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Abstract: This paper analyzes the second harmonic generation (SHG) efficiency of light with partial temporal co-
herence due to depolarization effects in birefringent media. It discusses relations between SHG efficiency
fading, light source spectrum, crystal birefringence, and phase matching conditions. The efficiency of SHG
pumped by the partially coherent light beam that may depolarize light in nonlinear birefringent crystal is
also analyzed. The basic theory of SHG with its modification for partially coherent light with depolarization
and some numerical calculations of the SHG process are described.
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1. Introduction

Second Harmonic Generation (SHG) is an optical nonlin-ear phenomenon relying on frequency doubling of the lightduring its propagation in anisotropic crystals. The effi-ciency of SHG depends on phase matching between pump-ing and doubled frequency light beams. Phase matchingcan be realized in birefringent media, where ordinary andextraordinary waves have different phase velocities. In thefirst type of phase matching both fundamental and secondharmonic waves are perpendicularly polarized. In phasematching of the second type, the fundamental wave in-cludes both ordinary and extraordinary components. Since
∗Presented at 9-th International Workshop on Nonlinear Optics Applica-tions, NOA 2007, May 17-20, 2007, Świnoujście, Poland
†E-mail: domanski@if.pw.edu.pl

propagation of the partially coherent light in such mediamay cause light depolarization [1], the degree of polariza-tion of the fundamental wave becomes an important issue.
2. Depolarization of partially coher-
ent light in anisotropic crystals

In general, the partially coherent light becomes depolar-ized during propagation through birefringent media. Thedepolarization effect depends on: the coherency of thelight, which is characterized by a source spectrum band-width (∆ν); birefringence, which is defined in the uniaxialcrystal as ∆n = |ne − no| where no, ne are ordinary andextraordinary refractive indices respectively; and the az-imuth of the light beam versus the fast and slow axes of thebirefringent medium [1]. Both components of the linearlypolarized light coupled into the crystal may have differ-
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ent phase velocities. This causes a phase shift betweenboth components and simultaneously the linearly polar-ized light is transformed into circular, elliptical or linearpolarization depending on the value of the induced phaseshift. For totally coherent light, the state of polariza-tion (SOP) is modified during propagation, but its degreeof polarization (DOP) is equal to 1 even for long pathlengths of light in the crystal. For the partially coherentlight characterized by the coherence time, the phase shiftmay be so high that the light outgoing from the crystalmay be almost totally unpolarized due to the fact thatboth electric field components of the light are shifted intodifferent wave packages (Fig. 1).

Figure 1. Length shift ∆n·l of partially coherent light passing through
the crystal with linear birefringence, l – length of the crys-
tal.

The depolarization effect of the partially coherent light canbe described in terms of the DOP fading by the use of acomplex degree of coherence γ( τ), which depends on thetime of propagation through birefringent media τ. Thenthe degree of polarization can be expressed as follows [2]:

DOP =
1− 4 [ 1− |γ (τ)|2 ](

| E0x |
| E0y | + | E0y |

| E0x |
)2


12

=√1− sin2 2α [1− |γ (τ)|2], (1)
where E0x and E0y are the amplitudes of both orthogo-nal electric field components of the light wave (Fig. 1),and α = tan−1 (E0y/E0x). The complex degree of mutualcoherence between two optical fields E1 and E2 can bedefined as follows [2]:

γ12 = 〈E1E∗2 〉〈
|E1|2〉〈|E2|2〉 , (2)

where optical fields may be approximated by quasi -monochromatic waves:
E = E0 exp (iωt − ikz) (3)

When calculating amplitudes, the phasor of the complexdegree of mutual coherence between orthogonal polariza-tions Ex and Ey can be ignored and its absolute value willbe used in further analysis:
|γ (τ)| = ∣∣γxy∣∣ (4)

The degree of coherence can be connected with the spec-trum of the light source [2]:
|γL(τ)| = exp (−π∆ντ) , (5)

for the Lorentzian type of light sources, and
|γG(τ)| = exp[−( π∆ντ2√ln 2

)2]
, (6)

for the Gaussian type of light sources.The bandwidth of the spectrum ∆ ν can be expressed aswavelength dependent:
∆ν = c

λ
− c
λ+ ∆λ ≈ ∆λ

λ2 c. (7)
where λ and ∆λ are the central wavelength and bandwidthrespectively. If the propagation distance is equal to z, thenthe propagation time is equal toτ = ∆nz

c , and thus:
|γL(z)| = exp [−∆νπ∆n

c z
]
, (8)

|γG(z)| = exp[−(∆νπ∆n2√ln 2c z
)2]

. (9)
When a laser beam propagates in an uniaxial crystal alongits optical axis c (Fig. 2) it “sees” the ordinary refractiveindex no and this is exactly the same situation as beampropagation in an isotropic medium. However, when thebeam is perpendicular to the optical axis the differencebetween both ordinary and extraordinary refractive indicesreaches its maximum value. The ordinary refractive indexis constant for a given wavelength, while the extraordinaryrefractive index is a function of an angle θ between thedirection of the beam and the optical axis (Fig. 2).Hence we obtain the refractive index for the extraordinarywave [3]:

ne(θ) = none√(n2
e − n2

o) cos2 θ + n2
o

, (10)
and the birefringence present in equations (8-9) can bewritten in the form:

∆n = none√(n2
e − n2

o) cos2 θ + n2
o
− no. (11)

It means that the DOP fading depends on the beam prop-agation direction ( θ angle) in the uniaxial crystal [4].
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Figure 2. Ellipsoid of refractive indices for uniaxial crystal.

3. Second Harmonic Generation
Second harmonic generation (SHG) is a special case of thethree-wave mixing (TWM) non-linear process that can bedescribed by a set of differential equations [5, 6]:


dE (ω)
x

dz = −i ω2cε0nx (ω)χ (2)
effE

(2ω)
x E∗(ω)

y exp (i∆kz)
dE (ω)

y

dz = −i ω2cε0ny(ω)χ (2)
effE

(2ω)
x E∗(ω)

x exp (i∆kz)
dE (2ω)

x

dz = −i ω
cε0nx (2ω)χ (2)

effE
(ω)
x E (ω)

y exp (−i∆kz)
,

(12)
∆k = nx (ω)ωc + ny(ω)ωc − nx (2ω) 2ωc ,

where ω is the pumping frequency, nxand ny are the or-dinary and extraordinary refractive indices, c is the speedof light, ε0 is the dielectric constant, χ (2)
eff is an effectivesecond-order nonlinear susceptibility, E (ω)
x and E (ω)

y areorthogonal components of the pumping electrical field am-plitude, and E (2ω)
x is the amplitude of the second harmonicelectrical field.This configuration of the pumping waves, called II SHGtype, is schematically shown in Fig. 3.

Figure 3. Configuration of electrical field components of the light
waves in the II type SHG process.

The most effective SHG process occurs when a phasematching condition (∆k=0) is fulfilled. We can match thephase by coupling the light along the birefringence axisand by selecting a special type of anisotropic crystal inwhich:
nx (2ω) = nx (ω) + ny(ω)2 (13)The phase matching condition can also be fulfilled in allcrystals at the angle θ of the input light beam that satis-fies the following equation:

ny(ω, θ) = nx (ω)ny (ω)√{[
ny (ω)]2 − [nx (ω)]2} cos2 θ + [nx (ω)]2

= 2nx (2ω)− nx (ω) (14)
which leads to:
θ = cos−1

√√√√√ [nx (ω)]2 [ny(ω)]2 − [2nx (2ω)− nx (ω)]2 [nx (ω)]2[2nx (2ω)− nx (ω)]2 {[ny(ω)]2 − [nx (ω)]2} .

(15)
The method of acquiring the phase matching condition canbe illustrated on the refractive indices ellipsoid, as shownin Fig. 4.

Figure 4. II type of the phase matching condition.

4. SHG for partially coherent light
For partially coherent light, the absolute value of the de-gree of coherence | γ| should be introduced into the equa-tions (12).

dE (ω)
x

dz = −i ω2cε0nx (ω)χ (2)
effE

(2ω)
x E∗(ω)

y |γ| exp (i∆kz)
dE (ω)

y

dz = −i ω2cε0ny(ω)χ (2)
effE

(2ω)
x E∗(ω)

x |γ| exp (i∆kz)
dE (2ω)

x

dz = −i ω
cε0nx (2ω)χ (2)

effE
(ω)
x E (ω)

y |γ| exp (−i∆kz)(16)
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When the light propagating in a birefringent medium be-comes depolarized we need to use a distance-dependentcomplex degree of coherence (that also depends on thespectrum emitted by the light source), in the form given in(8)(9) with the birefringence: ∆n = ∣∣ny(ω)− nx (ω)∣∣.Fig. 5. presents SHG efficiency numerical results calcu-lated as a function of the light propagation distance fordifferent bandwidths of the Lorentzian-type light source,and in phase matching conditions for the input opticalpower density of 1013 W/m2. Such values of optical powercan be used e.g. in high-power frequency doublers basedon currently grown KTP crystals, which can handle powerdensities up to 1×1014 W/m2 in 10 ns pulses for pumpingwavelengths of 1064 nm without suffering optical damage[7].

Figure 5. SHG efficiency in partially coherent light for different
source spectrums for phase matching ∆k=0.

Fig. 6 presents SHG efficiency numerical results calcu-lated as a function of the input optical power for differ-ent distances inside the birefringent crystal, and in phasematching conditions for bandwidth ∆ λ = 0.5 nm of theLorentzian spectrum. It is evident that the SHG efficiencydrops with wider source bandwidths. The efficiency ofSHG with partially coherent light can reach the samesaturation level as SHG with monochromatic light, butrequires more input optical power.Fig. 7 presents SHG efficiency numerical results calcu-lated as a function of distance for different values of phasemismatch, for the input optical power density of 1013 W/m2and for the bandwidth ∆ λ = 0.5 nm of the Lorentzianspectrum.In the case of phase mismatch (∆k 6= 0) generation of thesecond harmonic wave is less effective for a non-coherent

Figure 6. SHG efficiency in partially coherent light for different dis-
tances in the crystal for phase matching ∆k=0.

Figure 7. SHG efficiency in partially coherent light for different val-
ues of phase mismatch.

source, similar to the phase matching configuration. Thereare periodical changes of the second harmonic signal typ-ical for this case, as a result of the reversal differential fre-quency generation process. However, for a non-coherentsource, these oscillations decay and the effect is especiallyvisible for a larger mismatch ∆k , for which the analyticalsolution of the equations (16) can be obtained.For large values of the phase mismatch (∆k � 0) SHG
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efficiency is small compared to the pumping amplitudes,thus we can treat them as constants as a function of dis-tance:
E (ω)
x (z) ≈ const, E (ω)

y (z) ≈ const (17)
By putting γ as given in (8) for the Lorentzian source, thelast equation of (16) can be written as follows:
dE (2ω)

x

dz = −i ω
cε0nx (2ω)χ (2)

effE (ω)
x E (ω)

y exp (−φz − i∆kz) ,(18)where:
φ = ∆νπ ∣∣ny(ω)− nx (ω)∣∣ , (19)

and finally we can obtain an analytical solution of thesecond harmonic amplitude:
E (2ω)
x = i ωχ (2)

eff
cε0nx (2ω)E (ω)

x E (ω)
y

exp (−i∆kz − φz)− 1
φ+ i∆k (20)

Fig. 8 presents results of SHG efficiency numerical cal-culations with the partially polarized light compared withthe analytical approximation. Calculations were carriedout for the input optical power density of 1013 W/m2 andfor the bandwidth ∆ λ = 0.5 nm of the Lorentzian spectrum.

Figure 8. Numerical results of SHG compared to analytical approx-
imated solutions.

The large ∆k approximation fits to the numerical resultsonly if ∆k � 0. For a smaller value of the phase mismatchthe analytical solution is no longer valid. The decay ofthe oscillations of SHG is caused by fading of the DOP(Fig. 8). When the phase difference between the orthogo-nal components E (ω)
x and E (ω)

y becomes undetermined, bothSHG and differential frequency generation decrease. As a

result, the value of the SHG signal saturates at a certainaverage level.All calculations were carried out for refractive indicesand nonlinearity coefficients of the KTP crystal (no(ω) =1.7400, ne(ω) = 1.8304, no(2ω) = 1.7787, χ (2)
eff /2ε0 =2.4 pm/V, λ = 1064 nm).

5. Conclusions
We have demonstrated that the absolute value of the de-gree of coherence, which for a polarization azimuth of α= 45o is equal to the degree of polarization (DOP = |γ|),has influence on the II type SHG efficiency.Real light sources with finite spectrum bandwidths gener-ate light with partial temporal coherence that is respon-sible for depolarizing effects, and depolarization of lightemitted by the Lorentzian sources is stronger than depo-larization of light emitted by the Gaussian sources in thesame birefringent medium. It has been proven, that SHGis less effective with larger spectrum bandwidths.The SHG process induced with the partially polarizedlight can become saturated at a certain interaction dis-tance, but it requires more input optical power than SHGpumped by a monochromatic source with high degree ofcoherence.It has been shown that in view of phase mismatch, secondharmonic intensity decays periodically with distance, andas a result the second harmonic signal at large distancesreaches a saturated constant value.
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