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Abstract: A brief overview of recent theoretical results in the area of three-dimensional dissipative optical solitons
is given. A systematic analysis demonstrates the existence and stability of both fundamental (spinless)
and spinning three-dimensional dissipative solitons in both normal and anomalous group-velocity regimes.
Direct numerical simulations of the evolution of stationary solitons of the three-dimensional cubic-quintic
Ginzburg-Landau equation show full agreement with the predictions based on computation of the instabil-
ity eigenvalues from the linearized equations for small perturbations. It is shown that the diffusivity in the
transverse plane is necessary for the stability of vortex solitons against azimuthal perturbations, while fun-
damental (zero-vorticity) solitons may be stable in the absence of diffusivity. It has also been found that, at
values of the nonlinear gain above the upper border of the soliton existence domain, the three-dimensional
dissipative solitons either develop intrinsic pulsations or start to expand in the temporal (longitudinal) direc-
tion keeping their structure in the transverse spatial plane.
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1. Introduction

In the course of the last decade, a new level of understand-ing has been achieved about conditions for the existence,stability, excitation, and robustness of localized structuresin dissipative nonlinear systems. These nonlinear local-ized structures in dissipative systems are termed now dis-sipative solitons (DSs) [1] though they are not solitonsin the strict mathematical sense, being actually dissipa-tive solitary waves. In conservative (Hamiltonian) nonlin-
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†E-mail: Dumitru.Mihalache@nipne.ro

ear media, the solitary waves are supported by a stablebalance between diffraction and/or dispersion and nonlin-earity, whereas, in the presence of dissipation, gain andloss must also be balanced [2]. In the former situation,solitons (in integrable and nonintegrable models alike)form continuous families with one or more family param-eters, whereas in the latter case the condition of the bal-ance between gain and loss results in a zero-parametersolitary-wave solution (dissipative soliton), having its am-plitude and velocity fixed by the coefficients of the govern-ing equations, i.e., stationary soliton solutions are isolatedones (they constitute attractors of the nonlinear systems).It is to be mentioned that a localized structure in a nonlin-ear dissipative system requires a continuous energy flowinto the system, and, in particular, into the localized struc-
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ture itself, in order to preserve its shape (in other words tokeep it ”alive”). Therefore, the separate balance betweengain and loss (or between the energy input and the energyoutput), seems to be more important than that between thediffraction and/or dispersion and nonlinearity. Such local-ized dissipative nonlinear structures occur in many areasof physics, chemistry and even biology (see, for example,Ref. [3] for an earlier work on the possibility of formingstable dissipative structures allowing energy and matterflow between them and the environment in both the ani-mate and inanimate world).However, it is now commonly believed that these stablelocalized physical objects occurring in nonlinear opticalmedia in the form of dissipative optical solitons eithertwo-dimensional (2D) and three-dimensional (3D) couldbe used to store and process information in future all-optical transmission and processing information systems[4–6]. The dissipative localized structures are modeled bynonlinear partial differential equations involving gain anloss terms in addition to the common nonlinear and dis-persive/diffractive terms. These nonlinear dynamical sys-tems allow for the formation under certain conditions ofstable dissipative solitons. One of the prototype dissi-pative dynamical system is that governed by the complexGinzburg-Landau (CGL) equation, which is one of the moststudied nonlinear equations in the nonlinear science. Itdescribes on a qualitative and often even on a quantitativelevel a vast variety of dissipative phenomena in supercon-ductivity, superfluidity, optics and photonics, physics oflasers, Bose-Einstein condensation, liquid crystals, fluiddynamics, chemical waves, and even in quantum field the-ory [7]. The CGL equation may be viewed as a dissipativeextension of the nonlinear Schrodinger (NLS) equation;accordingly, it can describe a broad range of behaviorssuggested by the NLS dynamics, ranging from chaos andpattern formation to dissipative solitons.The CGL equation with the cubic-quintic nonlinearitymakes it possible to find stable localized solutions in both2D and 3D geometries. In particular, stable 2D spin-ning [8] localized states in the form of spiral waves orspiral solitons (ones with intrinsic ”spin” number S = 1and S = 2) were predicted [9–12]. For the cubic-quinticCGL equation, a systematic analysis of two-dimensionalaxisymmetric doughnut-shaped localized pulses with theinner phase in a form of a rotating spiral was achievedwith an indication that they can be stable, in contrastto their NLS counterpart [9]. Also, three novel varietiesof spiraling and nonspiralling axisymmetric solitons havebeen found for dynamical systems modeled by the cubic-quintic CGL equation. These are irregularly ”erupting”pulses and two different types of very broad stationaryones found near a border between ordinary pulses and

Figure 1. The existence and stability domains of dissipative non-
spinning solitons (S = 0) for β = 0 (zero diffusivity) in the
plane of the quintic-loss and cubic-gain coefficients, (µ, ε),
for both normal and anomalous GVD: (a) D = −0.2 and
ν = 0.1, (b) D = −0.2 and ν = 0, (c) D = 1 and ν = 0.1,
(d) D = 1 and ν = 0. Other parameters are γ = 0.5 and
δ = 0.4.

expanding fronts [10].An especially challenging problem is the stability of 3Dsolitons with intrinsic vorticity (alias vortex tori, so calleddue to their doughnut-like shape), against both the su-percritical collapse in the 3D space, caused by the self-focusing nonlinearity, and the specific splitting instabil-ity (azimuthal instability) of 3D spinning solitons [13, 14].Stable 3D solitons with vorticity S = 1 were found inconservative models that, to arrest the collapse, rely oncompeting nonlinearities [15, 16], such as cubic-quintic orquadratic-cubic nonlinearities [17–27]. A distinct class ofspiral waves in the 2D cubic-quintic CGL equation wasfound in the form of stable clusters of localized statesrotating around a central vortex core [28]. Rotating soli-ton clusters for Hamiltonian (nondissipative) systems wereintroduced, too [29]. Moreover, in nondissipative opticalmedia with competing nonlinearities, robust soliton com-plexes (in the form of ”clusters” or soliton ”molecules”)composed by several nonspinning solitons were thourogh-fully investigated, too [30–33]. It was found that thequasi-stable propagation of such soliton clusters is ageneric feature of media with competing nonlinearities(self-focusing cubic and self-defocusing quintic nonlinear-ities or quadratic nonlinearities in competition with self-defocusing cubic nonlinearities).A crucial issue is to find out what ingredients of the CGL
583



Three-dimensional dissipative optical solitons1

Figure 2. The energy of the spinning (S = 1) dissipative solitons ver-
sus the nonlinear-gain parameter ε, at nonzero diffusivity
(β = 0.1), for µ = 1 and ν = 0.1. The points A, B, and C
indicate the corresponding stability borders.

model for dissipative systems are crucial to the stability ofthe spinless and spinning dissipative localized structures.Recently [12], we have demonstrated that the diffusivityin the transverse plane is the key ingredient necessaryfor the stability of the spinning solitons against splitting(while the zero-vorticity solitons may be stable in the ab-sence of the diffusivity). We have shown too that stableDSs, with zero and nonzero vorticity alike, exist at bothanomalous and normal group-velocity dispersion (GVD).In fact, the stability region of vortex DSs is larger in thelatter case, which suggests that the solitons may be cre-ated in an expanded range of the carrier frequency (onboth sides of the zero GVD point). In addition, we havedemonstrated that, at values of the nonlinear gain abovethe upper border of the existence region for stationary 3DDSs, they start either intrinsic pulsations, or permanentexpansion in the temporal (longitudinal) direction, whilekeeping their stationary structure in the transverse plane.We mention that in these studies we have considered thespectral filtering to occur in the time domain, that is, thenormalized GVD coefficient is a complex one, its imagi-nary part accounting for the bandwidth-limited characterof the gain in the dissipative system.
2. Three-dimensional nonspinning
and spinning dissipative solitons: ex-
istence and stability domains.
In the following, we consider a bulk optical medium de-scribed by the following equation for a local amplitude,
U , of the electromagnetic field propagating along axis z[11, 12, 34–36]:

iUz + (12 − iβ
)(

Uxx + Uyy
)+ (D2 − iγ

)
Utt

+ [iδ + (1− iε)|U|2 − (ν − iµ)|U|4]U = 0. (1)
The coefficients of this CGL equation that are scaled tobe 1/2 and 1 account, respectively, for the diffraction intransverse plane (x, y) and the self-focusing Kerr nonlin-earity, β ≥ 0 is the above-mentioned effective diffusivityin the transverse plane (the optical model contains thediffusion term if the electromagnetic field generates freecarriers, which may occur in semiconductor waveguides[37], or ionizes the medium, which happens in the case ofthe propagation of very strong pulses in air [38]). Fur-ther, the positive parameters δ, ε and µ represent, respec-tively, the linear loss, the nonlinear gain, and its satura-tion, which are ordinary ingredients of the cubic-quinticCGL equation, ν ≥ 0 accounts for the above-mentionedself-defocusing quintic correction to the Kerr term (sat-uration of the optical nonlinearity). Here D is the GVDcoefficient (D < 0 and D > 0 correspond to the normal andanomalous dispersion), and γ > 0 is its counterpart ac-counting for the spectral filtering, i.e., bandwidth-limitedcharacter of the gain.

Figure 3. Cross-section shapes of typical stable solitons with S = 0
in the transverse and temporal directions, for values of D
and ε indicated in the panels, including cases of (a), (b)
anomalous and (c), (d) normal GVD. Other parameters are
β = 0, µ = 1, and ν = 0.1.

We look for solutions to Eq. (1) in the form of dissipativesolitons (DS) with vorticity (integer ”spin”) S:
U(z, x, y, t) = Ψ(z, r, t) exp (iSθ) , (2)
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where r and θ are the polar coordinates in plane (x, y),and the complex function Ψ(z, r, t) obeys the propagationequation
iΨz+(12 − iβ

)(Ψrr + 1
rΨr −

S2
r2 Ψ)+(12D − iγ

)Ψtt

+ [iδ + (1− iε)|Ψ|2 − (ν − iµ)|Ψ|4]Ψ = 0 (3)Solutions to Eqs. (3) must decay exponentially at r, |t| →
∞, and must behave as r|S| at r → 0. Notice that Ψ =Ψr+iΨi is a complex function, therefore the intrinsic phasefields of the vortical DSs have the form of rotating spiralsin the transverse plane [9].

Figure 4. (a), (b) The recovery of a perturbed stable spinning soliton
with S = 1, at β = 0.1, µ = 1, and ν = 0.1, in the case
of normal GVD, with D = −0.2 and ε = 2.1. Panels (a)
and (b) show the shape of the vortex torus at z = 0 and
z = 300, respectively. (c), (d) The same in the case of
anomalous GVD, with D = 1 and ε = 2.3.

To find the stationary DSs, we simulated Eq. (3) for-ward in z, starting with arbitrary axially symmetric inputpulses (typically, Gaussian pulses) corresponding to vor-ticity S, in anticipation of self-trapping of the pulses intostable DSs, which can be represented as: Ψ(z, r, t) =
ψ(r, t) exp (ikz). Here the propagation constant (wavenumber) k is an eigenvalue determined by the parametersof Eq. (3) (including the vorticity number S). A standardCrank-Nicholson scheme of the numerical integration wasused, with typical transverse and longitudinal stepsizes∆r = ∆t = 0.1 and ∆z = 0.005. The nonlinear finite-difference equations were solved by dint of the Picard it-eration method, and the resulting linear system was thenhandled with the help of the Gauss-Seidel iterative pro-cedure. To achieve good convergence, ten Picard and four

Gauss-Seidel iterations were typically needed. The wavenumber k was finally found as the corresponding value ofthe z-derivative of the phase of Ψ(z, r, t). The solutionwas reckoned to achieve a stationary form if k ceased todepend on z, r and t, up to five significant digits [11, 12].For the numerical calculations we have fixed the values ofthe spectral filtering coefficient γ = 0.5 and of the linearloss coefficient δ = 0.4, and we have varied the othergoverning parameters of the model (diffusivity coefficient
β, the cubic gain ε, and the quintic loss µ).

Figure 5. (a) - (c) Isosurface plots illustrating the azimuthal instability
of unstable vortex torus with S = 1, at β = 0, ε = 2, µ = 1,
ν = 0.1, for normal GVD (D = −0.2). Panels (a), (b),
and (c) display the soliton evolution at z = 0, z = 420, and
z = 430, respectively. (d) - (f) The same for the anomalous
GVD (D = 1) at ε = 1.9. Panels (d), (e), and (f) correspond
to z = 0, z = 200, and z = 205, respectively.

In Fig. 1 we show the existence and stability domains forspinless (S = 0) DSs in the plane of (µ, ε) [i.e., quintic-lossand cubic-gain coefficients in Eq. (1)] for zero diffusivity,
β = 0. The S = 0 solitons are stable in the entire ex-istence domain between upper and lower lines in Fig. 1.Note that all spinning solitons are unstable in this casewhen the diffusivity parameter β is zero (details of thelinear stability analysis for spinning DSs solutions arepresented below). Notice that beneath the lower curves
εlow = εlow(µ) in each panel of Fig. 1, the input pulses de-cay to nil, whereas above the upper borders εupp = εupp(µ)they expand indefinitely in the time domain but remainlocalized in the spatial domain. The stable DSs, eitherspinning or nonspinning, are strong attractors, as theyself-trap from a large variety of inputs.The families of the 3D spinless and spinning DSs in thecubic-quintic CGL model, and their stability domains, arerepresented by dependences of the soliton’s energy

E = ∫ ∞0 rdr
∫ 2π

0 dθ
∫ +∞
−∞

dt |U(r, θ, t)|2
≡ 2π ∫ ∞0 rdr

∫ +∞
−∞

dt |ψ(r, t)|2
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Three-dimensional dissipative optical solitons2

on the cubic-gain coefficient, ε, at nonzero value of dif-fusivity coefficient (β = 0.1). For nonzero diffusivity co-efficient β we have identified stable spinning DSs withvorticity S = 1. The points A, B, and C in Figs. 2(a)-(b)mark the borders of the corresponding stability intervalsof the spinning DSs (at normal GVD the spinning solitonsare stable in a semiinfinite interval, see the full line inFig. 2(a), whereas at anomalous GVD the spinning soli-tons are stable in a certain finite interval, see the full linein Fig. 2(a) marked by the points B and C ). Thus we ar-rived at the conclusion that the presence of the diffusivityin the transverse plane was a necessary ingredient for thestability of spinning DSs [12].The stability of the 3D solitons was identified through thecomputation of the instability growth rate for eigenmodesof small perturbations (see below and [11, 12] for details).Thus to study the stability of the stationary solitons in anaccurate form, a perturbed solution to Eq. (1) was lookedfor as
U(z, r, t) = [ψ(r, t) + f(r, t) exp (λz + iJθ)+ g∗(r, t) exp (λ∗z − iJθ)] exp (ikz + iSθ) , (4)

where J is an integer azimuthal index of the infinitesimalperturbation, λ is the instability growth rate (which maybe complex), and ∗ stands for the complex conjugation.The substitution of this expression in Eq. (1) leads tothe corresponding linearized equations (see [11, 12] fordetails). Though the S = 0 solitons may be stable at zerodiffusivity (β = 0), all the spinning solitons are unstable inthis case (e.g., for S = 1 the largest instability growth ratecorresponds to azimuthal index J = 2 and is nonzero inthe whole domain of existence of these spinning solitons).However, in the presence of the diffusivity in the transverseplane, a part of the family of spinning solitons is stable,as marked by the points (stability borders) A, B, and C inFigs. 2(a)-(b). It is noteworthy that there are two borders(with the stability region located between them) when theGVD is anomalous, see Fig. 2(b).Typical radial and temporal cross-sections of stable soli-tons with S = 0 are shown in Fig. 3(a)-(d) for β = 0,
µ = 1, ν = 0.1, and for some representative values of
ε, in both the normal- and anomalous-GVD regimes. Inthe case of the normal GVD and for large values of thenonlinear-gain coefficient, ε, near the existence border,the solitons display a characteristic flat-top shape, seepanel (d) in Fig. 3.The predictions of the linear stability analysis were ver-ified in direct simulations of Eqs. (1). To this end,initial conditions for a perturbed soliton were taken as
U(z = 0) = ψ(r, t)(1 + qφ) exp (iSθ), where ψ(r, t) is thestationary solution, q is a small perturbation amplitude,

and φ is a random variable uniformly distributed in theinterval of [−0.5, 0.5]. In the simulations, it was observedthat those perturbed spinning solitons which were pre-dicted to be unstable either completely decay, or splitinto a set of spinless solitons, if slightly perturbed. Ithas also been verified that those spinning solitons (with
S = 1) which were predicted above to be linearly stableare indeed stable against the addition of finite randomperturbations. Examples of self-healing of stable spin-ning solitons with the initial relative perturbation ampli-tude at the level of 10% are displayed in Fig. 4, for thenormal and anomalous GVD in parallel. Typical examplesof the splitting of S = 1 solitons (in both the normal- andanomalous-GVD regimes) into two 3D solitons with S = 0due to the azimuthal instability are shown in Fig. 5. Theoutcome agrees with the fact that the strongest instabilitymode for these solitons is the one with J = 2, hence itshould indeed split into two fundamental (S = 0) solitons.
3. Conclusions

In this work, we have briefly reviewed the problem of sta-bility of three-dimensional dissipative solitons (both spin-ning and nonspinning) in optical media combining compet-ing nonlinearities of the cubic-quintic type. We have con-cluded that when the diffusivity in the transverse plane isincluded in the complex Ginzburg-Landau model, the sta-bility of spinning dissipative solitons is a generic featureof optical media with competing cubic self-focusing andquintic self-defocusing nonlinearities.
However, a couple of open questions still arise from theserecent studies on the existence and stability of three-dimensional dissipative solitons in optical media modeledby the complex cubic-quintic Ginzburg-Landau equation:(a) Do these three-dimensional spinning and nonspinningdissipative solitons exist and are they stable in the ab-sence of the spectral filtering, or in other words do theyexist and are they stable in a dissipative system with nobandwidth-limited gain?(b) Is the diffusivity in the transverse plane a necessaryingredient to get stable three-dimensional spinning dis-sipative solitons - even in the lack of bandwidth limitedgain?
We guess that three-dimensional dissipative solitons stillexist and are stable in certain domains in the relevant pa-rameter space, even in the absence of the spectral filtering;however, the diffusivity in the transverse plane remains thenecessary ingredient in order to get stable spinning soli-tons in this special situation too.
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