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Abstract: We take a null hypersurface (causal horizon) generated by a congruence of null geodesics as the bound-
ary of the Doran–Lobo–Crawford spacetime to be the place where the Brown–York quasilocal energy
is located. The components of the outer and inner stress tensors are computed and shown to depend
on time and on the impact parameter b of the test-particle trajectory. The spacetime is a solution of
Einstein’s equations with an anisotropic fluid as source. The surface energy density σ on the boundary is
given by the same expression as that obtained previously for the energy stored on a Rindler horizon. For
time intervals long compared to b (when the stretched horizon tends to the causal one), the components
of the stress tensors become constant.
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1. Introduction

Einstein’s equations of General Relativity, like Newton’slaw of gravitation, indicate that matter is the source forgravity. On the grounds of the Equivalence Principle,Khoury and Parikh [1] ask the question: if gravity dependson matter, can acceleration be attributed to matter? Butthe matter distribution is encoded in the stress-energytensor. Therefore, where the energy and stresses are lo-calized, as we could accelerate even in Minkowski space,which is empty, at least according to the actual view?
Usually, the boundary conditions for the metric are in theform of an induced metric and an extrinsic curvature for
∗E-mail: hculetu@yahoo.com

some hypersurface. There has been increasing interest inboundary matter in recent years. It appears, for exam-ple, in the so called black-hole fluid membrane model ofthe stretched horizon [2, 3]. It is worth noting that theGibbons–Hawking term in the Einstein–Hilbert action isa surface integral over the outer boundary of spacetimeand not over the stretched horizon.As Khoury and Parikh have conjectured, “matter refers toboth bulk and boundary stress tensors.” They uniquelyspecify the geometry of spacetime. This may be recog-nized from the fact that the bulk stress tensor does notfully determine the Riemann tensor.Our purpose in this paper is to find the expressions forthe stress tensors for the boundary matter, i.e., the Brown–York gravitational energy for the inner and outer regions ofthe boundary, as well as for the stress tensor constructedfrom the intrinsic geometry on the boundary. We start
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with the black-hole interior geometry [4] and take a hy-persurface orthogonal to a congruence of null geodesics[5, 6] as the boundary of spacetime (for long time inter-vals, it plays the same role as the stretched horizon in theParikh–Wilczek membrane paradigm of the horizon).
2. The Doran–Lobo–Crawford spa-
cetime
It is a well-known fact that the geometry inside the hori-zon of a Schwarzschild black hole is dynamic since theradial coordinate becomes timelike and the metric is timedependent. The line element is given by
ds2 = −(2m

t − 1)−1
dt2+(2m

t − 1)
dz2+t2dΩ2 , (1)

where m is the mass of the black hole, z plays the roleof the radial coordinate with −∞ < z < +∞ and dΩ2 =
dθ2 + sin2 θ dφ2. Throughout the paper, we choose unitsin which the speed of light has the value c = 1.Doran et al. [7] have taken into consideration the case ofa time-dependent m(t), when the metric (1) is no longera solution of the vacuum Einstein equations. A time-dependent mass inside the horizon is justified by the factthat it is equivalent to an r-dependent mass m(r) out-side the horizon [8], which is a common situation. More-over, Lundgren, Schmekel, and York, Jr. [9] showed thatthe quasilocal energy of a black hole depends on the ra-dial position of the observer outside the horizon, and itdepends on time inside the horizon.Doran et al. observed that the spacetime acquires an in-stantaneous Minkowski form for m(t) = t.

ds2 = −dt2 + dz2 + t2dΩ2 . (2)
The line element (2) has a curvature singularity at t = 0since the scalar curvature Rα

α = 4/t2 is infinite there.However, a geodesic particle with constant angular co-ordinates moves exactly as in flat space.In order to be a solution of Einstein’s equations, we musthave an energy–momentum tensor (a source) on the right-hand side. In the spirit of Lobo [10] and Viaggiu [11] weconsider the spacetime (2) to be filled with an anisotropicfluid with stress tensor
T ν
µ = ρ ηµην + p sµsν , (3)

where ηµ = (1, 0, 0, 0) is the fluid 4-velocity (the com-ponents are in the order t, z, θ, φ), sµ = (0, 1, 0, 0) is

the unit spacelike vector in the direction of the anisotropy(with ηαηα = −1, sαsα = 1 and sαηα = 0). Hence, we haveonly one principal pressure p and the transverse pressuresmeasured in the direction orthogonal to sµ are vanishing.With Eq. (3) on the right-hand side of the Einstein equa-tions, one obtains for the energy density and pressureassociated with the z direction
ρ(t) = −T t

t = 14πt2 , p(t) = T z
z = − 14πt2 , T θ

θ = T φ
φ = 0 .(4)In this equation, the convention Rαβ = ∂νΓναβ − . . . hasbeen used. We note that p(t) = −ρ(t), as in “gravastar”models with anisotropic pressure [12].It is an easy task to check that the weak, strong, anddominant energy conditions are all satisfied for T ν

µ . Theweak and the strong energy conditions are established by
Tµνηµην = ρ > 0 (5)

and (
Tµν −

12 gµνT
)
ηµην = 0 , (6)

respectively. That the dominant energy condition holds isevident from the energy–momentum 4-current density ofthe fluid [6]
− T β

α uα = ρuβ , (7)
which is indeed a timelike vector.Our aim is to apply the Khoury–Parikh prescription tocompute the boundary stress tensor replacing the bound-ary conditions by boundary sources. (The knowledge ofthe bulk geometry from Einstein’s equations is not suffi-cient: we also need to add matter on the boundary.) Theauthors of Ref. [1] localize the boundary stress energy onthe horizon of the spacetime (be it de Sitter, Rindler, orany other horizon).The situation is different in Minkowski space: due to thelack of a horizon, the location of the boundary was cho-sen to be a two-sphere at some fixed, large radius r0 [1],where the geometry is just that of the Einstein static uni-verse. But what is the physical meaning of r0 and its orderof magnitude? Our choice for the location of the bound-ary matter is a null hypersurface generated by a congru-ence of null geodesics (i.e., the causal horizon). The nullgeodesics for the metric (2) have been computed in Ref. [4].From Eq. (2) we have

ṫ2 − ż2 − t2φ̇2 = 0 , (8)
where θ = π/2 and a dot denotes differentiation with re-spect to the affine parameter λ along the null geodesic.
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Note that ż = const. ≡ pz and φ̇ = L/t2, where the con-served quantities pz and L are the momentum and angularmomentum per unit mass along the z direction, respec-tively. With these considerations, one obtains
z(t) = ±√t2 + b2 , dφ

dt = ± b
t
√
t2 + b2 , (9)

where b ≡ L/pz plays the role of an impact parameter. Weobserve that the projection of the null particle trajectoryonto the z axis is a hyperbola where a ≡ 1/b may be inter-preted as the rest-system acceleration. It is worth notingthat dφ/dt decreases rapidly with time while dz/dt tendsto unity. We may therefore neglect dφ/dt in the regime
t � b, a situation in which the null test particle movesapproximately along the z axis. This means to replacethe causal horizon with a “stretched” horizon [1] and totake t → ∞ in the final result for the components of theboundary (which then becomes timelike) stress tensor.
3. The stress tensor of the bound-
ary sources
Let us now compute the components of the extrinsic cur-vature of the timelike hypersurface S, given by

z −
√
t2 + b2 = 0 . (10)

Using the Berezin–Kuzmin–Tkachev method [13], we ob-tain the components of the normal vector
nα = 1

b (−t, z, 0, 0) , (11)
with z = √t2 + b2 and nαnα = 1. Using Eq. (11), theinduced metric on S, embedded in the spacetime (2), is

hαβ = gαβ − nαnβ . (12)
Therefore, the tt, θθ, and φφ components of the extrinsiccurvature tensor

Kαβ = −∇αnβ (13)
are

K t
t = K θ

θ = Kφ
φ = − 1

b . (14)
Let us now find the Ricci tensor on the surface (10), namelythe intrinsic curvatures of S, using the Gauss–Codazziequations [14, 15]

3R + KijK ij − (K i
i )2 = −2Gαβnαnβ (15)

and
Gi
j = 3Gi

j − K l
lK i

j + 12δij [(K l
l )2 + K i

lK l
j
]
, (16)

where i, j correspond to (t, θ, φ), and 3R and 3Gi
j are thescalar curvature and the Einstein tensor on S, respec-tively. By means of Eqs. (11) and (14) and the fact thatin the spacetime (2) we have [4]

Rtt = Rzz = Rzt = 0 , Rθθ = Rφφsin2 θ = 2 , Rα
α = 4

t2 ,(17)we arrive at the following expressions
3R = 4

t2 + 6
b2 , 3R t

t = 0 , 3Rθ
θ = 3Rφ

φ = 2
t2 + 3

b2 (18)
and 3Gt

t = − 2
t2 −

3
b2 , 3Gθ

θ = 3Gφ
φ = 0 . (19)

We are now in the position to find the expressions of thequasi-local stress energy T in
αβ defined on the boundary ofthe inner spacetime region Min

8πG4 T in
αβ = K ν

ν hαβ − Kαβ , (20)
and of the stress tensor T out

αβ for the boundary matter (theBrown–York holographic stress tensor for the outer space-time Mout) implicitly given by [1]
3Gαβ = 8π G3 (T in

αβ + T out
αβ ) . (21)

From the viewpoint of an observer in Min, S encodes theeffects of Mout. In the previous equations, G3 and G4 arethe three- and four-dimensional Newton constants, re-spectively, and 3Gαβ is the intrinsic Einstein tensor onthe boundary surface obtained from Eq. (19).Equations (20) and (14) yield
8πG4 T t,in

t = 8πG4 T θ,in
θ = 8πG4 T φ,in

φ = − 2
b . (22)

We see that T ν,in
µ is time independent. The quantities

ρ(t) and p(t) from Eq. (4) tend to zero when t → ∞.Thus, in this case there is only a contribution from theboundary to the stress tensor measured by an interiorobserver. Combining Eqs. (19), (21), and (22), one obtains
− 2 G3
b G4 + 8πG3 T t,out

t = − 2
t2 −

3
b2 (23)

and
− 2 G3
b G4 + 8πG3 T θ,out

θ = 0 . (24)
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Note that G3 has dimension G4/distance. Keeping in mindthat we have only one constant with dimensions of lengthat our disposal, the impact parameter b = L/pz , we conjec-ture that the two Newton constants G3 and G4 are relatedby
G3
G4 = 1

b , (25)
analogous to the situation in brane-world scenarios. Theparameter b plays the same role as r0 for Minkowski spacein the Khoury–Parikh model. Therefore, the componentsof T out

αβ are given by
T t,out
t = − 18πG3

( 2
t2 + 1

b2
) (26)

and
T θ,out
θ = T φ,out

φ = 18πG3
2
b2 . (27)

Let us remark that in our sign convention, T t,in
t has the op-posite sign of the surface energy density σ on S. Keepingin mind that b = 1/a, we have

a = 4πG4σ , (28)
a result already obtained in Ref. [16] for the energy storedon a Rindler horizon. This result is not surprising. FromEq. (20) we see that T t,in

t is determined by the extrinsiccurvature and the metric on the boundary of Min. Its phys-ical meaning is the surface energy density on the bound-ary viewed from Min. The projection (9) of the null parti-cle trajectory onto the z axis is a hyperbola with properacceleration a = 1/b, as for a Rindler observer. When
t � b, the surface S becomes null (i.e., it approaches thecausal horizon) since z(t) ≈ t and the term 2/t2 may beneglected in the expressions for T out

αβ and T in
αβ . Then, allcomponents of these tensors depend only on the impactparameter b. From Eq. (25) one infers that a very large

b leads to the cancellation of gravity on the boundary Sbecause G3 tends to zero.We finally mention that our surface stress–energy com-putations are in accordance with Mach’s Principle onthe grounds of the fact that the gravitational-field stresstensor is localized on the boundary of the region con-sidered, namely the hypersurface z(t) from Eq. (9) (the“stretched” horizon  a timelike surface hovering just in-side the causal horizon [1]). When t tends to infinity, this

hypersurface becomes the event horizon. In other words,boundary conditions are replaced by boundary sourcesthat play the same role as “distant stars.”
4. Conclusions
We have presented an analysis along the lines of thatby Khoury and Parikh studying how boundary matter (inaddition to bulk matter) can determine the geometry ofa spacetime. With this idea, the considered spacetimeacquires a Machian character. The boundary where theBrown–York gravitational energy is localized was chosento be the causal horizon of the Doran–Lobo–Crawford ge-ometry generated by a congruence of null geodesics. Us-ing the 3 + 1 ADM splitting of Einstein’s equations, wefound the intrinsic geometry on the “stretched” horizonand the components of the interior and exterior stresstensors corresponding to the Brown–York gravitational en-ergy of the two spacetime regions.
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