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Abstract: From the Heisenberg uncertainty relation in conjunction with partial transposition, we derive a class
of inequalities for detecting entanglements in four-mode states. The sufficient conditions for bipartite
entangled states are presented. We also discuss the generalization of the entanglement conditions via
the Schrödinger-Robertson indeterminacy relation, which are in general stronger than those based on
the Heisenberg uncertainty relation.
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Entanglement plays an important role in quantum infor-mation theory. It provides strong tests of quantum local-ity, and is a useful resource for various kinds of quantuminformation processing using discrete or continuous vari-able (CV) systems. In recent years, increasing attentionwas paid to CV systems. In particular, Gaussian state en-tanglement, a special class of states in CV systems, hasattracted great interest [1–6]. The uncertainty relationswere first developed for CV systems and applied to Gaus-
∗E-mail: ccdxslj@zju.edu.cn

sian states by Duan et al. [3] and Mancini et al. [4].A multipartite quantum state is called separable if it canbe written as a convex sum of product states belongingto different parties; otherwise it is called entangled. Itis important to know whether a given multipartite quan-tum state is separable or not. However, determinationof whether or not a state is entangled is often far fromsimple, the methods of which include the famous Peres-Horodecki positive partial transpose criterion [7, 8], entan-glement witnesses [9, 11, 11], realignment criterion [12, 13],local uncertainty relations [14, 15], and Bell type inequal-ities [16–21], etc.General separability criteria based on uncertainty rela-
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tions valid for both discrete and CV systems have been in-troduced by Giovannetti et al. [22] and Hofmann et al. [14].Giovannetti et al. derived a separability criterion for bi-partite quantum systems which generalizes the alreadyknown criteria. It is based on observables having genericcommutation relations. Hofmann et al. introduced sepa-rability criteria for discrete variables but the general for-mulation is also valid for CV systems. Several authorshave recently obtained some inequalities by consideringbosonic representation of the su(2) and the su(1,1) Lie al-gebra [23–25]. Hillery and Zubairy have provided a classof inequalities for detecting entanglement of two-modestates [23]. Agarwal and Biswas used the partial transpo-sition method to derive a separability condition for testingsingle-photon entangled states, α|1, 0〉 +β |0, 1〉 [26]. In-terestingly, Shchukin and Vogel showed that all of thepreviously known criteria for CV systems in Refs. [2, 3]and Refs. [23, 26] can be derived in principle by takinginto account the partial tranposition method [27]. Very re-cently, the Schrödinger-Robertson indeterminacy relation(SRIR) [28, 29] was also used by Nha et al. [30] and Yu et
al. [31] to obtain entanglement conditions. In general, theentanglement criteria based on SRIR are stronger thanthose via Heisenberg uncertainty relation (HUR).In this paper, we study the entanglement conditions by themethod based on the uncertainty relations in conjunctionwith partial transposition. We derive a class of inequali-ties for detecting the bipartite entanglement for the casesof ABC | D and AB | CD entanglement, and apply themto the study of entanglement of a kind of GHZ state. Wealso discuss the entanglement condition by using SRIRinstead of HUR, and some stronger conditions are ob-tained. Our method is different from that of Giovannetti
et al. and Hillery et al., which we think are effective andsimple to detect entanglement. In particular, we derive aclass of inequalities which have stronger bounds to detectentanglement.We first introduce the method of obtaining the entangle-ment conditions from uncertainty relations in conjunctionwith partial transposition. Given two noncommuting ob-servables {A, B} satisfying [A,B] = C , the HUR is givenby [32]

〈(∆A)2〉〈(∆B)2〉 ≥ 14 |〈C〉|2, (1)
By using a2 + b2 ≥ 2ab, we also have

〈(∆A)2〉+ 〈(∆B)2〉 ≥ |〈C〉|. (2)
Here 〈(∆A)2〉 = 〈A2〉 − 〈A〉2 denotes the variance or theuncertainty of the observable A. It is evident that the prod-uct of two uncertainties is bounded below by |〈C〉|2/4 andthe sum of two uncertainties is bounded below by |〈C〉|.

Now we consider the HUR for operators A, B, C acting ona composite multipartite CV system. The HUR of courseholds for a separable state represented by the density op-erator ρ. The separable state is still separable after par-tial transposition with respect to any subsystems, namelythe partially transposed density operator ρpt is still physi-cal. Thus, the HUR also holds for the partially transposedstate, and we have
〈(∆A)2〉ρpt〈(∆B)2〉ρpt ≥ 14 |〈C〉ρpt |2, (3)

and
〈(∆A)2〉ρpt + 〈(∆B)2〉ρpt ≥ |〈C〉ρpt |. (4)For any operators A, acting on a state ρ, we obtain

〈A〉ρpt = 〈Apt〉ρ. (5)
Then, using this fact, inequalities (3) and (4) can be writ-ten in the form of partial transpositions of operators otherthan states. They are given by[

〈
(
A2)pt〉ρ − 〈Apt〉2ρ]× [〈(B2)pt〉ρ − 〈Bpt〉2ρ]

≥ 14 |〈Cpt〉ρ|2, (6)
and [

〈
(
A2)pt〉ρ − 〈Apt〉2ρ]+ [〈(B2)pt〉ρ − 〈Bpt〉2ρ]

≥ |〈Cpt〉ρ|. (7)
respectively. Here, note that in general (A2)pt 6=(
Apt)2 , (AB)pt 6= BptApt. The inequalities hold for any sep-arable states, and conversely any state violating this in-equality must be entangled.We now apply the inequalities (6) and (7) to study thebipartite entanglement conditions for four-mode states.Here, we begin our discussions about entanglement con-ditions of types ABC | D and AB | CD, respectively.First, we consider the ABC | D type of entanglement. Letoperators a1, a2, a3 and a4 be the annihilation operatorsof the first (A), second (B), third (C) and fourth (D) mode.We deal with the set of operators Lx , Ly and Lz whichobey the commutation relations [Lx , Ly] = iLz , which canbe realized in optics using four-mode fields representedby the annihilation operators a1, a2, a3 and a4, as

Lx = 12 (L+ + L−), Ly = 12i (L+ − L−),
Lz = 12

[(N4 + 1) 3∏
k=1Nk −N4

3∏
k=1(Nk + 1)] , (8)
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where L+ = a†1a†2a†3a4, L− = a1a2a3a†4 . Nk = a†kak , k =1, 2, 3, 4. On the other hand, we consider the following setof operators Hx , Hy and Hz that satisfy [Hx , Hy] = iHz .The operators can be realized as
Hx = 12 (H+ +H−), Hy = 12i (H+ −H−),
Hz = 12

[ 4∏
k=1Nk −

4∏
k=1(Nk + 1)] . (9)

where H+ = a†1a†2a†3a†4 , H− = a1a2a3a4.It is easy to see that the two sets of operators are con-nected by partial transposition with respect to the fourthmode as follows
HT4
x = Lx , HT4

y = Ly,
HT4
z = Hz , LT4

z = Lz . (10)
The partial transposition means that we are consideringthe entanglement between systems ABC and D. From theabove discussions, we can see that in order to get entan-glement conditions, we need to know the partial trans-position of product of two operators. For our case, aftersome algebra, we obtain

(
H2
x
)T4 = L2

x + 14 〈 3∏
k=1(Nk + 1)− 3∏

k=1Nk〉,

(
H2
y
)T4 = L2

y + 14 〈 3∏
k=1(Nk + 1)− 3∏

k=1Nk〉. (11)
Now by replacing A, B, and C in Eqs. (6) and (7) with Hx ,
Hy, and Hz respectively, then using Eqs. (10) and (11), wewill obtain the following inequalities

[4〈∆Lx〉2 + 〈 3∏
k=1(Nk + 1)− 3∏

k=1Nk〉]
×[4〈∆Ly〉2 + 〈 3∏

k=1(Nk + 1)− 3∏
k=1Nk〉]

≥ 〈
4∏

k=1(Nk + 1)− 4∏
k=1Nk〉2, (12)

and
〈∆Lx〉2+〈∆Ly〉2 ≥ 12 〈N4

3∏
k=1(Nk+1)−(N4−1) 3∏

k=1Nk〉. (13)

Here, according to the definitions of covarianceCov(A,B) = 〈(AB + BA) /2〉−〈A〉〈B〉, ∆Lx and ∆Ly satisfythe following relation
〈∆Lx〉2 + 〈∆Ly〉2 = Cov(L+, L−)= 12 〈[L+, L−]+〉 − |〈L−〉|2 . (14)

Now we apply the equality (14) on the left-hand side ofEq. (13), so we have

12 〈[L+, L−]+〉−|〈L−〉|2 ≥ 12 〈N4
3∏

k=1(Nk+1)−(N4−1) 3∏
k=1Nk〉.(15)Since

L+L− = (N4 + 1) 3∏
k=1Nk , L−L+ = N4

3∏
k=1(Nk + 1), (16)

Eq. (15) can be written as
|〈L−〉|2 ≤ 12 〈(N4 + 1) 3∏

k=1Nk +N4
3∏

k=1(Nk + 1)〉
−12 〈N4

3∏
k=1(Nk + 1)− (N4 − 1) 3∏

k=1Nk〉,

(17)
and at last we have

|〈L−〉|2 ≤ 〈
4∏

k=1Nk〉. (18)
This inequality is just the one obtained from a different butmore complex procedure [33]. Violation of Eqs. (12) or (18)gives a sufficient condition for ABC | D entanglement.As an example, we use the inequality (18) to detect theentanglement for the GHZ state. When the |Ψ1〉 =1√2 (|0〉1 |0〉2 |0〉3 |1〉4 + |1〉1 |1〉2 |1〉3 |0〉4), which is a kind of
GHZ state [34, 35], |〈L−〉|2 = 14 , and 〈 4∏

k=1Nk〉 = 0, whichclearly violates the inequality (18). Therefore, we see thatthe state |Ψ1〉 is ABC | D entangled. However, if weuse the |Ψ2〉 = 1√2 (|0〉1 |0〉2 |0〉3 |2〉4 + i |2〉1 |2〉2 |2〉3 |0〉4)to replace the |Ψ1〉 state, |〈L−〉|2 = 〈 4∏
k=1Nk〉 = 0, theinequality (18) holds. We see that the inequality can-not detect entanglement in this case. But we can detect
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entanglement in state |Ψ2〉 by employing another moreeffective method based on SRIR, which will be presentedlater.Next, we consider the case of the AB | CD type ofentanglement. There is the set of operators satisfying[L′x , L′y] = iL′z , in which
L′x = 12 (L′+ + L′−), L′y = 12i (L′+ − L′−),
L′z = 12

[ 2∏
k=1(Nk + 1) 4∏

k=3Nk −
2∏

k=1Nk

4∏
k=3(Nk + 1)] .

(19)
where L′+ = a†1a†2a3a4, L′− = a1a2a†3a†4 . Another set ofoperators are given by Eq. (9). From the definitions of theabove operators, we find

HT34
x = L′x , HT34

y = L′y,

HT34
z = Hz , (L′z)T34 = L′z , (20)

(H2
x )T34 = 〈∆L′x〉2 + 14 〈(N1 +N2 + 1)(N3 +N4 + 1)〉,

(H2
y)T34 = 〈∆L′y〉2 + 14 〈(N1 +N2 + 1)(N3 +N4 + 1)〉.(21)

Now we use Hx , Hy, and Hz to replace A, B, and C inEqs. (6) and (7) respectively, and then use Eqs. (20) and(21), to obtain the following inequalities:
[4〈∆L′x〉2 + 〈(N1 +N2 + 1)(N3 +N4 + 1)〉]
×[4〈∆L′y〉2 + 〈(N1 +N2 + 1)(N3 +N4 + 1)〉]

≥ 〈
4∏

k=1(Nk + 1)− 4∏
k=1Nk〉2, (22)

and
〈∆L′x〉2 + 〈∆L′y〉2 ≥ 12 〈 2∏

k=1(Nk + 1) 4∏
k=3Nk

+ 2∏
k=1Nk

4∏
k=3(Nk + 1)− 2 4∏

k=1Nk〉. (23)
Similar to the derivation process of Eq. (14), we can obtain

〈∆L′x〉2 + 〈∆L′y〉2 = Cov(L′+, L′−)= 12 〈[L′+, L′−]+〉 − ∣∣∣〈L′−〉∣∣∣2 . (24)

Using Eq. (24), we derive the following inequality by asimilar way to Eq. (18)
∣∣∣〈L′−〉∣∣∣2 ≤ 〈 4∏

k=1Nk〉. (25)
Violation of Eqs. (22) or (25) gives a sufficient conditionfor AB | CD entanglement.Suppose a GHZ state |Ψ3〉 = 1√2 (|0〉1 |0〉2 |1〉3 |1〉4 +
|1〉1 |1〉2 |0〉3 |0〉4). For the |Ψ3〉 state, we have ∣∣∣〈L′−〉∣∣∣2 = 14 ,and 〈 4∏

k=1Nk〉 = 0. The results show that the state |Ψ3〉is AB | CD entangled. However, for another kind of GHZstate |Ψ4〉 = 1√2 (|0〉1 |0〉2 |2〉3 |2〉4 + i |2〉1 |2〉2 |0〉3 |0〉4), theinequality (25) is not violated.In order to obtain stronger entanglement conditions to de-tect the bipartite entanglement for the cases of ABC | Dand AB | CD entanglement for the |Ψ2〉 and |Ψ4〉 states,we employ the Schrödinger-Robertson indeterminacy re-lation [28, 29] instead of the HUR. The SRIR is given by
〈(∆A)2〉〈(∆B)2〉 ≥ 14 |〈C〉|2 + Cov(A,B)2. (26)

in which there exists a stronger bound |〈C〉|2/4+Cov(A,B)2compared with |〈C〉|2/4 in Eq. (1). Now, we use SRIRinstead of HUR, and the SRIR also holds for the state
〈(∆A)2〉ρpt〈(∆B)2〉ρpt ≥ 14 |〈C〉ρpt |2 + Cov(A,B)2ρpt , (27)
〈(∆A)2〉ρpt +〈(∆B)2〉ρpt ≥√|〈C〉ρpt |2 + 4Cov(A,B)2ρpt . (28)

Then, using Eq. (5), inequalities (27) and (28) can be writ-ten in the form of partial transpositions of operators otherthan states. They are given as[
〈
(
A2)pt〉ρ − 〈Apt〉2ρ]× [〈(B2)pt〉ρ − 〈Bpt〉2ρ]

≥ 14 (|〈Cpt〉ρ|2 + [〈(AB + BA)pt〉ρ − 4〈Apt〉ρ〈Bpt〉ρ]2),(29)
and [

〈
(
A2)pt〉ρ − 〈Apt〉2ρ]+ [〈(B2)pt〉ρ − 〈Bpt〉2ρ]

≥
√
|〈Cpt〉ρ|2 + [〈(AB + BA)pt〉ρ − 4〈Apt〉ρ〈Bpt〉ρ]2,(30)

respectively. The inequalities hold for any separablestates, and conversely any state violating the above in-equalities must be entangled.
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For the ABC | D type of entanglement, we use Hx , Hy and
Hz to replace A,B and C in the Eq. (29) and Eq. (30), andcan get the following set of inequalities

[4〈∆Lx〉2 + 〈 3∏
k=1(Nk + 1)− 3∏

k=1Nk〉]
×[4〈∆Ly〉2 + 〈 3∏

k=1(Nk + 1)− 3∏
k=1Nk〉]

≥ 〈N−〉2 + 16Cov(Lx , Ly)2, (31)

〈∆Lx〉2 + 〈∆Ly〉2 + 12 〈 3∏
k=1(Nk + 1)− 3∏

k=1Nk〉

≥ 12√〈N−〉2 + 16Cov(Lx , Ly)2, (32)
where N− = 4∏

k=1(Nk + 1) − 4∏
k=1Nk . Appling Eq. (14)and Eq. (16), we have

12 〈[L+, L−]+〉 − |〈L−〉|2 + 12 〈 3∏
k=1(Nk + 1)− 3∏

k=1Nk〉

= − |〈L−〉|2 + 12 〈 4∏
k=1(Nk + 1) + 4∏

k=1Nk〉

≥ 12√〈N−〉2 + 16Cov(Lx , Ly)2, (33)
and at last we derive the following inequality:
|〈L−〉|2 ≤ 12

[
〈N+〉 −√〈N−〉2 + 16Cov(Lx , Ly)2] , (34)

where N+ = 4∏
k=1(Nk + 1) + 4∏

k=1Nk .Similar to the discussions of the AB | CD type of entan-glement, we have another set of inequalities
[4〈∆L′x〉2 + 〈(N1 +N2 + 1)(N3 +N4 + 1)〉]
×[4〈∆L′y〉2 + 〈(N1 +N2 + 1)(N3 +N4 + 1)〉]

≥ 〈N−〉2 + 16Cov(L′x , L′y)2, (35)
∣∣∣〈L′−〉∣∣∣2 ≤ 12 [〈N+〉 −√〈N−〉2 + 16Cov(L′x , L′y)2] . (36)

When Cov(Lx , Ly) = Cov(L′x , L′y) = 0, the above inequali-ties reduce to Eqs. (12, 18) and (22, 25). Obviously, the

inequalities (12, 18) and (22, 25) are special cases of theinequalities given by SRIR. Now, for the previous states
|Ψ2〉 and |Ψ4〉 , it can easily be shown that the inequali-ties (34) and (36) are violated respectively. The state |Ψ2〉is ABC | D entanglement and |Ψ4〉 is AB | CD entangle-ment.The method employed above for four-mode states can beextended to N-mode states [36]. We consider N modeswhose annihilation operators are give by a1, a2, · · · and
an, respectively, and study the entanglement between n-th mode and the rest. We have two sets of operators,

Lx = 12 (L+ + L−),
Ly = 12i (L+ − L−),
Lz = 12

[(Nn + 1)n−1∏
i=1Ni −Nn

n−1∏
i=1 (Ni + 1)] , (37)

where L+ = a†1a†2 · · ·a†n−1an, L− = a1a2 · · ·an−1a†n .and
Hx = 12 (H+ +H−), (38)
Hy = 12i (H+ −H−), (39)
Hz = 12

[ n∏
i=1Ni −

n∏
i=1 (Ni + 1)] . (40)

where H+ = a†1a†2 · · ·a†n−1a†n , H− = a1a2 · · ·an−1an.These operators satisfy [Lx , Ly] = iLz , [Hx , Hy] = iHz .From the definitions of the above operators, we find
HTn
x = Lx , HTn

y = Ly, HTn
z = Hz , LTn

z = Lz ,(
H2
x
)Tn = L2

x + 14
(n−1∏

i=1 (Ni + 1)− n−1∏
i=1Ni

)
,

(
H2
y
)Tn = L2

y + 14
(n−1∏

i=1 (Ni + 1)− n−1∏
i=1Ni

)
,([Hx , Hy]+)Tn = [Lx , Ly]+. (41)

Then, from Eq. (29) and Eq. (30), we obtain
[4〈∆Lx〉2 + 〈n−1∏

i=1 (Ni + 1)− n−1∏
i=1Ni〉

]

×
[4〈∆Ly〉2 + 〈n−1∏

i=1 (Ni + 1)− n−1∏
i=1Ni〉

]
≥ 〈N ′−〉2 + 16Cov(Lx , Ly)2, (42)
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and
|〈L−〉|2 ≤ 12

[
〈N ′+〉 −

√
〈N ′−〉2 + 16Cov(Lx , Ly)2] , (43)

where N ′+ = n∏
i=1(Ni+1)+ n∏

i=1Ni, N
′
− = n∏

i=1(Ni+1)−
n∏
i=1Ni. These two inequalities are applicable to studiesof entanglement properties between the n-th mode andthe rest. It is straightforward to obtain relevant inequali-ties for entanglement between a finite number of selectedmodes and the rest.In this paper, we have provided a class of entanglementconditions for four-modes states via the uncertainty rela-tions in conjunction with the partial transposition. Themethod based on the uncertainty relations has its ownadvantage in that it is easier to use to derive entangle-ment criteria compared with several other approaches, andthis method often provides strong detection of the sepa-rability. We have derived inequalities for detecting thebipartite entanglement for the ABC | D and AB | CDentanglement, and applied them to the study of entangle-ment of a kind of GHZ state. We have also discussed theentanglement conditions using SRIR instead of HUR, andderived a stronger bound that succeeds in detecting GHZstate with the two photons. The extension of the entan-glement condition from the four-mode case to the N-modeare straightforward. However, for the case of more modes,we have to consider more partitions.
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