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Symmetry of the pentacene molecule
and classification of electron states studied
in the frame of group action on a set
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Abstract: Pentacene have recently become the subject of intense studies due to their physical
properties which follow from the states of their outer-shell electrons that are able to take part
in molecule bonding. The symmetry of these molecules provides the classification of quantum
states according to the group theory method. In this paper, we apply a molecular state-space
factorization scheme for the classification of pentacene molecules based on the structure of their
electron states.
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1 Introduction

Organic solids are promising materials for electronic devices since they demonstrate prop-

erties similar to amorphous silicon [1]. From among many new organic compounds [2–4]

which manifest interesting semiconducting parameters, the pentacene was selected as the

most promising for FET [5].

Usefulness of organic crystals for the production of FET transistors depends upon

good parameters that characterize the electric conduction in such crystals. Primary

among such parameters is a large mobility of charge. In single ambipolar pentacene

transistors, the electron mobility approaches 1 cm2/Vs, while in other n-type channel

organic materials the n mobility is restricted to 0.1 cm2/Vs for naphtalenetetracarbolixylic
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materials and C60 and to 0.01 cm2/Vs for fluorinated copperphtalocyanine [6].

The electronic properties and theirs stability depend strongly on the structure and

ordering of pentacene thin films. Crystal defects, grain boundaries and disorder dominate

charge transport properties in layers.

The mobility parameter has a strong correlation to electron-phonon coupling, because

the mechanism of conductivity can be either by hopping or polaron. Microscopic descrip-

tions of the model being discussed are still unclear even though theoretical investigations

are up-to-date. To work the problem out correctly it is necessary to create a classification

of both, electron and phonon states for the pentacene crystals being investigated.

Using the Born–Karman condition for pentacene molecules, the symmetry of this

molecule can be considered in the frame of the line group formalism [7]. The possible

breakdown of translational symmetry of a chain (which may, for example, lead to the

change of band structure and the corresponding driving modes) can be analysed using

the general principles of “action of a group on a set” [8]. This method is based on a

mathematical structure as are, for example, the subgroup lattice, epicernel, stratum etc.

Pentacene molecular crystals of conjugated aromatic hydrocarbons are grown in the

herringbone structure [1] forming triclinic [9] crystallographic systems. The van der

Waals forces between molecules forming crystals or solids are considerably weaker than

covalent bonds acting between atoms in molecules. Therefore, the properties of individual

molecules are expected to contribute considerably to the overall properties of the solid.

In the case of pentacene (as in other polyacenes), the electronic properties of molecules

are determined mainly by π- orbitals since they are the highest occupied as well as the

lowest empty orbitals. In a crystal, the later degenarated orbital forms a band caused by

interaction between neighbouring molecules. However, in organic crystals the π carbon

atomic orbitals as well as the hydrogen 1s, 2s and 2p orbitals contribute in overlapping

effects of adjacent molecules. Such calculations for the overlap of H orbitals with the π

system of carbon atoms of neighbouring molecules were done recently by Mattheus [9] for

the herringbone arrangement in pentacene crystals. It seems to us that precise insight into

the symmetry of the orbital studied should give more information about the conductivity

mechanism in these crystals as well as about the mobility anisotropy of the charge carriers

as is measured in paper [10], for example.

In this paper we describe the pentacene molecule using the principles of “action of

a group on a set”. We also propose a classification of the electron states of pentacene

because of its widespread application as semiconducting layers in FET transistors. The

classification introduced in the present paper is based on factorization algorithm of the

molecular orbital representation proposed earlier by Lulek [11] and applied for classifi-

cation of normal vibrations [12]. This method was successfully used earlier for benzene,

naphthalene and polyacenes of higher order [13].



P. Potera et al. / Central European Journal of Physics 5(2) 2007 165–176 167

2 Action of group on the set

Let Δ be a set and G be a group. An action P of the group G on the set Δ is a

homomorphism of this group into the group
∑

(Δ), which is made up of all permutations

of all elements of the set Δ

P : G →∑
(Δ). (1)

Action P forms a permutation representation of the group G

P (G) = ( δ
P (g/δ)

) δεΔ, gεG, (2)

where P (g/δ) is an image of an element δεΔ for permutation P (g)ε
∑

(Δ). The set Δ

represents a group, lattice, linear space etc. The action P decomposes the set Δ into

separate subsets called orbits:

O[δ0] = {P (g/δ)|gεG}εΔ, (3)

where δ0 ∈ Δ is a representative of the orbit O[δ0].

The set T ⊂ Δ of orbits representatives is called a travers, when orbits fulfill the

relations

Δ =
⋃

δ0∈T

O[δ0], (4)

O[δ0] ∩ 0[δ′0] = 0 for δ0 �= δ′0.
The set of all orbits forms a quotient set

Δ/P = {O[δ0]|δ0εT} ≈ T. (5)

The travers classifies uniquely this set of orbits.

The set Δ can be a lattice of subgroup G (a lattice of group G is a set La(G) of all

subgroup G).

The natural action τ of the group G on the lattice La(G) is given as

τ(g) =

(
H

gHg−1

)

H ∈ La(G), g ∈ G. (6)

This leads to the new lattice

τ(g) = La(G)/τ.

The action P of the group G on the set Δ can be reduced to the O[δ0] orbit. This

action creates a transitive representation characterized by element KεT (G) appointed by

the stability group H [δ] of one element δ of the orbit O[δ0]

H [δ] = {gεG|P (g/δ) = δ}εLa(G). (7)

The orbit O[δ0] is a type K and we denote it as τ(O[δ0]) = K. If the set Δ includes orbits

of the type Kετ(G), then K is the epicernel of the representation P
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ekP = {τ(H [δ])ετ(G)|δεΔ} ⊂ τ(G), (8)

is a subset of the lattice τ(G).

A set of all orbits of type KεekP is a stratum of the set Δ in relation to the action P

S(K) = {OεΔ/P |τ(O) = K}.
The quotient set Δ/P can be decomposed on strata

Δ/P =
⋃

KεekP

S(K). (9)

This decomposition is called stratification of the set Δ, generated by the action P of

the group G.

Similarly, the stratification of any set can be conducted by using theory of combina-

tions, e.g.

Tβxβyβz = T x
βxT

y
βyT

z
βz, (10)

where T α
βα are travers that describe strata on the Cartesian axis α = {x, y, z},

βα = {1, 2, ...kα}, kα is a number of stratums for α.

3 Symmetry of the pentacene molecule

The point group of the pentacene molecule Fig. 1 is D2h = {E, C2(x), C2(y), C2(z), I,

σ(xy),σ(xz), σ(yz)}. The D2h group is a subgroup of the symmetry group of benzene rings

— D6h. The pentacene molecule consists of five benzene rings. If we use the Born–

Karman condition, the symmetry of pentacene can be considered in the frame of the line

group formalism [7]. The line group L(a) is defined as an extension of point group P by

a one-dimensional translational group T (a). The elements of this group are denoted as

l = (t+v(q), q) where t is an integer number describing primitive translation ta (a – lattice

constant), q is an element of the quotient group Q(a) = L(a)/T (a), v(q) is a fractional

translation defining the mapping v : Q(a) → R of the group Q(a) into a field of real

numbers R. The mapping v is determined by the line group structure and the choice

of the origin of the coordinate system. According to the notation used in paper [7] the

line group of pentacene is L(a)=L21/mcm. The set of v(q) is given in Table 1 for the

coordinate system chosen in Fig. 1.

4 Orbits and stratification of pentacene

The calculated orbits, travers and epicernels for all axis and the single pentacene unit cell

are collected in Tables 2 and 3 respectively. For the elementary pentacene cell we have

obtained six stratums: one three-dimensional, two two-dimensional, two one-dimensional

and one zero-dimensional.
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Fig. 1 Pentacene as a molecule (a) and as a finite chain of C4H2 units (b).

Table 1 Symmetry elements of the pentacene line group.

(t + v(q), q) v(q) q V (q) interpretation

(t,E) E 0 neutral element

(t + 1
2
,C2(z)) C2(z)

1
2

two-fold axis

(t + 1
2
,C2(y)) C2(y)

1
2

two-fold axis

(t,C2(x)) C2(x) 0 two-fold axis

(t + 1
2
, I) (t, I) 1

2
inversion

(t + 1
2
,σ(yz)) (t,σ(yz))

1
2

mirror plane

(t, σ(xz)) (t, σ(xz)) 0 mirror plane

(t, σ(xy)) (t, σ(xy)) 0 mirror plane

Table 2 Stratification of the x, y, z axes by symmetry group Q(a).

Axis α Typical orbits Travers Tα
β

Number elements Number of Epicernel Kα
β

Isomorphic

in orbit stratum β point group

{x, −x, x + 1
2 , −x + 1

2 } (0, 1
4 ) 4 1 {E, σ(xy)} Cz

s

x (0, 1
2 ) {0} 2 2 (E, C2(y)), {σ(xy) , σ(xz)} C

y
2v

{ 1
4 , 3

4 } { 1
4 } 2 3 {E, C2(z), σ(xy), I} Cz

2h

y {−y, y} (0, ∞) 2 1 {E, C2(y), σ(yz), σ(xy)} C
y
2v

{0} {0} 1 2 Q(a) D2h

z {−z, z} (0, ∞) 2 1 {E, C2(z), {σ(yz), σ(xz)} Cz
2v

{0} {0} 1 2 Q(a) D2h

A zero-dimensional stratum S(Cz
2h) composed with the point 0 and 1/4 lie on the

z axis. A one-dimensional stratum S(Cy
2v) is the y axis without the point (0, 0, 0) and

stratum S(Cz
2 ) is the line parallel to the z axis passing through the point (1/4,0,0). A two-

dimensional stratum S(Cx
s ) is the yz plane, and S(Cz

2) is a part of the xy plane contained

between two lines perpendicular to the x axis, passing through the points (−1/4, 0, 0)
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Table 3 Stratification and epicernels of the pentacene single unit cell by symmetry group

Q(a).

Stratum Stratum dimension T x
β1 T y

β2 T z
β3 Kx

β1 ∩ Ky
β2 ∩ Kz

β3 ek

(0, 1
4
) × (0,∞) × (0,∞) Cz

s ∩ Cy
2v ∩ Cz

2v

S(C1) 3 { 1
4
} × (0,∞) × (0,∞) Cz

2h ∩ Cy
2v ∩ Cz

2v C1

(0, 1
4
) × {0} × (0,∞) Cz

s ∩ D2h ∩ Cz
2v

(0, 1
4
) × (0,∞) × {0} Cz

s ∩ Cy
2v ∩ D2h

S(Cz
s ) 2 { 1

4
} × (0,∞) × {0}) Cz

2h ∩ Cy
2v ∩ D2h Cz

s

(0, 1
4
) × {0} × {0} Cz

s ∩ D2h ∩ D2h

S(Cz
s ) 2 {0} × (0,∞) × (0,∞) Cy

2v ∩ Cy
2v ∩ Cz

2v Cx
s

{0} × (0,∞) × {0} Cy
2v ∩ D2h ∩ Cz

2v

S(Cz
2 ) 1 { 1

4
} × (0,∞) × {0} Cz

2h ∩ D2h ∩ Cz
2v Cz

2

S(Cy
2v) 1 {0} × {0} × (0,∞) Cy

2v ∩ Cy
2v ∩ D2h Cy

2v

{0} × {0} × {0} Cy
2v ∩ D2h ∩ D2h

S(Cz
2h) 0 1

4
× {0} × {0} Cz

2h ∩ D2h ∩ D2h

and (1/4, 0, 0), respectively. A three-dimensional stratum S(C1) contains two planes

parallel to the yz plane (passing through the points (−1/4, 0, 0) and (1/4, 0, 0)) with

space contained between these planes.

5 Electron states and vibrational modes of pentacene

Let the set of molecular orbitals [14] forms the Hilbert space M of quantum electronic

states of the pentacene molecule. Such a space is a direct product of two subspaces [13]: P

(described by a positional representation) and A (described by an atomic representation)

spanned by positions of groups of C-H atoms in the molecule and by atomic orbitals of

carbon atoms, respectively:

M = P ⊗ A,

where subspace A is a sum of Aσ and Aπ subspaces of σ and π atomic orbitals. Basis

vectors of the Hilbert space M , P , and A are formed by vectors |Γwγ〉, |Λλ〉 and vectors,

respectively. The positional representation P and orbital representation A decomposes

into irreducible representations Λ and Δ of the group G:

P =
∑

Λ

⊕n(P, Λ)Λ, A =
∑

Δ

⊕n(P, Δ)Δ. (11)

We can calculate the product of all such irreducible representations and create a

decomposition of the type

Λ ⊗ Δ =
∑

Γ

⊕c(Λ, Δ, Γ)Γ. (12)

The basis vectors of the molecular space M can be determined using the Clebsch–

Gordan procedure as

|Λt, Δd, Γwγ〉 =
∑

λδ

[
Λ Δ Γw

λ δ γ

]

|Λtλ|Δdδ〉, (13)
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where t = 1, 2, . . . , n(P, Λ), t = 1, 2, . . . , n(A, Δ), w = 1, 2, . . . , c(Λ, Δ, Γ) are repetition

indices of the first (t, d) and second range (w), and the matrix is the Clebsch–Gordan

coefficient. The vectors |Λtλ〉 and |Δdδ〉 are given by:

|Λtλ〉 =
N∑

i=1

bi
Λtλ|i〉, (14)

|Δdδ〉 =
∑

α

aα
Δdδe

α, (15)

where eα is a three-dimensional Cartesian basis.

The symmetry group decomposes all carbon positions i Fig. 2 into orbits of actions

of the group D2h on a set {i} for all gε D2h: Or = {gr} where rε{i} is a generator

of orbit Or as following: O1 = {1, 10, 11, 20}, O2 = {2, 9, 12, 19}, O3 = {3, 8, 13, 18},
O4 = {4, 7, 14, 17}, O5 = {5, 6, 15, 16}, O21 = {21, 22}.

There are five four-element orbits and one two-element orbit for each molecule.

Fig. 2 Pentacene molecule with numerations of the carbon atoms.

The character of atomic A and positional P representations for pentacene as well as

the irreducible representation of D2h group are given in table 4.

The irreducible basis vectors |Λλ〉 of the positional representation (according to enu-

meration of carbon atoms as in Fig. 2) are given in Table 4.

The basis vectors for A representation of the pentacene molecule are as follows:

|B2ub2〉 =
1√
2
(ϕσb − ϕσc),

|B3ub
(1)
3 〉 = ϕσa,

|B3ub
(2)
3 〉 =

1√
2
(ϕσb − ϕσc), (16)

where ϕσa , ϕσb, ϕσc are normalized σ- type atomic orbitals [14].

Examples of the symmetry orbitals calculated for pentacene using vectors from Ta-

ble 5 and basis vectors for A representation 16 as well as formula 13 are given in Table 6,

where for abbreviation we denote |a〉 ≡ ϕσa, |b〉 ≡ ϕσb and |c〉 ≡ ϕσc.
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Table 4 Irreducible representations of the D2h group, atomic and positional representa-

tion of the pentacene molecule.

E C2(x) C2(y) C2(z) I σ(xy) σ(xz) σ(yz) Decomposition

Irreducible representations

Ag 1 1 1 1 1 1 1 1 -

B1g 1 −1 −1 1 1 1 −1 −1 -

B2g 1 −1 1 −1 1 −1 1 −1 -

B3g 1 1 −1 −1 1 −1 −1 1 -

Au 1 1 1 1 −1 −1 −1 −1 -

B1u 1 −1 −1 1 −1 −1 1 1 -

B2u 1 −1 1 −1 −1 1 −1 1 -

B3u 1 1 −1 −1 −1 1 1 −1 -

Atomic representation

A 4 0 −2 −2 −4 2 2 0 B1u + B2u + 2B3u

Aσ 3 1 −1 −3 −3 3 1 −1 B2u + 2B3u

Aπ 1 −1 −1 1 −1 −1 1 1 B1u

Positional representation

P 22 0 2 0 0 22 0 2 6Ag + 5B1g + 6B2u + 5B3u

Vector representation

V 3 −1 −1 −1 −3 1 1 1 B1u + B2u + B3u

Table 5 Summary of the most frequently used pore size classifications.

orb it N |Agag〉 |B1gb1g〉 |B2ub2u〉 |B3ub3u〉

O1
1
2 |1〉 + |10〉 + |11〉 + |20〉 |1〉 − |10〉 + |11〉 − |20〉 |1〉 − |10〉 − |11〉 + |20〉 |1〉 − |10〉 − |11〉 − |20〉

O2
1
2 |2〉 + |9〉 + |12〉 + |19〉 |2〉 − |9〉 + |12〉 − |19〉 |2〉 − |9〉 − |12〉 + |19〉 |2〉 − |9〉 − |12〉 − |19〉

O3
1
2 |3〉 + |8〉 + |13〉 + |18〉 |3〉 − |8〉 + |13〉 − |18〉 |3〉 − |8〉 − |13〉 + |18〉 |3〉 − |8〉 − |13〉 − |18〉

O4
1
2 |4〉 + |7〉 + |14〉 + |17〉 |4〉 − |7〉 + |14〉 − |17〉 |4〉 − |7〉 − |14〉 + |17〉 |4〉 − |7〉 − |14〉 − |17〉

O5
1
2 |5〉 + |6〉 + |15〉 + |16〉 |5〉 − |6〉 + |15〉 − |16〉 |5〉 − |6〉 − |15〉 + |16〉 |5〉 − |6〉 − |15〉 − |16〉

O6
1√
2

|21〉 + |22〉 |21〉 − |22〉

Table 6 Examples of σ- type symmetry orbitals of pentacene.

Λt Δd Γγ N Symmetry orbitals

Ag1 B2u
1

2
√

2
|1b〉 − |1c〉 + |10b〉 − |10c〉 + |11b〉 − |11c〉 + |20c〉 − |20c〉

Ag1 B3u1 1
2 |1a〉 + |10a〉 + |11a〉 + |20a〉

Ag1 B3ub3u5 1
2
√

2
|1b〉 + |1c〉 + |10b〉 + |10c〉 + |11b〉 + |11c〉 + |20c〉 + |20c〉

B3u5 B1gb1g
1

2
√

2
|5b〉 − |5c〉 + |6b〉 − |6c〉 + |15b〉 − |15c〉 + |16c〉 − |16c〉

B3u5 Agag
1
2 |5a〉 + |6a〉 + |15a〉 + |16a〉

B3u5 Agag
1

2
√

2
|5b〉 + |5c〉 + |6b〉 + |6c〉 + |15b〉 + |15c〉 + |16c〉 + |16c〉

The mechanical representation Me [11] is a simple product:

Me = P ⊗ V,

where V is of the vector representation for the D2h group symmetry in a three-dimensional
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Cartesian basis (Table 4).

The decomposition of the mechanical representation (Me) into an irreducible repre-

sentation of the D2h group gives normal modes for the pentacene molecule.

Me = (6Ag + 5B1g + 6B2u + 5B3u) ⊗ (B1u + B2u + B3u) =

11Ag + 11B1g + 5B2g + 6B3g + 5Au + 6B1u + 11B2u + 11B3u.

This decomposition includes a representation connected with the translation and ro-

tation of the pentacene molecule. There are sixty normal modes corresponding to the

vibrational representation: 11Ag + 10B1g + 4B2g + 5B3g + 5Au + 5B1u + 10B2u + 10B3u.

6 HOMO-LUMO energy gap of pentacene

The carrier mobility in pentacene, besides structural factors such as defect density and

domain boundaries, is ultimately determined by the strength of spin-orbit coupling and

the electronic band structure responsible for carrier localization.

The spin-orbit coupling of the ground and excited states of pentacene has been inves-

tigated early in the all-valence-electron CNDO/S approximations [16]. In the work [16],

the spin-orbit coupling matrix elements were calculated, including one- and two-electron

contributions to the single- and multi-center integrals. The spin-dependent transport

properties of pentacene have been measured, for example, in magnetic multilayers of the

form FM/pentacene/FM’, where FM and FM’ are inorganic magnetic metals [17]. In

[17], we see a reduction of the effects of interfacial scattering as well as an allowance for

a much thicker pentacene spacer layer. Due to this weak intralayer, a spin-flip scattering

was observed that suggested a low spin-orbit coupling for pentacene. Results for a spacer

layer of a small molecule of pentacene show a > 1% change (at room temperature) in the

magnetoresistance for thicknesses well over 100 nanometers. The relation between trans-

port properties of the pentacene single crystal and its electronic structure were studied

in detail, for example in [18]. The band structure of pentacene crystals or layers has been

calculated by other authors, mainly by using first-principles density function theory —

DFT (for example in [15, 19]). Unfortunately, the results of calculations of energy gap

presented in literature are smaller than those obtained in experiment (2.2 eV [20]). For

example, the value of a Kohn–Sham band gap calculated in works [15, 21] is near 0.8 eV.

The calculated band gap of the pentacene crystal at the Γ point is 0.95−0.98 eV [15, 22].

The energy gap in a pentacene molecule is directly related to the difference between

HOMO (highest occupied molecular orbital) and LUMO (lowest unoccupied molecular

orbital) levels.

The energy of molecular states can be calculated in principle by using the Hückel

theory [14]. This theory was originally introduced to permit qualitative studies of the

π-electron systems in planar, conjugated hydrocarbon molecules. It is therefore most

appropriate for molecules such as pentacene, but the approach and concepts have wider

applicability. The basic form of the secular equation for the bonding arising from the
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overlap of 22 π- orbitals is:

⎡

⎢
⎢
⎢
⎢
⎣

α1 − E β1 2 . β1 22

β2 1 α2 − E . β2 22

. . . .

β2 21 β2 22 . α22 − E

⎤

⎥
⎥
⎥
⎥
⎦

= 0, (17)

where αk =
∫

φkĤφk are Coulomb integrals and βij =
∫

φiĤφj are resonance integrals

(ϕn denotes n-th atomic orbital).

We make the next basic assumptions:

(1) The Coulomb integrals αk [14] for all the carbon atoms in a pentacene molecule are

assumed to be identical (α1 = α2 = . . . = α22 = α) i.e. small differences in these

values due to the different chemical environment of C atoms in the molecule are

neglected.

(2) All resonance integrals βij [14] between directly-bonded atoms are assumed to be

the same (βij = β, if atoms i and j are directly σ-bonded); while those between

atoms that are not directly bonded are neglected (βij = 0, if atoms i and j are

non-bonded).

In order to solve the secular equation (17), we put that energy E as a function of a

new variable x : E = α − xβ. For this condition, equation (17) can be transformed into

a new form in which only 0, 1 and x are present. In the last step, we used factorization

of the secular equations by group theory [23].

The calculated value of the gap between the HOMO and LUMO levels by this method

is 1.13 eV. This value is about 45% higher than the Kohn–Sham energy gap obtained

according to the principle of DFT theory in work [15], but it is still drastically smaller

than experimental data.
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