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Abstract: Classical (Heisenberg) simulations show that the total magnetization of the

lowest-energy states of clusters made of antiferromagnetically coupled chromium atoms

is planar, rather than collinear, depending on the arrangement of the atoms. Although

the model Hamiltonian is not restrictive, many cluster configurations of various numbers

of atoms do not use all three directions for the spins. This result confirms the conclusion

drawn from the local-spin DFT calculation by Kohl and Bertsch that clusters of N ≤ 13

have non-collinear magnetic moments. The present simulations show non-collinear spin

ordering also for bigger clusters, designed to be as spherical as possible following the bcc

arrangement, when atoms interact both with the nearest and next-nearest neighbours.

Depending on the signs of the coupling constants frustration appears. The advantage of

the discrete model, despite the simplicity, is that very large clusters and magnetization

at finite temperatures can be studied. This model predicts that clusters with specific

numbers of atoms interacting only with the nearest neighbours have collinear spins as in

the bulk. We also apply the model to simulate the destruction of the anti-ferromagnetic

ordering by thermal fluctuations. This model shows no unique magnetization of mixed

Fe0.33Cr0.67, which is consistent with experimental observations.
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1 Introduction

Clusters of a few atoms possess unique properties that cannot be observed in the corre-

sponding bulk materials: enhanced moments [1, 2], an altered temperature dependence

of the magnetization [3], non-collinear effects [4, 5, 6, 7]. A complex non-collinear nature

of low temperature magnetic configurations whose stability increases with disorder, unu-

sual scaling behaviour of the magnetic energy as a function of particle concentration, a

possibility of long range magnetic order due to dipolar interactions, and complexity of

the hysteresis loops have been found in [8].

The magnetism of clusters made of transition-metal atoms is of special interest due

to the sensitivity of this property to the cluster structure. Several factors affect the

magnetic structure of a transition metal-cluster; among them are the dimensionality,

the neighbourhood, and the change in the interatomic distance. Bulk Cr crystallizes in

a body-centered cubic (bcc) structure [9] with anti-ferromagnetic ordering of the spins

which are collinear along a fixed quantization axis, while clusters of tens of atoms might

have non-collinear spins depending on the actual number of atoms.

The success in understanding the collective behaviour of conventional magnets has

lead in the past decade to increased interest in systems that exhibit a novel type of

ordering as a consequence of “frustration”. In particular, geometrically frustrated systems

(those having triangles of anti-ferromagnetic bonds as their smallest building blocks) have

been the object of extensive theoretical studies. It was found that frustration gives rise

to spectacular and often unexpected behaviours at low temperatures due to the high

degeneracy of the ground state. Recently, more and more experimental realizations of

such geometrically frustrated systems have been achieved. 2D and 3D materials have

been assembled from triangles and tetrahedra such that neighbouring geometrical units

share either a common edge or a common corner. Such new materials have stirred a new

debate whether frustration alone is strong enough to destroy magnetic long range order.

The interest in very small magnetic nanoparticles has been revived by recent advances

in techniques to synthesise nanometer-size magnetic particles and by their application in

magneto-optics [10, 11]. Nanoparticles of various shapes can be found in powders [12] -

chains, spheres, containing microcrystallites, or amorphous. It is important to know the

size-dependence of the cluster magnetization in order to design materials with long-lasting

properties - high (low) magnetic moments, or stable structures of particles with specific

shapes. It is worth mentioning that the surface effects of small particles introduce two

different relaxation times [13] and thus a dynamical metastability [14]. These findings

can hardly be accounted for in quantum computations. Hence, classical methods justified

for given problems and capable of predicting new properties must still be developed.

Here we implement classical models (Heisenberg and Ising) to determine the role of

the number of neighbours in spin-ordering of chromium clusters of various sizes. The

Heisenberg model describes properties that depend on the structure, not on the spin

(integer or half-integer) itself [15]. The anti-ferromagnetic interaction between chromium

atoms had been understood [4] to generate a problem known as non-collinear magnetic
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ordering, studied later by Kohl and Bertsch [5], Fujima [16] in the frame of general

rotationally invariant forms of the local spin-density theory.

In the present work, magnetic moments are assumed to be localised on atoms in a

cluster and interact with each other. Such a model is justified by the electronic structure of

small transition-metal clusters [16]. Non-collinear, but often planar, spin arrangements in

anti-ferromagnetic clusters are now obtained within the framework of the discrete model

of classical spins and Monte Carlo simulations [17].

Section 2 presents the model for the current calculations of the magnetic ordering of

clusters at zero and finite temperatures. This discrete model lets us study the magneti-

zation of both small and large clusters containing magic and ordinary numbers of atoms,

and frustration (Section 3). The agreement between our findings and those obtained with

more sophisticated models [5, 16] for very small clusters (containing up to 13 atoms), ju-

stifies the model and lets us predict properties of bigger clusters since our model can be

exploited for bulk materials as well. Clusters at finite temperatures can also be studied

with this model, which is not achievable with the quantum methods available at present.

Conclusions are drawn in Section 4.

2 The model

We assign to each of N atoms in the cluster a classical (localised) Heisenberg spin S of

fixed magnitude 2µB (µB is the Bohr magneton). To address the question about the

role of frustration, we distinguish between bulk and corner (surface) atoms. An atom is

a bulk one if it has all of the neighbours needed for a specified structure - icosahedral,

cubic, or more complicated. For most of the clusters studied here we use the bcc structure

as a reference arrangement to decide which atoms are bulk and which are surface ones.

Since in the bcc crystal a bulk atom has 8 nearest neighbours, we adopt this number for

the clusters and arrange clusters containing more than 8 atoms as spherically as possible

following the bcc structure in the manner discussed in detail in [18].

Two Hamiltonians have been used. The first one takes into account only the nearest-

neighbours for all atoms in the cluster:

H = J
N

∑

i=1

nn
∑

j=1

Si · Sj (1)

with nn being the number of the nearest-neighbours and a positive (anti-ferromagnetic)

exchange coupling J . Such a coupling causes geometrical frustration in a trimer and a

pentamer. For spin variables Si =(1,0,0) the Hamiltonian, Eq.(1), describes the Ising

model for an antiferromagnetic nearest-neighbour coupling.

The second Hamiltonian is given by

H = J





N
∑

i=1

nn
∑

j=1

Si · Sj +
Ns
∑

i=1

nnn
∑

j=1

Si · Sj



 (2)
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where J is again a positive (anti-ferromagnetic) exchange coupling. Ns is the number of

corner (surface) atoms. If a given surface atom has fewer than half of the neighbours re-

quired by the bcc crystal symmetry, i.e. less than 4, then the number nnn of next-nearest

neighbours are added as well; otherwise - the second term in Eq.(2) is zero for this spe-

cific atom. Now we have a model that distinguishes between the various configurations

(isomers) of clusters with N atoms. The surface atoms have a different number of neigh-

bours depending on the isomer, see Fig.1 and Fig.2 as examples for N = 6. This model

accounts for the observed dependence of the magnetic structure on the neighbourhood

mentioned in the introduction.

An important part of the calculations is the connectivity list, which is separately

generated for each cluster size. For clusters with 9 and more atoms, the connectivity list

is based on the bcc bond concept already described.

The simulations were performed both at zero and finite temperature. This advantage

of our model deserves to be underlined: ab initio calculations can not consider finite

temperatures reliably.

3 Monte Carlo simulations

A Monte Carlo (MC) simulation slightly changes every spin’s orientation, randomly and

independently of other spins. The new configuration is accepted if it lowers the configu-

ration energy.

The configurations of bi-partite [20] and 3-colorable systems [21] can be solved exactly

for the case of nn interactions. In a bi-partite system the Heisenberg and Ising cases

give the same ground state energy equal to the negative of the number of bonds. The

simulations reproduce the exact values of the ground state energy for all cluster sizes.

In the case of a dimer, trimer, and tetramer, the final spin orientations either pointed

all in a plane (taken as the x-y-plane by fixing (1,0,0) for the first spin and zero for

the z component of the second spin) or were linear except for the case of a cluster of

four atoms arranged as a square with both diagonals - this arrangement can be viewed

as a tetrahedron and the frustration leads to different orientations in every simulation,

but with the same final minimum energy of −2J reached if there are two pairs of anti-

parallel spins with an arbitrary orientation of one pair to the other. It is obvious that two

bonds are broken in this case (Cr has anti-ferromagnetic coupling) and only two bonds

contribute with an energy of −2J .

The total energy and the cluster magnetization per atom are given in the Table. The

calculations with Eq.(2) are denoted with a prime (’). The number of atoms N appears

without a prime for the case of Eq.(1). We have omitted the data for bi-partite systems

as they can be easily computed on the basis of the number of bonds in the nn-interacting

system. Only the 9-cluster is presented because this is the only cluster having a lower

EH energy for the second Hamiltonian, Eq.(2) than for the first one, Eq.(1). The two

isomers of the 6-cluster, Fig.1 and Fig.2, are denoted with 6a and 6b respectively.

The following topologies denoted by their number of spins are reported in the Table:
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N, N’ −EH −EI Diff mH mI planar?

5 3.86 3 0.86 .114 1/5 planar

6a’ 5 4 1 0 deg. planar

6b’ 6 5 1 0 0 planar

9 8 8 0 7/9 7/9 linear

9’ 12.67 12 0.67 .037 1/9 planar

11’ 14.67 12 2.27 .030 deg. planar

12’ 16.39 12 4.39 .057 1/6 planar

13’ 18 12 6 .0769 deg. planar

27’ 37.64 32 5.64 .333 deg. planar

30’ 41.08 39 2.08 .067 deg. 3D

39’ 69.78 66 3.78 .032 deg. 3D

51’ 95.75 89 6.75 .02 7/51 3D

Table 1 Anti-ferromagnetic clusters arranged in the configurations described in the text. Diff is
the energy difference between the Ising and Heisenberg cases. The energies EH , EI are measured
in units of the exchange coupling J , the absolute value of the magnetic moments per atom, m,
in units of 2µB; each atom has a classical spin of magnitude 2µB. The last column indicates if
for the Heisenberg case all spins point into the x-y-plane (”planar”), in the x-y-z-space (”3D”),
or only along the x-axis (”linear”). Degenerate states ”deg.” are discussed in the text.

5 = three triangles in one line as it is in Ref. [5], Fig.1, which has been used to generate

the connectivity list for the 5-cluster; 6a and 6b are given in Fig.1 and Fig.2; 9 =

one body-centered cube; 12 = one body-centered cube plus 3 adjacent cube-centers,

the data are computed with the first Hamiltonian; 12’ = 12 computed with the second

Hamiltonian; 13 = symmetrized 12 with a fourth adjacent cube-centre; 27-cluster is

build by surrounding the centre atom with 3 shells having 8, 6, and 12 atoms; 30 has 3

cube centers adjacent to the 27-cluster; 39 has a shell of 12 atoms around 27; 51 has a

shell of 24 atoms around the 27-cluster.

For collinearity, i.e. the Ising limit, we allow in a separate simulation the spins to

point only to the right or left, which defines an Ising magnet. The results are also given

in the Table.

The main result obtained with the discrete model is that most configurations investi-

gated did not use all three directions for the spins, although the model Hamiltonian is

not restrictive.

The data presented in the Table show that nn connected clusters of all sizes studied

here have collinear spins in the ground state. However, clusters of the same size with nnn

neighbours taken into account have a planar, instead of linear, orientation of the spins in

their ground states. By adding next-nearest neighbours, which have a sign opposite to

the sign of the nearest-neighbours’ spins if the antiferromagnetic order is established in
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Fig. 1 A cluster of 6 Cr atoms symmetrically arranged in two parallel planes. This configuration
can be visualized as a hexagon as well. Only the nearest neighbours are connected in the figure.
Next-nearest interactions would be between atoms numbered 5 and 3; 4 and 6.

5 6

1

2

3

4

Fig. 2 A cluster of 6 Cr atoms asymmetrically arranged in two parallel planes. Only the nearest
neighbours are connected in the figure. Next-nearest interactions would be between atoms 5 and
3; 4 and 6.

the cluster, we frustrate the system and the Ising ground state is degenerated in clusters

with N ≥ 13 atoms. The clusters 6a’, 11’, 13’, and 27’ gain energy when the spins are

oriented in one plane, while clusters oriented away from collinearity: 30’, 39’, and 51’,

have spins oriented in 3D, i.e. a loss of magnetization.

The 6a’ cluster has the lowest energy in the Ising case EI = −4J for a total spin

per atom µI = 0,±1/3; 13’ has EI = −12J for µI = ±1/13,±3/13,±5/13; 27’ has

EI = −32J for µI = ±1/27,±3/27,±5/27,±7/27,±9/27,±11/27,±13/27; 30’ has EI =

−39J µI = ±2/30,±4/30; 39’ has EI = −66J for µI = ±1/39,±3/39.
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Omitting a spin not located on a symmetry axis, destroys both collinearity and pla-

narity.

It must be pointed out that 39- and 51-clusters find very rarely their global minima

EH = −92J and E = −128J , respectively. To prove that these are global minima

we performed special simulations: in the Heisenberg simulations, the Ising configuration

with the lowest energy was chosen as a starting configuration and we ran the program for

millions of attempts to let the clusters leave the minimum: the clusters did not change

their spin orientation.

Our simulations with Eq.(1) have shown plenty of local minima with energies be-

tween −124.5J and −128J for the 51 cluster in the Heisenberg case. Assuming that the

configuration space of the 51 cluster is flat around −128J , which restricts the cluster

from finding the global minimum [14] we designed a special starting configuration with

an energy very close to the global minimum −128J : as a starting configuration we took

the inner 27 spins oriented as in the ’best’ Ising configuration, while the outer 27 spins

were random in 3D. After a run of one million Monte Carlo steps, the cluster found the

global minimum with collinear spins as it should be in the bulk. This proved that the

global minimum can be found in a Heisenberg simulation if the starting configuration is

carefully chosen.

Inspecting the results in the Table, we conclude that if the collinear state is degene-

rated, then the spin distribution moves away from collinearity. The distribution is planar

in very small clusters and for clusters of N > 15, but not magic, there is a loss of magne-

tization.

3.1 Fe-Cr mixed cluster

Ferromagnetic Fe and antiferromagnetic Cr both take the bcc crystal structure with less

than one percent difference in lattice constants [9], so that the magnetic transition from

antiferromagnetism to ferromagnetism with X Fe atoms in a FeXCrN−X cluster [22]

might be thought to involve electronic rather than structural effects. This justifies the

usage of the same discrete model for Fe-Cr mixtures to analyze the interesting experi-

mental result obtained in [22] that shows how the concentration X influences the total

magnetization depending on X values. In the first region , 0.58 ≤ X ≤ 1, the mixture

behaves as a pure iron sample, i.e. the ferromagnetic coupling dominates; in the second

region , 0.50 ≤ X ≤ 0.58, neither Fe or Cr exhibit significant moments. The third region,

X ≤ 0.5, reveals re-emergence of an Fe moment (at about X = 0.4) that then disappears

with increasing Cr content and no clear Cr moment. This behavior can be interpreted as

representing a ferrimagnetic arrangement in which the Fe moments ultimately vanish as

the antiferromagnetism of Cr dominates the magnetic behavior [22].

We have estimated the magnetization of a mixture FeXCrN−X for X = 0.33 to check

if the simple discrete model gives no clear Cr moment. In this test simulation we use the

same J value for the Fe-Cr, Fe-Fe, and for Cr-Cr coupling constants to avoid additional
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Fig. 3 Order parameter Ψ (+,x) and absolute value of magnetization per atom m (stars, squares;
multiplied by 50 for a better visibility), versus kBT/J1, for the completely unfrustrated cluster
of 12 spins with nearest-neighbour bonds (+, stars) and the partially frustrated cluster with 13
spins (x, squares).

complications due to many parameters. This approximation leads to a shift in the energy

in comparison with the real case. The magnetization of the system depends on the sign of

the coupling constants. In layered Fe and Cr samples, experimental studies pointed at an

antiferromagnetic coupling [23]. Other authors, however, have recently objected [24] to

this finding in another experimental investigation. Hence, a detailed computation should

investigate both possibilities. Here we explore only the ferromagnetic Fe-Cr coupling; a

detailed study will be reported elsewhere.

To simulate iron-chromium clusters (a mixture of ferro-(Fe) and anti-ferromagnetic

(Cr) coupling) we assumed in the configuration 12 four of the twelve atoms forming one

horizontal plaquette of the bcc lattice, to be connected with their neighbours through

ferromagnetic bonds in the Fe4Cr8 cluster, which corresponds to Fe0.33Cr0.67 ; thus J

switched sign for them.

Regarding the value of J computations and experiments disagree by orders of ma-

gnitude: Cheng and Wang [19] give for JCr−Cr between 2eV and 6.87eV , while the

experimental work [25] points on dramatic changes in the coupling constants for very

thin (42) layers: JCr−Cr = (1.18 − 1.9)meV . The measurements give JFe−Cr = 7meV .

Clusters and very thin films should be considered in the same framework with respect to

the coupling constants. Due to these discrepancies, we do not specify the J value. Thus

the energies, computed here, can not directly be compared to measured ones.

Heisenberg simulation of the mixed cluster with the first Hamiltonian shows that two

out of four iron spins, which have only two neighbours are completely frustrated and
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show in various direction for different simulations. The total cluster magnetization is not

unique, although the energy is the same, i.e. the state is degenerated. The most important

result of this simulation is that the chromium spins are collinear, which disagrees with

the experiment. However, simulations with the second Hamiltonian show neither clear

a Cr moment nor a unique total magnetization of the cluster, which is in an agreement

with the experimental finding [22].

The conclusion is that the second Hamiltonian, which specifies the position of every

atom and its surroundings, should be used in further simulations.

However, a reliable mixture analysis can be performed with the exact values of the

coupling constants.

3.2 Finite temperature

At any finite temperature T , bonds can be broken with a Boltzmann probability ∝

exp(−E/kBT ) where E is the energy and kB is the Boltzmann’s constant. The highest

binding energy of the above configuration is obtained for 12 cluster with the nearest neigh-

bour interaction. We define an order parameter (”staggered magnetization”) Ψ through

the similarity of the spin configuration Si at finite T with the ground state configuration

S0

i , averaged over many equilibrium configurations:

Ψ = 〈|
∑

i

Si · S
0
i |〉 .

A standard Metropolis Monte Carlo simulation was applied to this nanocluster 12. Fig.3

shows the gradual destruction of magnetic order (Heisenberg model) with increasing tem-

perature; of course, no sharp Neél point can be expected in such nanoclusters. Since [19]

the exchange energy J is about 2 eV or ∼ 104 Kelvin, room temperature corresponds

nearly to the ground state. We averaged over 100 samples of 100,000 Monte Carlo steps

per spin, ignoring the first 90 percent of each sample. We see that the unfrustrated cluster

is more resistant against thermal fluctuations.

Fig. 4 shows the expected behavior of the total energy and the order parameter of the

nanocluster 12 as the temperature increases. Unexpectedly, in one of the configurations

the magnetic moment per spin increased with increasing temperature. The magnetization

at high temperatures comes from the random spin orientations which do not exactly cancel

each other.

4 Conclusion

The main result obtained with the discrete model is that a surprisingly large fraction of

the clusters investigated here have all the spins pointing in the x-y-plane.

To conclude, let us emphasize several points. The simple discrete model of interacting

spins in small clusters confirms the trend of local-density DFT calculations that small
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Fig. 4 Negative energy E (+) and the order parameter Ψ (x) for the completely unfrustrated
12-cluster with nearest-neighbour bonds only.

clusters of antiferromagnetically coupled atoms in general have no collinear spins even

though both the smallest cluster (dimer) and the infinite bcc lattice have collinear spins.

This agreement justifies the usage of the classical model for qualitative predictions of

collinearity of clusters much bigger than the current DFT codes can tackle. Another

advantage over the DFT computations is that big clusters can be studied at finite tempe-

ratures as well. The success of the model is a result of the design of a suitable connectivity

list that corresponds to the bonding between the atoms in the cluster. Being simple and

fast, it allowed a study of various mixtures.

A disadvantage of the method is that the simplification does not let us obtain the

correct coupling constants. Hence we can not compare the values, obtained with the

discrete model, with the values of the magnetization from the DFT calculations [5].

Finally, we complemented previous works [19, 5] by looking at the thermal destruction

of the anti-ferromagnetic order in the configuration of 12 atoms, where the ground state

satisfies all bonds. A gradual destruction is observed.

In the specific mixture of Fe0.33Cr0.67 the discrete model (Heisenberg) with a con-

nectivity list, corresponding to the nnn coupling of the corner atoms, shows no unique

magnetization, which we relate to the complete frustration. A further analysis is needed

before claiming that this discrete model is capable to predict the dominance of ferro- over

anti-ferromaterials as an exact function of the concentration.
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