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Abstract: In this work, we construct traveling wave solu-
tions of (1+1) - dimensional Ito integro-differential equa-
tion via three analytical modified mathematical methods.
We have also compared our achieved results with other
different articles. Portrayed of some 2D and 3D figures
via Mathematica software demonstrates to understand the
physical phenomena of the nonlinear wave model. These
methods are powerful mathematical tools for obtaining
exact solutions of nonlinear evolution equations and can
be also applied to non-integrable equations as well as in-
tegrable ones. Hence worked-out results ascertained sug-
gested that employed techniques best to deal NLEEs.

Keywords: Integro-differential Ito equation, General-
ized direct algebraic method, Extended simple equation
method, Modified F-expansion method

1 Introduction

The world around us is basically nonlinear. In this regards
nonlinear partial differential equations (NPDEs) are main
significance to describe the complex physical phenomena;
for example, nonlinear wave propagation can occur in the
scopes of elasticity theory, fluid dynamics, plasma physics,
and nonlinear optics.The exploration of analytical, exact
solutions for NPDEs has become quite prominent due to
the recently great advances gained in the computational
techniques.Several efficient and powerful methods can be
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applied for finding the analytical solutions such as; Ricatti
Bernoulli’s sub-ODE method [1, 2], Modified extended di-
rect algebraic method [3, 4, 6], the homogeneous balance
method, the modified simple equation method [7-9], aux-
iliary equation method [10], the modified extended map-
ping method [11-14], extended Jacobian elliptic function
expansion method, the modified extended tanh-function
method, the generalized Kudryashov method, the sine-
cosine method [15], the Hirota’s bilinear method [16], Dar-
boux transformation [17, 18], semi-inverse variational prin-
ciple [19], the hyperbolic tangent expansion method [20],
the inverse scattering transform [21], the tanhsech method
and the extended tanhcoth method, the first integral
method [22], the symmetry method, the soliton ansatz
methods [23-35, 38].

Article purpose is to investigate exact solutions of
integro-differential Ito equation by employing the three
analytical modified mathematical methods. The integro-
differential Ito equation having fruitful applications in
mathematical physics.In previous authors [39, 40] applied
generalized Kudryashov and (G’/G, 1/G) methods respec-
tively for exact traveling wave solutions for Eq. (10). But the
aspire our presented work is that, we give concentration
for finding analytical solutions of Eq. (10) by generalized
direct algebraic, extended simple equation and modified F-
expansion methods. The derived solutions are productive
tools for solving numerous problems in the field applied
sciences.

The reminant article arranged sections (2-5) as, De-
scription of proposed steps in 2, apply methods in 3. Re-
sults discussion in 4 and Summary in 5.

2 Description proposed methods:

Consider

P1 (Vy Vx,s Vs Vxxs Vits Vxts “') =0) (1)

Let

v="V(), @

& =x-wt,
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Put (2) in (1),

P, (V,V',V",..) =0, 3)

2.1 Generalized Direct Algebraic Method:

Let solution (3) has,

n -n n
V=AY B YY)

i=0 i=—1 i=2

n i
lI//
o)
i=1
Suppose ¥ satisfies following,

V= /1P 1, W3 + 3 W4 (5)

where rq, 1, r3 are arbitrary constants.

Put (4) with (5) in (3), attained system of collection con-
taining w, r1, r, and r3. Putting these values with solution
¥ in (4), achieved the require destination of (1).

2.2 Extended Simple Equation Method

Let (3) has solution,
n .
v=> AW (6)
i=-n
Let ¥ gratify,
V=l + LW+ Ly? + 33 @)

Substituting (6) along with (7) into (3). After solving, trans-
fer obtained values of the parameters and solution of ¥
into (7). We obtained solution of (1).

2.3 Modified F-expansion Method:

Step 1: Let us suppose that (3) has solution as:
n . n .
V=a0+ZaiF'(£)+Zb,~F”(<f) 8)
i-1 i-1

Let F gratifies,

F' = A+BF + CF>. 9)

Put (10) along (11) in (3), solving for require param-
eters values.

Selective values C, B, A and F from Table 1 [41]
and substitute a; b; into Eq. (5), completed for so-
lution (1).

Step 2:

Step 3:

The nonlinear integro-differential Ito dynamical equation

3 Applications:

3.1 Application of Generalized Direct
Algebraic Method:

Consider integro-differential Ito equation [39, 40],

Ut + Ut + 3 (UxUe + Ullye) + 3Uxx O (u) = 0. (10)

Let
(11)

Putting (11) in (10),twice integrate and integration con-
stant, yields

u(x, t) = vx(x, t), & =x- wt,

wv -v" -3 (v')2 =0 (12)
Let (12) has solution,
B '
v(.{)=AO+A1‘P+?1+D1? (13)
Put (13) along with (5) in (12), after solving, we have
A1 = i\/r, D1 =-1, Bl =0, w= r (14)
Put (14) in (13), we have
Case-1
th (1 1
ety VBN BE DV 1Y)
2
~ ri/zecsch2 (% (& +&) V)
(2r2)(-r1 (e coth( 1 (£+&)/71)+1))
r
ry >0, r% —4rir3 =0.
2 h4 1
u, = Gt G0 reese (3§ +&)vm) 16)

4 (ecoth (1 (£ + &) yvr) +1)°
(& + &) 1313/ 2ecsch® (1 (& + &) 1)

+ -
2)’2

(& + &) riecoth (3 (£ + &) /1) esch? (3 (& + &) /1)
2 (ecoth (3 (& + &) 71) +1)

r1 >0, r% —4rir3 =0.

>

Case - 11
vy = a7
\/E /1€ cosh((§+60)1/71) G sinh? ((£+£0)+/71)
3\ nrcosh((§+60)vr)  (n+cosh((§+&0)v/7r))’
r e sinh((¢+£)+/71)
2 (\/ ﬁ (r[+cosh((§+{o)\/ﬁ) + 1))
+ AO

_\F( esinh (¢ + &) V1)
4 \ n+cosh((&+&)r)

1),
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r1 >0, r3>0, r) =+/4r1r3

0+ cosh (& + &) v71) 18)
_ Jraesinh? (€ + &) VD) (§ + éo) V/T1€ cosh (71X)
(n + cosh (£ + &) v1) n +cosh (/1)

(£ + &) /Fiesinh’® (/)
(n + cosh (y/71)*

/ <esinh((f+so)m) . 1)2
n + cosh (/71)

_lﬁ (¢ + &) /T1€ cosh (y/771)
2V T+ cosh (€ + &) )

(¢ +&) /Fiesinh? (m))
(n + cosh (¢ + &) v1))?
1 2 (& + &) riesinh® (/77)

- esinh(\/ﬁx) i1 (I] + cosh ((f + 50) \/ﬁ)) 3
n+cosh(y/71)

riesinh (/1)
1+ cosh (V1)
_ 3(§+8o) raesinh ((§ + $o) v/71) cosh (/1)

'y - (me cosh ((§ + §0) V1)

(n + cosh (y/71))? ’
r1>0’r3 >0,r2=\/m
Case - I1I
o ([ vrecosh(g+i0)vn)
H v en(erav 19)
o 19
r (’1 (n p2+1+cosh((£+£9) /7T) +1>>
r
Jre sinh(($+§o)\/H)(erSinh(({*{OZ) V1))
(’1 p2+1+cosh((€+50)\m))
__e(prsinh((§+80) VD))
r (rl ('1 p2+1+cosh((£+§0)ﬁ) +1> )
r
€(p+sinh((¢+&)+/71))
ri13 (n\/ﬁwosh((f’f&))\/ﬁ) i
Ag + T ’
ry > 0

n+/p?+1+cosh((§+60)1/71)
p)

(¢+é0) /i€ sinh((§+60)+/T1) (prsinh((§+60)v/T1))
(n ﬁpz+1+cosh((§+§0)\m))2

r

+(§+&0) rlesinh<({+ &) \/ﬁ) (rlx/pz +1cosh ((¢
+&0) v/T1x) — psinh (€ + &) /1) + 1)

T < (§+&0)/rie cosh((§+40) /1)

us = (20)
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J (17 + 1+ cosh (6 + &) vm)) (nv/p? 51

+ € (p+sinh ((§ +£0) V1)) + cosh (¢ + o) vF1))

V1 (Ve cosh (€ + &) V1) + v sinh (V7))
(n/p? + e cosh ((§ + &) v/71)

— epsinh (& + &) v/71) + e)

/ (1V/p?+ 1+ cosh (¢ + o) virn) ) (nv/p? +1

+e (p+sinh ((§ + &) 7)) + cosh ((§ + &) v7r))

+ VPie(n(§ + §0) v/p2 + 1y/Frsinh (€ + o) v/F1)

- (§ +§0)pvFicosh (vin) )/ (nv/p2+ 1+ cosh (V7))

nvVp?+1+¢€(p+sinh ((€+&) 1))
+cosh ((§ +&)71)), 11 >0

3.2 Applications of Extended Simple
Equation Method:

Let (12) has solution,
v=A1‘I’+AT"/1+Ao (21)

Put (21) in (12) along with (7) and after solving obained sys-
tem of equations, we have
Casel: I3 =0,
Family - I

Ay = -2, w =1 - 4lol,

A1 =0, (22)

Substitute (22) in (21) with (7), then solution of Eq. (10)
achieved,

V4 = AO (23)
Aol - 2
+ (11 -/ 4lol, - 12 tan(f(éy +&0)) |,
4ol > 12
1
Us=—5 (41l (24)

1
1) (¢ + §o) sec? <§ 4lol, ~ B2 (£ + 50)) , 4l > B
Family - II

Al =0, A*l = 210, w = I% - 41012 (25)
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Figure(l —a)
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Figure(2 —a)

Figure 1: Exact traveling waves of solution (20).

Put (25) in (21),

Vs =A0
4h)1

(26)

(11— \/alalo - B tan (4 /abolo - 1§ + £9)) )

4lol, > 13

_ 2loby (Aol - ) (¢ +0) sec? (%\/41012—&(&50))

Us =
4loly, > I3

Casell: Iy =15 =0,

w=l%, A1=—212, A_1=O
Put (28) in (21),
_ 11(§+&o)
Ve 2bhe l, >0.

T (- LehG)’

2815 (£ + &) e+

T - pette?

(11— 41012—1%tan(%\/“lolz_l%(g*'fo)))z ’

11 >0.

27)

(28)

(29)

30)

A

- e

Figure 2: Traveling waves of solution of (30).

21211611(&{0)
7= (1 + L,eh§+&))’

_ 2B (£ + &) el )
(Lyeli€+60) + 1)2

Caselll: I; =153=0,
Family - I
w = —41012, Al = —212,

Put (33) in (21),

B

A

[

Il<0'

A1=0

€3)

(32

(33)

Vg = A() -2 1012 (tan \/ 1012(5 + rfo)) s 1210 > 0. (34)

us = ~2loly (¢ + o) sec” (V/lol (¢ + &0) ) »

lzl() > 0.

Vg =Ag + 2 -lply (tanh Vi —1012('{ + 50)) s

1210 < 0.

(35)

(36)
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Figure(3 - 5)

Figure 3: Traveling waves of solution (32).

ug = ~2lola (§ + §o) sech” (V=lolz (§ + £0)) .
Izlo <0.

Family - II
w=-4hl,, A1 =0, A_1=2
Put (38) in (21),
Vio = Ao - 2loly , lol, >0,

VIl (tan VIoh(& + 50))

uto = —2lols (£ + &) csc? (\/ lol; (§+ 50)) ,

Iol, >0,

Vir = Ag + 2ol ’
(mtanh V-l (& + fo))

Iol; <0,

uyy = 2loly (£ + &) csch? (\/ﬂ(& fo)) ,
Ipl, <0,

(7

(38)

39)

(40)

(41)

(42)

DE GRUYTER
Family - III
w=-16ll,, A, =-21;,, A_1=2l (43)
Put (43) in (21),
Vi = Ao - 2y/1ol2 (tan Vioh(& + 50)) (44)
. 2ol . Do > 0.

VIola (tan v/ioh (¢ + &)

ur> = ~2ols (¢ + &) sec® (v/Iola (& + &) (45)

=200l (¢ + o) esc? (Viol2 (§+£0)) Loz > .

vis = Ao+ 2v/-lob (tanh /< Lo(§ + &) (46)
. 2lol, . lol, <O.
(V=lola tanh /Dol + &)
uy3 = —2lol, (€ + &) sech? (\/ﬂ €+ fo)) (47)

+ 2ol (& + &) csch? (\/—1012 &+ 50)) ., lol, <0.

3.3 Applications of Modified F-expansion
Method:

Let solution of (12) is;

v=a0+a1F+% (48)
Substitute (48) in (12) with (11),
ForA=0,B=1,C=-1, we have,
w=1, a =2, b1=0 (49)
Put (49) in (48),
Vig = dg + (1 + tanh (%{)) (50)
Uy = %:ﬁ’sech2 (g) (51)
When A =0, B =-1, C = 1, then we have,
w=1, a=-2, b1 =0 (52)
Substitute (52) into (48),
Vis = dg — (1 - coth(%{)) (53)
Ups = %{csch2 (g) (54)

ForA=13,B=0, C=-1, then we have,
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Figure(d —a)

Figure 4: Traveling waves of solution of (42).

Family - I

w=1, (11=O, b1=1

Put (55) in (48),
— + 1
Vig = do (m)

_ —&esch? (&) - & coth(&)esch(é)

16 = (coth(£) + csch(£))?

Family - II
Put (58) in (48),
V17 = ao + (£csch(&) + coth(£))

Uy = —&csch?(¢) - £ coth(&)esch(é)

Family - III

(55)

(56)

(57)

(58)

(59)

(60)

(61)

The nonlinear integro-differential Ito dynamical equation = 29

Figure(5 — )

"
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Figure 5: Traveling waves of solution (102).
Put (61) in (48),
Vig = dp + 1 (62)
(tcsch(8) + coth(&))
+ (xcsch(€) + coth(&))

=

I I ~&csch? (&) - & coth(&)csch(é) 63)

(coth(&) + csch(¢))2
- & coth(&)csch(¢)
ForC=-1,B=0,A=1,
Family - I
w =4, a, = o, b1 =2 (64)
Put (64) in (48),
= +2 71 +2 71 (65)
Vs = do <tanh(£)> > oF o (coth(f))
Uqg = —.{cschz(é’), or .{sechz(.{) (66)
Family - II
w=4 a =2 b1=0 (67)
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Put (67) in (48),

v20(¢) = ap + 2 (tanh(§)) or ag + (coth())

Uzo(&) = {sechz(‘f) or - {cschz(.{)

Family - III

w =16, a =2, b1=2

Put (70) in (29),

Va1 =dp+2 (tanh(f) + m) s

or ap+2 (coth(.{) + ﬁh({))

Uy = 2&sech? (&) - Ecsch?(8),
or 2&sech?(¢) - &csch?(é)

WhenA=3,C=3,B=0,

Family - I
w=-1, a;=-1, by =0
Put (73) in (48),
V22 = ao - (sec(¢) + tan(¢))
Uz = & sec’(§) + & tan(é) sec(é)
Family - I1
w=-1, (11=0, b1=1
Put (76) in (48),
1
vz =do+ (tan({) + sec(é,’))
e — 5 5ec’(8) + S tan(§) sec($)
23 (tan(&) + sec(¢&))2
Family - III
w = -4, a1=—1, b1=1

By putting Eq. (79) in (48),

1
Va4 = ao - (tan(§) + sec(£)) + ( tan(¢) + sec($) )

&sec?(&) + & tan(&) sec($)
(tan(&) + sec(&))?

Upy = .{secz({) +
+ &'tan(¢) sec(é)
A=-1,B=0,C=-1,

(68)

(69)

(70)

1)

(72)

(73)

(74)

(75)

(76)

77)

(78)

(79)

(80)

(81)

DE GRUYTER
Family - I
w=-1, al—l, b1 =0 (82)
Put (82) in (48),
Va5 = ao + (sec(£) - tan(¢)) (83)
uzs = & tan(&) sec(¢) - &£ sec*(&) (84)
Family - II
w=-1, a;=0, bi=-1 (85)
Put (85) in (48),
1
Va6 = do = (tan({) - sec({)) (86)
_ &sec?(é) - £ tan(é) sec(§)
126 = " (@an(@) - sec(d))? (87)
Family - III
w=-4 a =1 bl——l (88)
Put (88) in (48),
3 1
Va7 = ao + (sec(¢) - tan(¢)) - 5 (m) (89)
_ 2
- &tan(é) sec(é)
C=A=-1,B=0,
Family - I
w = -4, ai = 2, b1 =0 (91)
Put (91) in (48),
Vg = ap + 2 (tan(§)), or ag + 2 (cot(£)) (92)
Uy = 2&sec’ (&), or -2&csc?(¢) (93)
Family - II
w = -4, a = 0, b1 =-2 (94)
Put (94) in (48),
1 1
=002 (g ) o @2 (Gorg) ©
Upg = 2¢ cscz(fx), or -2¢ secz({) (96)
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Family - III

w = —16, a =2, bl =-2 (97)
Put (97) in (48),
1
violx,t)=ap+2 | ——— | — 2 (tan 98
00 =ag+2 (o) -2 () 08
uzo(x, t) = —2& csc?(£) - 2& sec?(¢) (99)
When A =0, B =1, C3 # 0, then we have,
w=1, a;= —2C, b1 =0 (100)
Put (100) in (48),
Va1 = ag+2C [ =1 — (101)
31 0 C¢+e)
20%¢
Uusp = —7((:{ T o) (102)
When B = 0, C = 0, then we have,
w
a) = 37, bl =0 (103)
Put (103) in (48),
W (104)
3
1
usp = g(wf) (105)
When A # 0, B # 0, C = 0, then we have,
w=B% a;=0, b =24 (106)
Put (106) in (48),
V33 = do + 24 (73 ) (107)
P (exp(B&) - A)
2 ¢, BE
Usz = _% (108)
(e% - 4)

4 Results and Discussion

Different researchers used distinct schemes for the deter-
mination of solutions of integro-differential Ito model [39,
40]. But here we have investigated serval types solutions
nonlinear Eq. (12) via three analytical modified mathe-
matical mathematical methods. With different values of
the parameters in Eq. (4), Eq. (6) and Eq. (6) respectively

The nonlinear integro-differential Ito dynamical equation = 31

obtained many different types solutions. However, some
our investigated results are likely similar to with other re-
searchers results in [39, 40]. Our solution (30) and(32) are
approximate similar to the solutions (18) and (21) in [39].
Solution (18) and (20) likely similar to (3.17) and (3.18)
in [40].

Figure 1-5 are plotted after assigning these particular
values to the parameters such that, solution us(x, t) at
n=1,p=-1,r=09,r,=2r3=5,& =0.07,¢ = -1,
w=ryand ug(x, t)at4lp =1,1; =0.9,1, =1 € =0.5and
u;(x,t)atlp = 1,1; = 0.3, = 1, € = 0.5,w = I? and
ll11(X, t) lo = 0.05, 12 =-0.5,¢e=0.5,w= —41012 and Uusq
at B = 6, w = 1, € = 1 respectively. From results discus-
sion and graphical representations of us, ug, u7, u1q Uz
by assigning the particular values with the assistance of
Mathematica sofware, we have found that our techniques
provide a rich plate form as a mathematical tools for solv-
ing nonlinear wave problem in Mathematics, physics and
engineerings.

5 Conclusion

In this work, three analytical modified mathematical meth-
ods so called generalized direct algebraic, extended sim-
plest equation and modified F-expansion methods are
serve for the construction of the wave solutions of integro-
differential Ito equation, having important applications in
mathematical physics. The investigated results are more
general and provide a basic ground for solving many non-
linear problems.
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