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1 Introduction

The Bell-Robinson tensor [1, 2] is a valuable tool in many mathematical formalisms

involving the gravitational field, such as hyperbolic formulation [3, 4] of the Einstein field

equations [5, 6], the causal propagation of gravity [5, 7, 8], the existence of global solutions

of the Cauchy problem [9, 10, 11] and the study of the global stability of spacetimes

[11, 12]. It was introduced for the first time to solve the lack of a well-posed definition of

a local energy-momentum for the gravitational field, since the Principle of Equivalence

tells us that it is always possible to choose a reference system along any timelike curve

such that the gravitational field in this particular coordinate system vanishes and so does

the gravitational energy density. The analogy between many of its properties and those

of energy-momentum tensor of electromagnetic fields has led many authors to look for

similar super-energy tensors of fields other than the gravitational one [13, 14, 15, 16].

Killing-Yano tensors, introduced by Yano [17], are geometrical objects closely related

with hidden symmetries [18] in pseudoclassical models for a spinning particle. They have

an important role in generating solutions for generalized Stäckel-Killing equations which

in turn lead to new constants of motion [19, 20]. Concrete applications for Euclidean
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Taub-NUT space, pp-wave and Siklos metric can be found in [23, 24, 25, 26, 27]. For the

geodesic motions in the Taub-NUT space, the conserved vector analogous to the Runge-

Lenz vector of the Kepler type problem is quadratic in 4-velocities, its components are

Stäckel-Killing tensors and they can be expressed as symmetrized products of Killing-

Yano tensors [21, 22, 23, 28]. A particular class of Killing-Yano tensors, namely those

covariantly constant which realize certain square roots of the metric tensor, are involved

in generating a Dirac-type operator and the generator of a one-parameter Lie group

connecting this operator with the standard Dirac one [29, 30]. An investigation of spaces

admitting Killing-Yano tensors based on covariant Petrov classification can be found in

[31, 32].

The aim of this paper is to investigate the basic super-energy tensors constructed

from Killing-Yano tensors. We also give a generalization of super-energy tensors for cases

when the starting point is a pair of tensors.

The paper is organized as follows: In Secrion 2 is presented a short description of

how the super-energy tensors can be constructed starting from an arbitrary tensor. In

Secrion 3 we investigate a particular class of super-energy tensors, namely those obtained

from Killing-Yano tensors and write the Killing-Yano equations in terms of electric and

magnetic parts. In Secrion 4 we give an extension of super-energy tensors obtained not

from a single tensor, but from a pair of tensors. An analysis of how this generalization is

involved in construction of Runge-Lenz vector for Euclidean Taub-NUT space is presented

in Section 5. Conclusions are given in Section 6.

2 Preliminaries

In this section we briefly describe how, starting with an arbitrarily tensor field, a super-

energy tensor can be constructed. An extensive and detailed presentation can be found

in [15].

Let tµ1...µm
be an arbitrary rank m covariant tensor. The first step is to split its set

of m indices in r blocks of completely antisymmetric indices. This way, tµ1...µm
can be

seen as a r-fold (n1, . . . , nr)-form which will be schematically denoted by t[n1],...,[nr], where

[nΥ] specify the Υ-th block with nΥ antisymmetric indices. The next step is to construct

a Hodge dual relative to each block and sets of blocks [nΥ], obtaining the following 2r

duals:

t ⋆

[n−n1]...[nr]
, . . . , t

[n1]...
⋆

[n−nr]
, t ⋆

[n−n1]
⋆

[n−n2]...[nr]
, . . . , t ⋆

[n−n1]
⋆

[n−n2]...
⋆

[n−nr]
. (1)

For a tensor t{Ω}
µ1...µp

= t{Ω}
[µ1...µp] with a set {Ω} of indices without any symmetry plus

a set of p ≤ n completely antisymmetric indices µ1 . . . µp, the dual of t relative to the

µ1 . . . µp indices is defined as t{Ω}
⋆

µp+1...µn

≡ 1
p!
ηµ1...µn

t{Ω}µ1...µp , where ⋆ is placed over the

group of indices on which operation of tacking the dual acts. With the aid of duals (1), a

canonical electric-magnetic decomposition of tµ1...µm
relative to any timelike unit vector

field ~u can be constructed by contracting each of the above duals with r copies of ~u, each

one with the first index of each block. When ~u is contracted with a starred block
⋆

[n − nΥ]
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we have a magnetic part in that block, and an electric part when ~u is contracted with a

regular block [n − nΥ]. The super-energy tensor associated to t is defined as follows

Tλ1µ1...λrµr
{t} ≡ 1

2

{

(

t[n1]...[nr] × t[n1]...[nr]

)

λ1µ1...λrµr

+

+
(

t ⋆

[n−n1][n2]...[nr]
× t ⋆

[n−n1][n2]...[nr]

)

λ1µ1...λrµr

+ . . . +

+
(

t ⋆

[n−n1]
⋆

[n−n2][n3]...[nr]
× t ⋆

[n−n1]
⋆

[n−n2][n3]...[nr]

)

λ1µ1...λrµr

+ . . . +

+
(

t ⋆

[n−n1]...
⋆

[n−nr]
× t ⋆

[n−n1]...
⋆

[n−nr]

)

λ1µ1...λrµr

}

, (2)

where (t × t)λ1µ1...λrµr
≡
(

∏r
Υ=1

1
(nΥ−1)!

)

t̃λ1ρ2...ρn1
......λrσ2...σnr

t̃
ρ2...ρn1

σ2...σnr

µ1 ......µr .

Here, t̃[n1],...,[nr] denotes the tensor obtained from t[n1],...,[nr] by permuting its indices such

that the first n1 indices are exactly those from [n1] block, the next n2 indices are exactly

those from block [n2] and so on.

3 Super-energy tensor for Killing-Yano tensor

Starting with a Killing-Yano tensor, i.e. an antisymmetric rank two tensor which satisfies

Yµ(ν;λ) ≡ Yµν;λ + Yµλ;ν = 0 , (3)

we obtain the following expression for the associated super-energy tensor (2)

Tµν{Y[2]} = YµaY
a

ν − 1

4
gµνYabY

ab (4)

which, taking into account the antisymmetry of Y , turns out to be symmetric Tµν = Tνµ.

Since Tr (gµν) = 4, it follows that T µ
µ {Y[2]} = 0. The divergence T ν

µ;ν{Y[2]} is not

necessarily null. Also, the super-energy tensor does not depend on dimension of the

underlying space.

The terms YµaY
a

ν and YabY
ab lead to a Stäckel-Killing tensor Kµν ≡ YµaY

a
ν (a sym-

metric rank two tensor which satisfies K(µν;λ) = 0), respective to its trace K a
a ≡ YabY

ab.

Thus, a super-energy tensor obtained from a Killing-Yano tensor turns out to be the trace

free part of a Stäckel-Killing tensor. We remember that for every rank two tensor Tµν

there is a covariant decomposition in an antisymmetric part T[µν] ≡ 1
2
[Tµν − Tνµ], a trace

free symmetric part T(µν) − 1
4
gµνT

ρ
ρ (where T(µν) ≡ 1

2
[Tµν + Tνµ]) and a part proportional

with the metric tensor 1
4
gµνT

ρ
ρ .

The super-energy tensor (4), which we will write as Tµν{Y[2]} = Kµν − 1
4
gµνTr(K), is

not by itself a Stäckel-Killing tensor since

T(µν;λ){Y[2]} = −1

4
g(µν (Tr(K)),λ) , (5)

which in general does not vanishes.



O. Tintareanu-Mircea, F.C. Popa / Central European Journal of Physics 3(2) 2005 258–269 261

Since the super-energy tensor for Yµν can be written [15]

T{Y[2]} =
1

2

[

YµaY
a

ν + Y ⋆
µaY

⋆ a
ν

]

, (6)

it follows that if the starting Killing-Yano tensor Yµν is self-dual (Y ⋆
µν = Yµν) or antiself-

dual (Y ⋆
µν = −Yµν) we have

Tµν{Y[2]} = YµaY
a

ν . (7)

A rank r tensor Yµ1...µr
is said to be a Killing-Yano tensor if it is totally antisymmetric

and satisfies

Yµ1...(µr ;λ) = 0 . (8)

A rank r tensor Kµ1...µr
is said to be a Stäckel-Killing tensor if it is totally symmetric and

satisfies

K(µ1...µr ;λ) = 0 . (9)

The following contraction

Kµν ≡ Yµρ2...ρr
Y ρ2...ρr

ν (10)

is a rank-2 Stäckel-Killing tensor.

The super-energy tensor for the Killing-Yano tensor Yµ1...µr
is

Tµν

{

Y[r]

}

=
1

(r − 1)!

(

Yµρ2...ρr
Y ρ2...ρr

ν − 1

2r
gµνYρ1ρ2...ρr

Y ρ1ρ2...ρr

)

. (11)

Since Yµρ2...ρr
Y ρ2...ρr

ν and Yρ1ρ2...ρr
Y ρ1ρ2...ρr are a Stäckel-Killing tensor K, with respect to

its trace, it follows that (11) is the trace free part of K.

We saw that the super-energy tensors of the various rank Killing-Yano tensors are

trace free parts of some Stäckel-Killing tensors. If a trace free Stäckel-Killing tensor of

rank two can be written as

Kµν = FµaF
a

ν − 1

4
gµνFabF

ab (12)

i.e. it is required to be the super-energy tensor of some 2-form F , the starting 2-form F

must satisfies

2F a
λ Fa(µ;ν) + 2F a

µ Fa(ν;λ) + 2F a
ν Fa(µ;λ) +

gνλFab;µF ab + gµλFab;νF
ab + gµνFab;λF

ab = 0 . (13)

In a more compact form eq. (13) reads:

2Fa{(µ;ν)F
a

λ} + Fab;{µgνλ}F
ab = 0 . (14)

where curly braces specify a summation over the circular permutations of enclosed indices.

If for a Stäckel-Killing tensor K is required to be the super-energy tensor of a p-form

with p ≥ 2

Kµν = Fµρ1...ρp−1
F ρ1...ρp−1

ν − 1

4
gµνFρ1...ρp

F ρ1...ρp , (15)
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eqs. (13) becomes:

±2F ρ1...ρp−1

ν Fρ1...ρp−1(µ;λ) ± 2F ρ1...ρp−1

µ Fρ1...ρp−1(ν;λ) ± 2F
ρ1...ρp−1

λ Fρ1...ρp−1(µ;ν) +

gµνFρ1...ρp;λF
ρ1...ρp + gµλFρ1...ρp;νF

ρ1...ρp + gνλFρ1...ρp;µF
ρ1...ρp = 0

where +(-) sign is for even(odd) rank F tensors.

It is easy to see that the super-energy tensors obtained from covariantly constant

Killing-Yano tensors (Fρ1...ρp−1ρp;µ = 0) are trace free Stäckel-Killing tensors, not only

trace free parts of some Stäckel-Killing tensors (which in general are not by themselves

Stäckel-Killing tensors). For Stäckel-Killing tensors which are the super-energy tensors

of some p-forms we have the following properties (which derives from general properties

of super-energy tensors). For any causal, future-oriented vectors ~u1, ~u2 we have DSEP

(dominant super-energy property)

Tµν{Y[2]}uµ
1u

ν
2 ≥ 0 , (16)

when the strict inequality holds provided that Y[2] is not null.

As a particular case for DSEP, super-energy density for Killing-Yano tensor Y[2] can be

obtained. Super-energy density of Y[2] relative to temporal vector ~u, denoted by WY (~u),

is defined by

WY (~u) ≡ Tµν{Y[2]}uµuν ≥ 0 (17)

and is non negative. Moreover, if WY (~u) = 0 for some ~u then Tµν{Y[2]} = 0 which implies

Yµν = 0. Eq. (17) is important in the following context. It is known that the geodesic

motion i.e. d2xµ

dλ2 + Γµ
νρ

dxν

dλ
dxρ

dλ
= 0 admits a quadratic first integral

Kµν ẋ
µẋν = constant (18)

provided that the symmetric tensor Kµν satisfies the Stäckel-Killing equation K(µν;λ) = 0.

Here ẋµ denote the derivatives of coordinate functions in respect with the affine parameter

of geodesic.

It follows from (17) that if we consider Stäckel-Killing tensors which are the super-

energy tensors of some p-forms then (18) provides a nonnegative first integral. Even if

the super-energy density has the mathematical properties of an energy density, it does

not always have the physical dimension and signification of an energy density, this fact

depends on the starting tensor.

Relative to a orthonormal coordinate basis ~ǫa such that ~ǫ0 = ~u, we have

WY (~ǫ0) = T00{Y[2]} =
1

2

3
∑

µ,ν=0

|Yµν |2 (19)

If the positive metric hµν relative to ~u is introduced as

hµν(~u) ≡ gµν + 2uµuν (20)

then the super-energy density for Y[2] relative to ~u can be written

WY (~u) =
1

4
YµνYρσh

µρhνσ. (21)
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Since the divergence of T{Y[2]} is

T
µ

λ ;µ{Y[2]} = Yλa;µY
µa + YλaY

µa
;µ − 1

2
δ

µ
λ Yab;µY ab (22)

it follows that if Y is covariantly constant (Yab;µ = 0) then

T
µ

λ ;µ{Y[2]} = 0 . (23)

Eq. (23) cannot lead by itself to an integral conservation law since there is no general

Gauss law for rank two or higher tensor fields. Anyway, if the space admits a Killing

vector field i.e. a vector field ξµ for which ξ(µ;ν) = 0 and if (23) holds, we have the

following local conservation law

(T µν{Y[2]}ξν);µ = 0 (24)

which via Gauss theorem for vector fields can lead to an integral conservation law. Mo-

reover, if Tr(Tµν{Y[2]}) = 0, then a conformal Killing vector field is sufficient in order to

have the above conservation law.

3.1 Killing-Yano equations

As Y is a simple 2-form, i.e. can be written as a wedge product of two 1-forms, we have

a single Hodge dual:

Y ⋆

µν
=

1

2
ηαβµνY

αβ (25)

which is a Killing-Yano tensor by itself (Y ⋆

µν;λ
+ Y ⋆

µλ;ν
= 0) if Yµν is covariantly constant.

Therefore we have two tensors, the initial Y and its dual Y ⋆ for constructing electric and

magnetic parts of the Killing-Yano tensor Y .

The electric part of Y relative to a temporal vector ~u is defined as
(

Y
~u E

)

ν
≡ Yµνu

µ. (26)

If ~u is covariantly constant, the electric part Y
~u

~E is a Killing vector field (
(

Y
~u E

)

(µ;ν)
= 0).

However, this condition is only a sufficient one. The necessary condition for the electric

part of Y to be a Killing vector field reads

Yαµuα
;ν + Yανu

α
;µ = 0 . (27)

The magnetic part of Y relative to the temporal vector ~u is

(

Y
~u H

)

ν
= Y ⋆

µν
uµ =

1

2
ηαβµνY

αβuµ . (28)

Since the dual Y ⋆

µν
of a covariantly constant Kiling-Yano tensor Yµν is by itself a Killing-

Yano tensor and the magnetic part of Yµν is
(

Y
~u H

)

ν
= Y ⋆

µν
uµ it follows that for a cova-

riantly constant Killing-Yano tensor, the magnetic part is a Killing vector field with the

same conditions the electric part, we just having to replace Yµν by Y ⋆

µν

Y ⋆

αµ
uα

;ν + Y ⋆

αν
uα

;µ = 0 . (29)
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Both the electric and magnetic part of Y are 4-vectors. Apparently they have together

8 independent components. Anyway, since each of them is orthogonal on the chosen

temporal vector field ~u, the number of independent components is reduced to 6, as is

necessary to univocally determine an antisymmetric 4 × 4 tensor, as is the Killing-Yano

tensor. Taking into account (32) and that ηµνλρ =
√−g∆µνλρ implies ηµνλρ;α = 0, where

∆µνλρ is the Levi-Civita pseudotensor, the Killing-Yano equation (3) can be written in

terms of Y ’s electric and magnetic parts as

Eµu(µ;α) − uµE(ν;α) + Eµ;(νuα) − uµ;(νEα) +
1

2
ηλρµ(νu

λ
;α)H

ρ +
1

2
ηλρµ(νH

ρ
;α)u

λ = 0 . (30)

These equations have to be considered together with the orthogonality conditions between

electric, respective magnetic parts of Y and the vector field ~u, namely

Y
~u Eλu

λ = 0, Y
~u Hλu

λ = 0 . (31)

There is no need to impose the antisymmetry condition Yµν = −Yνµ in terms of Y
~u E and

Y
~u H , since the expression of Y from (32) is by construction an antisymmetric quantity.

If the electric Y
~u E and magnetic Y

~u H parts of a Killing-Yano tensor are determined,

the original tensor can be reconstructed [15] through

Yµν = −2u[µEν] +
1

2
ηλρµνu

λHρ . (32)

If ~u would be chosen such that uλ
;µ = 0, eqs. (30) would have a more simplified form.

Such a choice is not always possible since when the metric is required to be a solution

of Einstein equations for empty space, a covariantly constant vector field is a null type

one, or the metric is flat, or in the definitions for electric and magnetic parts a temporal

vector field is required. Also, the equations would become simpler if ~u is chosen to be a

Killing vector field. If ~u is covariantly constant, the Killing-Yano equations (30) becomes

Eµ;(αuν) − uµE(ν;α) +

√−g

2
∆λρµ(νH

ρ
;α)u

λ = 0 (33)

which have to be considered together with (31).

If the Killing-Yano tensor Y is selfdual (anti-selfdual) its electric Y
~u E and magnetic Y

~u H

parts becomes equal (equal up to a sign) leading to the following Killing-Yano equations

Eµu(µ;α) − uµE(ν;α) + Eµ;(νuα) − uµ;(νEα) ±
1

2
ηλρµ(νu

λ
;α)E

ρ ± 1

2
ηλρµ(νE

ρ
;α)u

λ = 0 , (34)

where +(−) sign is for the selfdual (anti-selfdual) case.

4 Super-energy tensor for a pair of simple 2-forms

Be A and B two simple 2-forms (A(ab) = Aab respective B(ab) = Bab). We note

X ≡ A + B, Y ≡ A − B. (35)
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It is manifest that X and Y are also simple 2-forms, so that the corresponding super-

energy tensors can be immediately written:

Tµν{X[2]} = XµaX
a

ν − 1

4
gµνXabX

ab =

AµaA
a

ν + AµaB
a

ν + BµaA
a

ν + BµaB
a

ν −
1

4
gµν [AabA

ab + AabB
ab + BabA

ab + BabB
ab] =

Tµν{A[2]} + Tµν{B[2]} +

AµaB
a

ν + BµaA
a

ν − 1

4
gµνAabB

ab − 1

4
gµνBabA

ab . (36)

Analogously,

Tµν{Y[2]} = Tµν{A[2]} + Tµν{B[2]} −
AµaB

a
ν − BµaA

a
ν +

1

4
gµνAabB

ab +
1

4
gµνBabA

ab . (37)

If we take as definition for the super-energy tensor of a pair of two simple 2-forms A and

B

Tµν{A[2], B[2]} ≡ 1

4

[

Tµν{X[2]} − Tµν{Y[2]}
]

, (38)

we obtain

Tµν{A[2], B[2]} =
1

2
[AµaB

a
ν + BµaA

a
ν ] − 1

4
gµνAabB

ab . (39)

If the two 2-forms A and B are taken to be equal, then (39) resemble the standard way

of constructing the super-energy tensor of a simple 2-form. Since every term in r.h.s. of

(39) contains elements from each tensor in pair, it is obvious that (39) is a divergence

free Stäckel-Killing tensor if both tensors in pair are covariantly constant. The above

construction can be applied to a pair of two arbitrarily chosen p-forms, the only difference

being on summation indices, namely: whenever we have a contraction of type AµaB
a

ν we

will replace it with Aµρ2...ρp
B ρ2...ρp

ν and instead of AabB
ab we will write Aρ1...ρp

Bρ1...ρp . The

same technique can be used to construct a super-energy tensor for a pair of two r-fold

forms which have the same structure of indices blocks, i.e. both have the same number

of blocks and the same number of indices in corresponding blocks. Anyway, the formulas

are rather complicated and we do not present them here.

Since from (6) the following alternative form of the super-energy tensor (39) can be

derived

Tµν{A[2], B[2]} = AµaB
a

ν + BµaA
a

ν + A⋆
µaB

⋆ a
ν + B⋆

µaA
⋆ a
ν , (40)

it follows that if the starting 2-forms are simultaneously selfdual or anti-selfdual the

super-energy tensor becomes

Tµν{A[2], B[2]} = 2 [AµaB
a

ν + BµaA
a

ν ] , (41)

while in the case where one is selfdual and the other anti-selfdual the super-energy tensor

vanishes.
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5 Euclidean Taub-NUT space analysis

In a special choice of coordinates the Euclidean Taub-NUT line element takes the form

ds2 = V (r)
(

dr2 + r2dθ2 + r2 sin2 θdϕ2
)

+ 16m2V −1(r) (dχ + cos θdϕ)2 (42)

with V (r) = 1 + 4m
r

.

There are four Killing vectors for metric (42)

D(A) = R(A)µ ∂µ, A = 0, 1, 2, 3, (43)

where

D(0) = ∂χ

D(1) = − sin ϕ ∂θ − cos ϕ cot θ ∂ϕ +
cos ϕ

sin θ
∂χ

D(2) = cos ϕ ∂θ − sin ϕ cot θ ∂ϕ +
sin ϕ

sin θ
∂χ

D(3) = ∂ϕ . (44)

The first vector D(0) generates the U(1) of χ translations and commutes with the other

Killing vectors, while the remaining three vectors, corresponding to the invariance of

the metric (42) under spatial rotations, obey an SU(2) algebra. These symmetries wo-

uld correspond to conservation of the so called relative electric charge and the angular

momentum:

q = 16m2 V (r) (χ̇ + cos θ ϕ̇) (45)

~j = ~r × ~p + q
~r

r
, (46)

where ~p = V −1(r)~̇r is the mechanical momentum which is only part of the momentum

canonically conjugate to ~r.

Taub-NUT space admits the following Killing-Yano tensors

f (i) = 8m (dχ + cos θdϕ) ∧ dxi − ǫijk

(

1 +
4m

r

)

dxj ∧ dxk i, j, k = 1, 2, 3 (47)

f (y) = 8m (dχ + cos θdϕ) ∧ dr + 4r (r + 2m)
(

1 +
r

4m

)

sin θ dθ ∧ dϕ , (48)

where the first three are covariantly constant, while the last one has only one non-

vanishing component of the field strength

f
(y)
rθ;ϕ = 2

(

1 +
r

4m

)

r sin θ . (49)

For the Taub-NUT metric there is a conserved vector, analogous to the Runge-Lenz

vector of the Kepler type problem

~K =
1

2
~KµνΠ

µΠν = ~p ×~j +

(

q2

4m
− 4mE

)

~r

r
, (50)
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where the conserved energy is

E =
1

2
gµνΠµΠν =

1

2
V −1(r)

[

~̇r
2
+
(

q

4m

)2
]

. (51)

Taking A = f (y) and B = f (i) in (39) and observing that the last term, being proportional

with metric tensor, leads to trivial constants of motion and can be dropped out, we obtain

the following three nontrivial Stäckel-Killing tensors

T̃ (i)
µν {f (y), f (i)} =

1

2

[

f (y)
µaf

(i)a
ν + f (i)

µaf
(y)a

ν

]

i = 1, 2, 3 . (52)

An explicit evaluation [23] shows that the components of the Runge-Lenz vector (50) can

be written in terms of the geometrical objects (52), (43)

K(i)
µν = 2mT̃ (i)

µν {f (y), f (i)} +
1

8m

(

R(0)
µ R(i)

ν + R(0)
ν R(i)

µ

)

. (53)

6 Conclusions

In this paper we have investigated a class of basic super-energy tensors, namely those

constructed from Killing-Yano tensors. We found that they are trace free parts of some

rank two Stäckel-Killing tensors and determined the conditions for these super-energy

tensors to be trace free Stäckel-Killing tensors not only trace free part of some Stäckel-

Killing tensors. We have also investigated the special cases when the Killing-Yano tensors

are covariantly constant, self-dual and antiself-dual. An alternative form for Killing-Yano

equations in terms of electric and magnetic parts of the Killing-Yano tensor was written.

We have also introduced a generalized definition of super-energy tensors for cases when

the starting object is not a single tensor, but a pair of tensors, which we used to obtain

an analogous of the conserved Runge-Lenz vector from Keppler problem in an Euclidean

Taub-NUT space.
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[8] M.Á.G. Bonilla and J.M.M. Senovilla: ”Very Simple Proof of the Causal Propagation
of Gravity in Vacuum”, Phys. Rev. Lett., Vol. 78, (1997), pp. 783–786.

[9] Y. Choquet-Bruhat and J.W. York Jr.: ”The Cauchy Problem”, Gen. Rel. Grav.,
Vol. 1, (1980), pp. 99–172.

[10] S.W. Hawking and G.F.R. Ellis: The large scale structure of space-time, Cambridge
Univ. Press, Cambridge, 1973.

[11] A. Rendall: “Local and Global Existence Theorems for the Einstein Equations”,
Living Reviews, (1998), http://www.LivingReviews.org/Articles/Volume1/1998-
4rendall.

[12] D. Christodoulou and S. Klainerman: The global non-linear stability of Minkowski
space, Princeton Univ. Press, Princeton, 1993.

[13] M. Chevreton: ”Sur le tenseur de superenergie du champ electromagnetique”, Nuovo
Cimento, Vol. 34, (1964), pp. 901–913.

[14] R. Penrose and W. Rindler: Spinors and spacetime, Cambridge Univ. Press,
Cambridge, 1986.

[15] J.M.M. Senovilla: ”Super-energy tensors”, Class. Quant. Grav., Vol. 17, (2000), pp.
2799–2841.

[16] P. Teyssandier: ”Can one generalize the concept of energy-momentum tensor?”, Ann.
Found. L. de Broglie, Vol. 26, (2001), pp. 459–469.

[17] K. Yano: ”Some Remarks on Tensor Fields and Curvature”, Ann. Math., Vol. 55,
(1952), pp. 328–347.

[18] G.W. Gibbons, R.H. Rietdijk and J.W. van Holten: ”SUSY in the sky”, Nucl. Phys.
B, Vol. 404, (1993), pp. 42–64.

[19] R. Penrose: ”Naked singularities”, Ann. NY Acad. Sci., Vol. 224, (1973), pp. 125–134;
R. Floyd: The dynamics of Kerr fields, Thesis (PhD), London University, 1973.

[20] D. Vaman and M. Visinescu: ”Generalized Killing equations and Taub-NUT spinning
space”, Phys. Rev. D, Vol. 54, (1996), pp. 1398–1402.

[21] G.W. Gibbons and P.J. Ruback: ”The hidden symmetries of Taub-Nut and monopole
scattering”, Phys. Lett. B, Vol. 188, (1987), pp. 226–230; G.W. Gibbons and P.J.
Ruback: ”The hidden symmetries of multi-centre metrics”, Commun. Math. Phys.,
Vol. 115, (1988), pp. 267–300.

[22] J.W. van Holten: ”Supersymmetry and the geometry of Taub-NUT”, Phys. Lett. B,
Vol. 342, (1995), pp. 47–52.



O. Tintareanu-Mircea, F.C. Popa / Central European Journal of Physics 3(2) 2005 258–269 269

[23] D. Vaman and M. Visinescu: ”Spinning particles in Taub-NUT space”, Phys. Rev. D,
Vol. 57, (1998), pp. 3790–3793.

[24] M. Visinescu: ”Generalized Taub-NUT metrics and Killing-Yano tensors”, J. Phys.
A: Math. Gen., Vol. 33, (2000), pp. 4383–4391.

[25] D. Baleanu and S. Codoban: ”Symmetries of the Taub-NUT dual metrics”, Gen. Rel.
Grav., Vol. 31, (1999), pp. 497–509.

[26] D. Baleanu: ”Symmetries of the dual metrics”, Int. Journ. Mod. Phys. D, Vol. 11,
(2002), pp. 405–416.

[27] D. Baleanu and S. Baskal: ”Killing-Yano symmetry for a class of spacetimes admitting
parallel null 1-planes”, Int. J. Mod. Phys. A, Vol. 17, (2002), pp. 3737–3747.

[28] D. Vaman and M. Visinescu: ”Supersymmetries and Constants of Motion in Taub-
NUT Spinning Space”, Fortschr. Phys, Vol. 47, (1999), pp. 493–514.

[29] B. Carter and R.G. McLenaghan: ”Generalized total angular momentum operator
for the Dirac equation in curved space-time”, Phys. Rev. D, Vol. 19, (1979), pp.
1093–1097.

[30] Ion I. Cotaescu and M. Visinescu: ”Symmetries of the Dirac operators associated with
covariantly constant Killing–Yano tensors”, Class. Quant. Grav., Vol. 21, (2004), pp.
11–28.
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