental equations
involving the Langevin function

In [20], Siewert andBurniston obtained an exact analytical
solution of the equation:

x coth x = αx2 + 1 (11)

It can be written in terms of the Langevin function

L (x) = coth x − 1
x (12)
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as:
L (x) = αx (13)

So, in [20], Siewert and Burniston obtained explicitly the
function x (α), or, equivalently, the inverse of the function
L (x) /x. Mezö and Baritz had obtained the inverse of the
Langevin function as a generalized Lambert function with
one upper and one lower parameter, W (t; s; a) . Actually,
if L (x) = a, the function L−1 (a) is:

L−1 (a) = −2W
(

2
a + 1;

2
a − 1;

a − 1
a + 1

)
(14)

according to [29], [30], [9].
It is easy to see that, if 0 < x < ∞, then:

0 < L (x) < 1 (15)

and:
0 < L (x)x < 1

3 (16)
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Figure 1: The plot of L(x) (solid, black), tanh(x) (purple), L(x)/x (red)
and of the constant function y(x)=1 (dotted).

It is a simple exercise to check that the solution
of (13), so the inverse of the function L (x) /x is a
W (t1, t2; s1, s2; a) generalized Lambert function, namely:

x (α) = 1
2W

(
1 +
√
1 − 4α
α , 1 −

√
1 − 4α
α ;

−1 +
√
1 − 4α
α , −1 −

√
1 − 4α
α ; 1

)
(17)

So, the inverse of the Langevin function L (x) is a general-
ized Lambert function with one upper and one lower pa-
rameter, and the inverse of L (x) /x is a generalized Lam-
bert function with two upper and two lower parameters.
However, as there is no explicit formula for the depen-
dence ofW (t1, t2; s1, s2; a) of its parameter, eq. (17) seems
to be of limited practical value.

Let us recall now the main applications of the
Langevin function in physics. It has been�rstly introduced
in the context of classical theory of paramagnetism, where
it gives the magnetization M as a function of the external
magnetic �eld H and temperature T:

M = nµL
(
µH
kBT

)
(18)

(see for instance [31], eq. (9.2)). Actually, this is the equa-
tion of state for a classical paramagnet. The same for-
mula is valid for superparamagnetic nanoparticles (par-
ticles which are small enough to contain one single mag-
netic domain), at high enough values of temperature T
[32], [33].

For physicists, it is important that the Langevin func-
tion is a particular case of a function which has a key role
in the mean �eld theory of magnetism, the Brillouin func-
tion BS , de�ned as:

BS (x) =
2S + 1
2S coth

(
2S + 1
2S x

)
− 1
2S coth

(
1
2S x

)
(19)

Indeed,

B∞ (x) = L (x) (20)

Another important particular case corresponds to the half-
integer spin, S = 1/2, when

B1/2 (x) = tanh x (21)

The Langevin function and its inverse are relevant not
only for magnetism, but also for other domains of physics
with important practical applications, as polymers (poly-
mer deformation and �ow) [34], [36], [37] or rubber elastic-
ity [35]. An idealized model for rubber-like chain is given
in Kubo’s treatise of statistical mechanics [38], Problem 17,
Ch. 2, p. 135, and is illustrative for understanding how the
Langevin function is used in this domain. Another appli-
cation of the Langevin function pertains to solar energy
conversion (daily clearness index) [40]. Actually, Keady
noticed that the average of the daily clearness index can
be expressed in terms of a Langevin function [39]. Re-
searchers in these �elds proposed a large number of useful
analytical approximations for L (x) and L−1 (x). We shall
give an example.

Taking the inverse Langevin function in both sides of
(13), we get:

L−1 (L (x)) = L−1 (αx) = x (22)
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which also determines the function x (α) , as eq. (13) or (11)
do. Let us use, for L−1 (x), the very simple and precise ap-
proximation proposed by Kröger, see eq. (10) of [35]:

L−1 (x) = 3x(
1 − x2

) (
1 + 0.5x2

) (23)

In this case, the transcendental equation

L−1 (αx) = x (24)

has an approximate, but precise and simple algebraic
equation, whose physically convenient root is:

x (α) = 1
α

√√
3 (3 − 8α) − 1

2 (25)

The identity

f (α) = x (α) coth x (α)
αx (α)2 + 1

= 1 (26)

where x (α) is replaced with the approximate solution (25),
is ful�lled with a relative error less than 0.003, as we can
see in the plot of Figure 2.

So, we have the approximate relation:

W
(
1 +
√
1 − 4α
α , 1 −

√
1 − 4α
α ;

−1 +
√
1 − 4α
α , −1 −

√
1 − 4α
α ; 1

)
' 1
α

√
2
(√

3 (3 − 8α) − 1
)

(27)

Also, with (14) and (23):

W
(

2
a + 1;

2
a − 1;

a − 1
a + 1

)
' −32

a(
1 − a2

) (
1 + 0.5a2

)
(28)

In conclusion, using a precise analytical approxima-
tion for the inverse Langevin function (23), we obtained
precise approximate analytical expressions for particular
cases of generalized Lambert functions, (27) and (28).

Kruger’s formula (23) is not the only very precise ap-
proximation of the inverse Langevin function; Keady [39]
proposed the following one:

L−1 (x) ' 6
π tan

(π
2 x
) 1 + 0.41770 tan2 ( π2 x)
1 + 0.50786 tan2

( π
2 x
) (29)

which is even more precise, as we can see in Figure 2, but
not useful for obtaining the inverse of L (x) /x. Actually,
the error of Keady’s approximation is essentially the error
of the identity

g (x) = 1
x L
(
L−1 (x)

)
= 1 (30)
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Figure 2: The plot of l.h.s. of the approximate identities (26) - blue,
and (30) - brown, and of the constant functions 1 - red, and 0.996 -
green.

with L−1 (x) given by (27). The di�erence between the form
of f (x) and g (x) is due to the di�erence between the argu-
ments of the Langevin functions in (22) and (27).

The usefulness of Kroeger’s formula for putting the
equation of state (18) in a more convenient form becomes
more clear if we follow Arrot’s approach [41].

4 Equations involving hyperbolic
and algebraic functions

In [17], Siewert and Burkart studied the double zeros of the
equation:

x = tanh (ax + b) (31)

The physical signi�cance of this equation is to be
found in the Curie - Weiss theory of magnetism, where the
magnetization M can be related to the magnetic �eld H,
the spin S and the temperature T by the equation of state:

M = M0BS
( gµB
T (H + λM)

)
(32)

(see [42], eq. (6.14)), where g is the Lande factor, µB - the
Bohr magneton and λ - the molecular �eld parameter. BS
is the Brillouin function, de�ned in the previous section.
If S = 1/2, the Brillouin function becomes the hyperbolic
tangent, and eq. (30) coincides with (29). For a very useful
discussion of the physical signi�cance of eq. (26), see the
excellent study of the Curie - Weiss magnet [44], eq. (22).

If b = 0, one obtains a numerical value for a, namely
a = 1, equivalent to the determination of the Curie tem-
perature (see for instance [42], eq. (6.15) or [43], Ch. 15, eq.
(8)).
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Geometrically, a double zero of (26) means that
the line y1 (x) = x is tangent to the curve y2 (x) =
tanh (ax + b) , consequently:

d
dx tanh (ax + b) = −a

(
tanh2 (b + ax) − 1

)
= 1 (33)

With (31), the tangency condition becomes:

a
(
1 − x2

)
= 1→ a = 1

1 − x2 (34)

and the solution of the problem is reduced to solving eq.
(2) of [17], which can be written as:

x = tanh
( x
1 − x2 + b

)
= B1/2

( x
1 − x2 + b

)
(35)

We can see that, actually, the problem involves only one
parameter, b. The previous equation cannot be solved us-
ing generalized Lambert functions, as the argument of ex-
ponential is not linear, so the only one exact solution re-
mains that of Siewert and Burkart, [17].

In [14], Siewert and Essig solved theWeiss equation of
ferromagnetism:

ζ = tanh 1
2 (jzζ + h) (36)

Alternative ways of solving, exactly or approximately,
this equation were presented in [45], where the exact solu-
tion is written in terms of a Lambert generalized function
with one upper and one lower parameter. The solution for
the case h = 0 was written as a generalized Lambert func-
tionW (t; s; a) in [29], [30].

5 Equations involving
trigonometric and exponential
functions

In [22] and [23], the authors obtained the solutions of an
equation basic to the theory of vibrating plates:

a tan x + tanh x = 0 (37)

which appears also in quantum mechanics and electro-
magnetism. To �nd the real solutions of (37) means to �nd
the real root of the exponential polynomial:

(
1 + a2 i

)
e2ix−

(
1 − a2 i

)
e2(1+i)x+

(
1 − a2 i

)
e2x−1− a2 i = 0

(38)

which is a generalized 3-upper and 3-lower complex pa-
rameter generalizedLambert function - a class of functions
not studied yet.

However, we canmade a certain progress in �nding an
approximate analytic solution of this equation using the
algebraic approximation for tan x [46]:

tan x ' 0.45x
1 − 2

π x
, 0 < x < π2 (39)

This formula can be easily extended for any real x [5]. Re-
placing tan x in (37) according to (39), we get:

e2x
2x − π

(1−0.45a π2 )
2x − π

(1+0.45a π2 )
= 1 (40)

so:

x (a) = 1
2W

(
π(

1 − 0.45a π2
) ; π(

1 − 0.45a π2
) ; 1) (41)

Eq. (40) is quite similar to the equation satis�ed by the
inverse Langevin function:

e2x = A + 1
A − 1

x + 1
A+1

x + 1
A−1

(42)

with x = L−1 (A) , so the recipes for obtaining L−1 could be
useful also for an approximate evaluation ofW in (41).

As tanh x is, for x & 2, a very slowly varying func-
tion, the roots of eq. (37) larger than π/2 can be obtained,
with reasonable accuracy, putting tanh x ' const on cer-
tain conveniently chosen intervals. For instance (see Fig-
ure 5, where the parameter a from eq. (37) takes the value
a = 1 corresponding to the brown curve), the "exact"
root x1 ∈

(
π, 3π/2

)
of eq. (37) is x1 = 3.9266. If we

approximate, for x1 < x < 3π/2, the hyperbolic tan-
gent as tanh x ' tanh

(
3π/2

)
= 0.999839, eq.(37) be-

comes tan x = 0.999839, with the convenient root x1a =
3.92691. The relative error of this approximation is about
−0.8 · 10−4.

Applying the same method for a = −1 (corresponding
to the green curve in Figure 3), we �nd for the root x2 of eq.
(37), π/2 < x2 < π, the approximate value x2a = 2.39938,
instead of the "exact" value, x2 = 2.36502, so with an er-
ror of about −1.5%.

So, for the practitioner working in applied physics, in
a domain where the experimental error is larger than the
aforementioned ones, this crude and over-simpli�ed ap-
proach gives acceptable results, for pragmatic reasons.
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Figure 3: The plots of tan(x) (black), tanh(x) (green) and - tanh(x)
(red).

The �rst root of the eq. (37) can be obtained for small
values of a, after series expansions, as one of the roots of
the algebraic equation:

17
315 (a − 1) x6+ 2

15 (a + 1) x4+13 (a − 1) x2+a+1 = 0 (43)

which is a cubic equation in z = x2. For instance, if a =
0.1, the error of the result obtained in this way is about
−4% (xexact = 1. 2952, xapprox = 1. 3435). We can pro-
ceed similarly, when a >> 1, with the equation:

tan x + 1
a tanh x = 0 (44)

6 The Wright omega function
The Wright omega ω (x) function appears in the asymp-
totic form of two equations solved by Siewert and his co-
workers. It is related to the Lambert function by the iden-
tity [47]:

W
(
ex
)
= ω (x) (45)

In [19], the authors solved a problem of elementary
physics, obtaining "an exact analytical solution for the
position-time relationship for an iverse-distance-squared
force". Actually, they study the repulsive classical 1D
movement of an electric charge in the �eld of another �xed
charge. The repulsive force is given by the Coulomb law:

md
2r
dt2 = qQ

4πε0r2
(46)

The initial condition is:

t = 0→ dr
dt = 0, r = r0 (47)

We shall describe the position of themoving charge by the
dimensionless function x (t), de�ned by:

r (t) = r0x (t) (48)

After two integrations of the equation of movement,
we get the relation between position x and time t :√

x (x − 1) + ln
(√

x +
√
x − 1

)
= t
τ (49)

with τ given by:

τ =

√
2πε0mr30
qQ (50)

We shall study Siewert’s result (48) at small and at
large values of t. According to (48),

x (0) = 1 (51)

so, for t/τ � 1, we can put:

x = 1 + X, X << 1 (52)

and (49) can be approximated by:

ln
(
1 + X2 +

√
X
)
= t
τ −
√
X
(
1 + X2

)
(53)

and again, neglecting X with respect to
√
X:

ln
(
1 +
√
X
)
= t
τ −
√
X (54)

or:

2
√
X = t

τ
and �nally:

X = 1
4τ2 t

2 (55)

At very small times, t � τ, themovement is uniformly
accelerated, as expected.

Asymptotically, x � 1 and (49) gives:

ln
(
2
√
x
)
= t
τ − x (56)

or:

2xe2x = exp
(
2t
τ − ln 2

)
→ 2x = W

(
exp

(
2t
τ − ln 2

))
(57)

Consequently:

x = 1
2W

(
exp

(
2t
τ − ln 2

))
(58)
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whereW is the Lambert function. With 45, the asymptotic
formula (58) can be written equivalently as:

x (t) = 1
2ω

(
2t
τ − ln 2

)
, t >> τ (59)

The asymptotic expansion of the Lambert function is:

W (x) = ln x − ln (ln x) + ln (ln x)
ln x + ... (60)

Keeping only the �rst term, the asymptotic formula (58)
gives:

x (t) = t
τ −

ln 2
2 ' t

τ (61)

This is also an intuitive result, as, at very large dis-
tances, the repulsive force produced by the �xed charge
becomes negligible small, and the movement becomes al-
most uniform. So, we checked that themovement starts by
being uniformly accelerated and ends by being uniform.

In [10], Siewert and Burniston solved the Kepler equa-
tion for hyperbolic orbits:

e sinh F = F + N, N > 0 (62)

whose solution cannot be reduced to generalized Lambert
function. Asymptotically, sinh F → 1

2 exp F and (62) be-
comes:

e
2 exp F = F + N, N > 0 (63)

or, with exp F = f , F = ln f :

e
2 f = ln f + N (64)

so, a Wright equation, whose standard form is [47]:

y + ln y = z (65)

An interesting discussion about Kepler equation for
both hyperbolic and elliptic (see Section 8) orbits is given
in [51].

7 Lambert function and generalized
Lambert functions

In [16], Siewert and Burniston found the solution of the
equation:

zez = a (66)

i.e. obtain an expression for theW Lambert function, a be-
ing a complex parameter [50]. In [12], Siewert solves "the

familiar critical equation, described by age-di�usion the-
ory, for a bare nuclear reactor":

k exp
(
−B2τ

)
1 + B2L2 = 1 (67)

for B2 (the buckling).
In [18], the author solves a more complicated equa-

tion:

ez z
z + b = a (68)

with a - a complex parameter. So, he obtains an expression
for the function W (0;−b; a), which can be written, at its
turn, in terms of theMezö - Baricz functionWr . For a - real,
the author refers to a paper of Wright [52].

8 Transcendental equations
involving trigonometric and
algebraic functions

In [15], the authors studied "the critical condition for a
spherical reactor, described by elementary di�usion the-
ory, surrounded by an in�nite re�ector":

x cot x = 1 − a − bx (69)

This equation can be written as:

e2ix (b + 2i) x + a − 1
(b − 2i) x + a − 1

= 1 (70)

so its solution is a generalized Lambert function of imag-
inary argument, with one upper and one lower complex
parameter. This class of functions was recently studied by
Mezö [28].

We can easily obtain an approximate analytical solu-
tion of (69), using the algebraic approximation of the tan-
gent [46], [5]. We get, in this way, instead of (69), an ap-
proximate equation:

x = 0.45π (x − nπ)
2x − (2n − 1) π (1 − a − bx) (71)

which can be reduced to a second degree algebraic equa-
tion:

x2 (1. 4137b + 2)−3. 1416x (2n − 0.45a + 1. 4137bn − 0.55)−

−4. 4413n (a − 1) = 0 (72)

For a = 1, b = 1, n = 2, the root of this equation is
xapprox = 5. 3628, and the root of (69) is xexact = 5.49779,
so the error is about 2.5%.
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In [13], Burniston and Siewert solved the equation:

a sin ζ = ζ (73)

which appears in quantum mechanics (de�ning the
eigenenergies of a particle in a square well potential), in
electromagnetism, in elasticity, in optics etc. Somewhat
later, Siewert obtains a simpler solution [21]. A very pre-
cise approximate analytic solution of (73) was obtained
through algebraization [2–5]; it is useful, for instance, for
the calculation of energy levels in heterojunctions and
quantum dots.

A more complicated variant of (73) is the Kepler equa-
tion for elliptic orbits [10] (the eccentricity, usually noted
by e, will be written as ε, in order to avoid the confusion
with the basis of Nepperian logarithms):

ε sin E = E −M, 0 < ε < 1, 0 < M < 2π (74)

We can obtain a quite precise solution of (74) approxi-
mating the �rst half-bump of sin by a cubic polynomial:

y (x) = ax3 + bx2 + x (75)

where the coe�cients a, b can be determined by impos-
ing the conditions:

y
(π
2

)
= 1, y′

(π
2

)
= 0 (76)

We �nd:

y (x) = 4
π3 (π − 4) x

3 − 4
π2 (π − 3) x

2 + x (77)

which �ts quite well the function sin x, for 0 < x < π/2, as
we can see in Figure 4.

If e = 0.9, M = 0.1, replacing sin x with the polyno-
mial (77) in the Kepler equation (74), we obtain the solu-
tion x1p = 0.59955, while the "exact" solution is x1e =
0.59955; so, the error is ε1 ' 5 × 10−2. If e = 0.9 and
M = 0.5, the polynomial approximation gives x2p = 1.
3821, and the "exact" solution is x2e = 1.38441, so the
error is ε2 ' 1. 7 × 10−3. The plots in Fig. 4 show, intu-
itively, why the second approximation is more precise.

9 Conclusions
This paper is essentially focused on the transcendental
equations studied by Siewert and his coworkers, consid-
ered in conjunction with the results obtained recently in
the theory of generalized Lambert functions. Siewert’s ex-
act (and very complicated) results are replaced, whenever

0.5 1.0 1.5

-0.5

0.5

1.0

1.5

Figure 4: The plots of y(x), eq. (77), black; sin(x), dashed; x - 0.1,
red; x - 0.5, green.

possible, with the approximate analytical solutions of the
same equations, obtained with some simple techniques.
Some other results of Siewert and his coworkers, not con-
nected to the generalized Lambert functions, are also dis-
cussed; in two cases, the asymptotic behavior of Siewert’s
solutions are expressed in terms of Wright ω function.

As sometimes the approximate expressions of the gen-
eralized Lambert functions are very precise (and their ex-
act expressions are di�cult to obtain), these approxima-
tions could provide a useful guidance of their exact behav-
ior. Also, the "algebraization" of the transcendental equa-
tions (i.e. the replacement of the trigonometric functions
with their various algebraic approximations) can provide,
sometimes, surprisingly precise analytic solutions. They
can be successfully used in applied physics or in the el-
ementary presentation of advanced problems.

Acknowledgement: The author acknowledges the �nan-
cial support of the IFIN-HH - ANCSI project PN 16 42 01
01/2016 and to the IFIN-HH - JINR Dubna grant 04-4-1121-
2015/17

References
[1] Gri�ths D.J., Introduction to quantummechanics, Prentice Hall,

Upper Saddle River, New Jersey, 1995



Siewert solutions of transcendental equations, generalized Lambert functions and physical applications | 241

[2] Barsan V., Dragomir R., A new approximation for the square well
problem, Optoel. Adv. Mat. - Rapid Commun., 2012, 6, 917-925.

[3] BarsanV., Anewanalytic approximation for the energy eigenval-
ues of a �nite square well, Rom. Rep. Phys., 2012, 64, 685-694.

[4] Barsan V., Square wells, quantum wells and ultra-thin metallic
�lms, Philos. Mag., 2014, 93, 1604-1617.

[5] Barsan V., Algebraic approximations for transcendental equa-
tions with applications in nanophysics, Philos. Mag., 2015, 95,
3023–3038.

[6] Marin M., On weak solutions in elasticity of dipolar bodies with
voids, J. Comp. Appl. Math., 1997, 82, 291-297.

[7] Marin M., Harmonic vibrations in thermoelasticity of mi-
crostretch materials, J. Vibr. Acoust., ASME, 2010, 132, 044501-
1-044501-6.

[8] Sharma K., Marin M., E�ect of distinct conductive and ther-
modynamic temperatures on the reflection of plane waves in
micropolar elastic half-space, U.P.B. Sci. Bull., Series A-Appl.
Math. Phys., 2013, 75, 121-132.

[9] Barsan V., New applications of the Lambert and generalized
Lambert functions to ferromagnetism and quantummechanics,
arXiv:1611.01014v2, 2016.

[10] Siewert C.E., Burniston E.E., An exact analytical solution of Ke-
pler’s equation, Celestial Mechanics, 1972, 6, 294-304.

[11] Burniston E.E., Siewert C.E., The use of Riemann problems in
solving a class of transcendental equations, Proc. Camb. Phil.
Soc., 1973, 73, 111-118.

[12] Siewert C.E., An Exact Analytical Solution of an Elementary Crit-
ical Condition, Nuclear Sci. Eng., 1973, 51, 78-79.

[13] Burniston E.E., Siewert C.E., Exact analytical solution of the
transcendental equation a sin ζ = ζ , SIAM J. Appl. Math., 1973,
4, 460-465.

[14] Siewert C.E., Essig C. ., An Exact solution of a molecular Field
Equation in the Theory of Ferromagnetism, J. Appl. Math. Phys.,
vol. 24, p. 281-286.

[15] Siewert C.E., Burniston E.E., On a critical condition, Nuclear Sci.
Eng., 1973, 52, 150-151.

[16] Siewert C.E., Burniston E.E., Exact analytical solutions of zez =
a, J. Math. Anal. Applic., 1973, 43, 626-632.

[17] Siewert C.E., Burkart A.R., OnDouble Zeros of x = tanh (ax + b),
J. Appl. Math., 1973, 24, 435-439.

[18] Siewert C.E., Solutions of the equation zez = a (z + b) , J. Math.
Anal. Applic., 1974, 46, 329-337.

[19] Siewert C.E., Burniston E.E., An exact analytical solution for the
position-time relationship for an iverse-distance-squared force,
Int. J. Eng. Sci., 1974, 12, 861-863.

[20] Siewert C.E., Burniston E.E., An exact analytical solution of
x coth x = αx2 + 1, J. Comp. Appl. Math., 1976, 2, 19-26.

[21] Siewert C.E., Explicit results for the quantum-mechanical en-
ergy statesbasic to a�nite square-well potential, J.Math. Phys.,
1978, 19, 434-435.

[22] Siewert C.E., Phelps J.S. III, On solutions of a transcendental
equation basic to the theory of vibrating plates, 1979, SIAM J.
Math. Anal. 10, p. 105-108.

[23] Siewert C.E., Phelps J.S. III, Explicit solutions of a tan (ξ − kπ) +
tanh ξ = 0, J. Comp. Appl. Math., 1979, 5, 99-103.

[24] http://www4.ncsu.edu/~ces/publist.html
[25] Muskhelishvili N.I., Singular integral equations, Noordho�,

Groningen, 1953
[26] Mezö I., Baricz A., On the generalization of the Lambert W func-

tion, arXiv: 1408.3999v2, 2014.

[27] Mugnaini G., Generalization of Lambert W-function, Bessel
polynomial and transcendental equations, arXiv:1501.00138v2,
2015.

[28] Mezo I., On the structure of the solution set of a generalized
Euler–Lambert equation, J. Math. Anal. Appl., 2017, 455, 538–
553.

[29] Mezö I., G. Keady, Some physical applications of generalized
Lambert functions, Eur. J. Phys., 2016, 37, 065802

[30] Mezö I., G. Keady, Some physical applications of generalized
Lambert functions, Eur. J. Phys., 2016, 37, 37, 065802.

[31] Vonsovsky S. V., Magnetism, Wiley, New York, 1974
[32] https://en.wikipedia.org/wiki/Superparamagnetism
[33] Kuncser V. et al., EngineeringMagnetic Properties of Nanostruc-

tures via Size E�ects and Interphase Interaction, in: V. Kuncser,
L. Miu (Eds.): Size e�ects in Nanostructures, Springer Series in
Materials Science, Heidelberg, 2016

[34] Johal A.S., Dunstan D.J., Energy functions for rubber frommicro-
scopic potentials, J. Appl. Phys., 2007, 101, 084917

[35] Kröger M., Simple, admissible, and accurate approximants of
the inverse Langevin and Brillouin functions, relevant for strong
polymer deformations and flows, J. Non-Newtonian FluidMech.,
2015, 223, 77-87.

[36] Jedynak R., Approximation of the inverse Langevin function re-
visited, Rheol. Acta, 2015, 54, 29.

[37] Petrosyan R., Improved approximations for some polymer ex-
tension models, 2017, Rheol. Acta, 56, 21-26.

[38] Kubo R., Statistical Mechanics, Elsevier, Amsterdam, 1965, Ch.
2, p. 135 and 157.

[39] Keady G., The Langevin function and truncated exponential dis-
tributions, arXiv:1501.02535v1

[40] Suehrcke H., McCormick P.G., An approximation for of the frac-
tional time distribution of daily clearness index, J. Solar Energy,
1987, 39, 369-370.

[41] Arrott A.S., Approximations to Brillouin functions for analytic
descriptions of ferromagnetism, J. Appl. Phys., 2008, 103,
07C715

[42] Stanley H. E., Introduction to phase transitions and critical phe-
nomena, Oxford University Press, Oxford, 1971

[43] Kittel Ch., Introduction to solid state physics, 8th ed., Wiley,
New York, 8th ed., 2005

[44] Kochmanski M., Paszkiewicz T., Wolski S., Eur. J. Phys., 2013,
34, 1555.

[45] Barsan V., Kuncser V., Exact and approximate analytical solu-
tions ofWeiss equation of ferromagnetismand their experimen-
tal relevance, Philos. Mag. Lett., 2017, 97, 359–371.

[46] de Alcantara Bon�m O.F., Gri�ths D.J., Exact and approximate
energy spectrum for the �nite square well and related poten-
tials, Am. J. Phys., 2006, 74, 43-47.7

[47] Corless R.M., Je�rey D.J., On the Wright ω function,
http://www.orcca.on.ca/TechReports/2000/TR-00-12.pdf
(2000)

[48] Golmankhaneh A.K., Khatuni T., Porghoveh N.A., Baleanu D.,
Comparison of iterative methods by solving nonlinear Sturm-
Liouville, Burgers and Navier-Stokes equation, Cent. Eur. J.
Phys., 2012, 10, 966-976.

[49] Golmankhaneh A.K., Baleanu D., On nonlinear Klein - Gordon
equation, Signal Processing, 2011, 91, 446-451.

[50] Corless R.M., Gonnet G.H., Hare D., Je�rey D.J., Knuth D.E., Adv.
Comput. Math.,1996, 5, 329-359.



242 | Victor Barsan

[51] https://en.wikipedia.org/wiki/Kepler%27s_equation#cite_
note-7

[52] Wright E.M., Stability criteria and the real roots of a transcen-
dental equation, SIAM J. Appl. Math., 1961, 9, 136-148.

https://en.wikipedia.org/wiki/Kepler%27s_equation#cite_note-7
https://en.wikipedia.org/wiki/Kepler%27s_equation#cite_note-7

	1 Introduction
	2 Siewert's approach to transcendental equations and generalized Lambert functions
	3 Transcendental equations involving the Langevin function
	4 Equations involving hyperbolic and algebraic functions
	5 Equations involving trigonometric and exponential functions
	6 The Wright omega function
	7 Lambert function and generalized Lambert functions
	8 Transcendental equations involving trigonometric and algebraic functions
	9 Conclusions

