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1. Introduction

We apply the Quantum Transport theory (QTR) to the sys-tem in the confinement of electrons by square well con-finement potential. The research of the QTR is very im-portant for investigation of the microscopic phenomena ofmany body systems. There are many theories regardingthis topic in various methodologies, such as the Boltzmann
∗E-mail: jysug@knu.ac.kr
†E-mail: leesuho@knu.ac.kr
‡E-mail: jjkim@cu.ac.kr

transport theory [1–3], the Green’s function approach [4–9],the force-balance approach [10], Feynman’s path-integralapproach [11–15] and the projection operator approach[16–22]. Despite the fact that all these methodologiesare quite reasonable, the investigation of non-linear be-havior has been limited. However, for a more acceptableinterpretation of the transport behavior of electrons whichare subject to strong electric fields, the non-linear effectshould be taken into account.Alternatively, in similar methodologies by Zwanzig [23,24], by directly using a projection operator on the Liouvilleequation, Kenkre’s group suggested a response functionwhich contains Kubo’s theory as the lowest-order approx-
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imation [23–28]. Although this theory contains nonlinearfactor in the propagator, it is difficult to expand this termsince it is contained in the exponent.The study of the quantum transport theories based on theprojected Liouville equation method provides a useful toolfor investigating the scattering mechanism of solids. Us-ing the projected Liouville equation method with the Equi-librium Average Projection Scheme (EAPS), we have sug-gested a new quantum transport theory of linear-nonlinearform [29]. The merit of using EAPS is that the general-ized susceptibility and scattering factor can be obtainedin a one step process by expanding the quantum trans-port theory. In addition, the analysis of the magnetic fielddependence of the QTLW is very difficult in alternativetheories or experiment, because the absorption power inthe various external field wavelengths is required to becalculated or observed... The QTR theory of EAPS is ad-vantageous in this respect as it allows the QTLW to bedirectly obtained, through EAPS, in the various externalfield wavelengths. In short the calculation of the absorp-tion power is not required to obtain the QTLW [30, 31].In this work, we study the optical QTLS which show theabsorption power and the QTLW which show the scatter-ing effect of an electron-deformation potential phonon in-teracting system . Through numerical calculation, we an-alyze the magnetic field dependence of the QTLS and theQTLW in various cases. In order to analyze the quantumtransition process, we compare the magnetic field depen-dence of the QTLW and the QTLS of two transition pro-cesses, namely the intra-Landau level transition processand the inter-Landau level transition process. We alsoanalyze the magnetic field dependence in various cases.The analysis of various cases would prove problematic inalternative theories since they require the calculation ofthe absorption power to obtain QTLW. However, we canobtain the QTLW directly through the theory of EAPS.
2. The brief review of the theory of
EAPS and the system

For the brief review of the quantum transport theory ofEAPS, we consider a many body system which is subjectto an oscillatory external field f(t) = f le−iωlt êl where êlis the unit vector in the external field direction l (l =
x, y, z, etc.) and ωl is the angular frequency. Then theHamiltonian H(t) and the corresponding Liouville operator
L(t) are given by
H(t) = Hs +H ′l (t) = Hs + rlf(t) = Hs + rlf le−iωlt , (1)

and
L(t)X = [Ls + L′l(t)]X = [Ls + L′l]Xf(t) ≡ [(Hs +H ′l ), X ]f(t),(2)where Hs and Ls are time-independent. The time-dependent Hamiltonian is defined as Hl(t) = rlf le−iωlt .The Liouville operator Ll corresponds to the response op-erator rl in the direction l, which implies that L′lX ≡ [rl, X ]for an arbitrary operator X . Hs represents the Hamilto-nians of the main particles, the background particles andthe interaction Hamiltonian between the main particlesand background particles.We consider the initial condition of the Quantum Statis-tic Mechanical (QSM) system to the equilibrium density
ρs ≡ ρ(0) ≡ exp(−βHs)/Tr exp(−βHs), which is deter-mined by the equilibrium energy of the system. We alsoconsider ρ′ as the time evolution density that is caused bythe external field. For this case, the density matrix of thesystem is ρ(t) = ρs+ρ′(t). We define the expectation valueof the dynamic variable of the system as rk (t) = Tr{rkρ(t)},for the arbitrary dynamic variable in the k-direction. Toobtain rk (t), we define the projection operator to derive theuseful response formula as PkX ≡ BkTr{rkX}, where rk isthe time independent operator corresponding to the expec-tation of the dynamic variable rk (t). Thus we can write thedynamic variable as rk (t) = (1/Bk )(Pkρ(t)) with the direc-tion of the projection operator, Bk ≡ L′lρs/Λkl, where thenormalization factor is Λkl ≡ Tr{rkL′lρs}. In the proceduredescribed by of EAPS [29], we derive the kinetic equationof the expectation value of the dynamic variable in the ex-isting external field and then, through the Fourier-Laplacetransform of a time-dependent function X (t), which is de-fined as X (ωl) ≡ FLT [X (t)] ≡ ∫∞0 exp(−iωlt)X (t)dt, weobtain the linear response formula in the energy space(ω-space) as

rk (ωl) = −(i/h̄)Λklfl(ωl)
ωl − Akl + Ξkl(ωl) , (3)

where Akl ≡ (−i/h̄Λkl)Tr{rkLsL′lρs}, the scattering factorfunction, Ξkl(ωl) is
Ξkl(ωl) ≡ i

h̄Λ
kl

Tr{rkLsGq
k (ωl)QkLsL′lρs}, (4)

Qk ≡ 1− Pk and the propagator, Gq
k (ωl) is

Gq
k (ωl) ≡ 1

h̄ω−QkLs
. (5)

Eq. (3) appears to be similar to that derived by Huand O’Connell [4–7] using a quantum Langevin approach.
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Figure 1. The relative frequency (∆ω) dependence of the absorption
power (QTLS), P(B) of Ge, with λ=220, 394 and 513 µm
(from the bottom line to the top line) at T=30 K.

However the scattering factor function, Eq. (4), is notice-ably different to the formula derived by Hu and O’Connell.We can apply the theory of Eq. (3) in various condensedmatter systems.When a static magnetic field of −→B = Bz ẑ is applied to anelectron system, the single electron energy state is quan-tized to the Landau levels. We select a system of electronsconfined in an infinite square well potential (SQWP) be-tween z = 0 and z = Lz in the z-direction. Using theLandau gauge −→A ≡ (0, Bx, 0), we have a single electronHamiltonian he given by
he = − h̄22m

{
∇2 + 2i(eBh̄

)
x ∂∂y −

(
eB
h̄

)2
x2}+ U(z),

(6)and we obtain the eigenstate of the system, as below,
ψNα ,nα ,ky,kz (x, y, z) ≡ |α〉 = C̃Gφ̃(plw)

kr (k)φ̃Nα (x1)Φ̃(cfn)
nα (z),(7)

Figure 2. The magnetic field dependence of QTLW,γ(T ) of Ge at
T=30, 40, 50, 55, 60, 70, 75, 80, 90 and 120 K (from the
bottom line to the top line).

where the plane wave is given by φ̃(plw)
kr ≡ exp(ikyy), andthe explicit function is given by

φ̃Nα (x1) = Ñr exp(− x212l20
)
HNα

(
x1
l0
)
. (8)

Here HNα (x) is the Hermite polynomials function, l0 =√
h̄/eB is the radius of cyclotron motion, ωc = eB/m∗e isthe cyclotron frequency, m∗e is the effective mass of elec-tron, xα = −h̄kzα /eB = −h̄kzα /m∗eω0 is the center of cy-clotron motion and x1 ≡ x−xα . The confined wave functionis

Φ̃(cfn)
nα (z) =



1√
z02 + 1

κnα

sin(knα z) (0 ≤ z ≤ z0)
1√

z02 + 1
κnα

exp(−κnα (z − z0)) (z0 ≤ z)
(9)
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Figure 3. Comparisons of the magnetic field dependence of QTLW,
γ(T )totaL, γ(T )intraL and γ(T )interL of Ge, at T=30 K.

where κnα and knα (the quantization condition for the z-direction components of the electron wave vector of κ and
k) are obtained by solving the simultaneous equations
κ = −k cot kz0 and κ+ k = 2m∗eU0/h̄, with the conditions0 < κ and 0 < k . Here the square well confinementpotential U(z) ≡ U0 is a constant potential in the region0 < z < z0, and U(z) ≡ ∞ in the region z < 0, z0 < z.The values of the normalization factors are C̃G ≡ 1/√Ly,
Ñr ≡ 1/√(√π2NN!l0). The values of the normalizationfactors are subject to change in other systems. We obtainthe corresponding eigenvalue as

εNα ,nα ,kyα,kzα = (Nα + 12
)
h̄ωc + n2

α
h̄2π22m∗eL2

z(sys) , (10)
where (Nα = 0, 1, 2, 3, ..., nα = 0, 1, 2, 3, ...), Lz(sys) ≡ z0is the z-directional size of the system.If we consider a many body system which is subject tocircularly polarized oscillatory external fields E+(t) =
E0 exp(iωt) where ω is the angular frequency then , using

Figure 4. The relative frequency (∆ω) of absorption power, P(B) of
Ge in cases P(B) with γ(T )totaL, P(B) with γ(T )intraL and
P(B) with γ(T )interL, with λ=220, 394 and 513 µm at T=30
K.

Coulomb gauge ~E(t) = −∂~A(t)/∂t, the total Hamiltonianof the system is H(t) = Hs +H ′(t) = Hs + (−i/ω)J+E+(t).The many-electron current operators J± are defined as
J+β = ∑

β
j+β a+

β+1aβ and J−β = ∑
β

(
j+β )∗ a+

β aβ+1 where j± =
jx±ijy are two components of the single electro current op-erator j , elements of the matrix are j+β ≡∑

β
〈β + 1|j+|β〉 =

g̃(sys)∑
β

√(Nβ + 1)β and j−β = (
j+β )∗ ≡∑

β
〈β|j+|β + 1〉 =

g̃(sys)∑
β

√(Nβ), where g̃(sys) ≡ (−ieh̄/m∗e)√1/l20. The
g̃(sys) can be changed in other systems and external fields.Here a1(a+2 ) is the annihilation operator (creation oper-ator) of fermions, and |β〉(|α〉) is the eigenstate of singleelectron.
We derive the Hamiltonian of the system of the electron-
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Figure 5. Comparisons of magnetic field dependence of QTLW of
Ge and Si, γ(T )(Ge)total and γ(T )(Si)total at T=30, 50, 70, 90 and
120 K.

phonon interacting system as
Hs = He +HP + V =∑

β

〈β |h0|β〉a+
β aβ +∑

q
h̄ωqb+

qbq

+∑
q

∑
α,µ

Cα,µ (q)a+
qaµ

(
bq + b+

−q
)
,

where He is Hamiltonian of the electrons, h0 is a singleelectron Hamiltonian, HP is the phonon Hamiltonian and
V is the electron-phonon (or impurity) interaction Hamil-tonian, the a1(a+2 ) and b1(b+2 ) are the annihilation op-erator (creation operator) of fermion and boson particles,and ~q is phonon (or impurity) wave vector. Cα,µ (q) isthe coupling matrix element of electron-phonon interaction
Cα,µ (q) ≡ Vq〈α| exp(i~q·~r)|µ〉, ~r is the position vector of theelectron and Vq is the coupling coefficient of the materials.The electron-deformation potential phonon interaction pa-rameter Vq in the isotropic interaction formalism is given
by V (q)2 = K̄ 2h̄vse22χε0qV q where K̄ is the electromechani-

cal constant and χ is the dielectric constant. Since thelong wavelength approximation ωq ≈ vsq is suitable fordescribing deformation potential materials, we use Kubo’sapproximation for phonon energy h̄ωq ≈ h̄vsq, where vs issound velocity in a solid.
3. The absorption power formula
and the scattering factor function
We suppose that an oscillatory electric field E(t) =
E0 exp(iωt) is applied along the z-axis, which gives theabsorption power delivered to the system as P(ω) =(E20 /2)<e{σ (ω)}, where “<e” denotes the real componentand σ (ω) is the optical conductivity tensor which is the co-effitient of the formula. Here the absorption power repre-sents the optical QTLS, and the scattering factor functionrepresents the optical QTLW.In order to apply the linear response formula to opticalquantum transition systems in a right circularly polarizedexternal field (RCF), we replace rk with Jk ≡ J−, L′lX with
L′lX ≡ (−i/ω)[J+, X ] and Jl ≡ J+ for the current systemunder an oscillating external field of frequency ω. Weobtain the Ohmic right circular current from the responseformula,

JR (ω) = [ −(i/h̄)Λ(R)
kl

ω− A(R)
kl + Ξ(R)

kl (ω)
]
E(ω), (11)

where Λ(R)
kl = −{( iω )∑

α
j+α+1,α j+α,α+1(fα+1 − fα )},A(R)

kl = iωc .Using the properties of the projection operator and theconventional series expansion of the propagator Gq
k (ωl)[discussed further in Appendix A], we obtain the scatteringfactor as a simple form with a weakly interacting systemapproximation in pair interacting system, as below,

Ξ(R)
kl (ωl) ≡ i

h̄Λ(R)
kl
〈L′+LvGdLv J−〉B, (12)

where the diagonal propagator is Gd = 1/(h̄ω−Ld). Herewe use the relation [30, 31],
Tr(e){JkL1L2 · · · · · · LnL′ρs} = (−1)n+1〈L′Ln · · · · · · L2L1Jk〉

where 〈· · · 〉 denotes the ensemble average of electronstates.In this work, we use a more rigorous interacting Hamil-tonian commutative calculation with the moderately weakcoupling (MWC) given by
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[a+
v ax (bl + b+

−l), a+
µ aα+1(bq + b+

−q)] = a+
v axa+

µ aα+1(δ−l,q + δl,−q) + [a+
v ax , a+

µ aα+1](bqb+
−l + b+

−qbl)].Using the above relations, we obtain the matrix elements of electron-phonon interacting system [Appendix B]. Thescattering factor function Ξkl(ωl) is complex as Ξkl(ωl) ≡ i∆total + γtotal (ω). In most cases, the imaginary componentof the scattering factor, ∆total ≡ ImΞkl(ωl), gives the line shift of the response type formula and the real componentof the scattering factor, γtotal (ω) ≡ ReΞkl(ω), gives the half width of the response type formula. In the majority ofcases the imaginary component of the scattering factor ∆total is neglected in a real system as a small vale term. Then,through continuous approximation [Appendix C], in the right circularly polarized external field system we obtain the finalderivation of the absorption power formula (or the QTLS formula) as,
P(R) (ω) ∝ ( e2ω2

c
π2h̄ω

)γ
(R)
total (ωc)∑

Nα

∫∞
−∞ dkzα (Nα + 1) (fα − fα+1)

(ω− ωc)2 + (γ(R)
total (ωc))2

 (13)
where the scattering factor function (or QTLW) is given by

γ(R)
total (ω) ≡ ReΞ(R)

kl (ω) ≡∑
∓

∑
Nα=0

∑
Nβ=0 γ

(R)∓
α,β

= ( Ω4πh̄2υs
)(

π
Lz

(2 + δ(nα , nβ)))∑
∓

∑
Nα=0

∑
Nβ=0

∫ ∞
−∞

dkzα
∫ ∞
−∞

dqzY (R)∓
α,β / ∞∑

Nα=0
∫ ∞
−∞

dkzα (Nα + 1) (fα+1 − fα ) , (14)
The integrand-factors Y (R)∓

α,β are complex, and are expanded in Appendix C.
4. Analysis of the QTLS and the
QTLW and concluding remarks
Through the numerical calculation of the theoretical re-sult of Optical QTLS and of the Optical QTLW, whichare obtained in order to allow use of the projected Liou-ville equation method with EAPS, we analyze absorptionpower and line widths of Germanium (Ge). It is well knownthat the deformation-potential scattering is dominant forpure Ge and Silicon (Si). The band structures of Ge andSi can be approximated to be ellipsoidal. We use thevalues of m̄ = 0.22mo and m∗ = 0.35mo for the effectivemasses of Ge, where mo is the free-electron mass. Theother physical constants of Ge are ρ = 5.36 g/cm3, vs =5.94× 105 cm/s, εg(0) = 0.744 eV, κ = 4.77× 10−4 eV/Kand ξ = 235 K. In order to compare the QTLW of Ge andSi, for Si we use the values m̄ = 0.58mo, m∗ = 0.98mo,
ρ = 2.34 g/cm3, vs = 9.03 × 105 cm/s , εg(0) = 2.56 eV,
κ = 4.73 × 10−4 eV/K and ξ = 235 K . The widely ac-cepted value of the deformation potential coupling param-eter is used. We use E1 = 13.2 eV for Ge and use E1 = 7.0eV for Si. Inserting these constants into EAPS theory weobtain the line shapes, from which the line width can be

measured. Inserting these constants into Eqs. (13)-(14)yields the line shapes from which the line width can bemeasured.In Fig. 1 the relativity frequency (∆ω) dependence of theabsorption power (QTLS), P(Jc)(∆ω) of Ge, with λ=220,394, 513 µm at T=30 K can be observed. From the graphof P(Jc)(∆ω), we can see the broadening effects near theresonance peaks for various external fields. The graph inthe small box indicates the locations of resonance peaksfor external fields and the magnetic-field dependence ofthe maximum absorption power. The analysis of the rela-tivity frequency (∆ω) dependence of the absorption power(QTLS) represents the magnetic field dependency of theabsorption power, which is given by the external fieldwavelength and the condition of the system.In Fig. 2 we obtain the magnetic field dependence ofthe QTLW, γ(B) of Ge, at T=30, 40, 50, 55, 60, 70, 75,80, 90 and 120 K. The result also provides a reasonableexplanation of the directional characteristics of electronmotion, which is given by the magnetic field direction andthe condition of the system. We see that the γ(Jc)(B) termincreases as the magnetic field increases at the majorityof the temperatures measured. The analysis of the mag-
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netic field dependence of the QTLW is very difficult inother theories or experiment, as calculation or observa-tion of the absorption power in the various external fieldwavelengths is required. The QTR theory of EAPS hasan advantageous aspect as it allows the QTLW to be di-rectly obtained, through EAPS, in the various externalfield wavelengths Therefore calculation of the absorptionpower is not required to obtain QTLW [30, 31].In order to analyze the quantum transition process for thecase of the RCF, we denote the total QTLW as γ(Jc)
total ≡

γ(T )(Jc)intraL + γ(T )(Jc)interL, where γ(Jc)
intraL ≡ γ

(Jc)em
intraL + γ(Jc)ab

intraL and
γ(Jc)
interL ≡ γ

(Jc)em
interL +γ(Jc)ab

interL are the QTLW of the total phononemission and absorption transition processes respectively.Here, γ(Jc)em
intraL ≡ γ(Jc)+0,0 , γ(Jc)em

interL ≡ γ(Jc)+0,1 , γ(Jc)ab
intraL ≡ γ(Jc)−0,0 and

γ(Jc)ab
interL ≡ γ(Jc)−0,1 are the QTLW of the intra-level emis-sion transition, inter-level emission transition process, theintra-level absorption transition and inter-level emissionabsorption, respectively.In Fig. 3 comparisons of the magnetic field dependence ofQTLW, γ(B)total, γ(B)intraL and γ(B)interL of Ge, at T=30 Kare given. We see that the γ(T )(Jc)interL term increases as themagnetic field increases. We also see that the intra-levelemission transition process is a more dominant contrib-utor to the scattering effect than the intra-level transi-tion process, as the γ(T )(Jc)intraL value is closer to γ(T )(GaAs)total .The analysis of the contributions of the two processesto the total scattering effect represents the characteris-tic of the magnetic field dependence of the scattering ef-fect of the system. The contributions of the two processescan be also observed in various cases in various systems.

In this work, our result show that values of QTLW are
γ(T )(Jc)interL < γ(T )(JL)intraL < γ(Jc)

total. The results bear similari-ties to the temperature dependence of the scattering effectin Fig. 3.In Fig. 4, we also compare the QTLS, P(B) of Ge with the
γ(Jc)
total,P(B) with γ(T )(Jc)interL and P(B) with γ(T )(Jc)intraL. Sincethe value of the scattering effect is inversely related tothe broadening of the power absorptions, we see a goodagreement between γ(T ) with λ=220, 394 and 513 µm,at T=30 K (Fig. 3) and the broadening of the powerabsorptions P(B) (Fig. 4). We also see in these analysesthat the more dominant broadening effect of Ge is thephonon intra-level emission process in the quantum limitlow temperature region. Our results also indicate thatthe QTR theory of EAPS has the potential to explain thequantum transition in various cases.In Fig. 5 we compare the temperature dependence of theQTLW of Ge and Si, The result shows that the temperaturedependence of the QTLW of Ge is larger than that of Siin the majority of cases investigated.In conclusion, we wish to emphasize that our EAPS the-ory provides a simpler methodology for the analysis ofthe various cases presented here than competing theories,due to the reduced number of calculatory steps requiredby EAPS. The EAPS theory enables for separat ion of theline widths in terms of each quantum transition for vari-ous cases. The straightforward analysis of each quantumtransition processes are the merits of our EAPS theory.Finally, we expect that the EAPS theory is also useful inother condensed material systems.

Appendix A: Expansion of the propagator Gq
k (ωl)

We suppose that a linearly polarized electric field E(t) = E0 exp(+iωt) is applied along the z-axis and using Coulombgauge ~E(t) = −∂~A(t)/∂t. In order to obtain the dynamic variables in real system, we must calculate the scatteringfactor function, Eq. (10), which are contained in Eq. (9). We replace rk with Jk = g̃(sys)∑
β

√
Nβa+

β aβ+1, L′l with
L′lX ≡ (−i/ωl)[Jl, X ] and Jl = g̃(sys)∑

β

√
Nβa+

β aβ+1, g̃(sys) ≡ (−ieh̄/m∗e)√1/l20 for the current system under an oscillatingexternal field of frequency ωl. We can divide the scattering factor function into four terms as
Ξkl(ωl) ≡ i

h̄Λkl 〈Tr{JkLsGq
k (ωl)QkLsL

′
lρs}〉B ≡ I + II + III + IV

where
I ≡ i

h̄Λkl 〈Tre{JkLvGq
k (ωl)QkLdL

′
lρs}〉B, II ≡ i

h̄Λkl 〈Tre{JkLdGq
k (ωl)QkLvL

′
lρs}〉B,

III ≡ i
h̄Λkl 〈Tre{JkLdGq

k (ωl)QkLeL
′
lρs}〉B, IV ≡ i

h̄Λkl 〈Tre{JkLvGq
k (ωl)QkLvL

′
lρs}〉B,
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and where Ld(Lv ) is the Liouville operator of the diagonal (non-diagonal) Hamiltonian. Using the properties of theprojection operator, we obtain the relations for an arbitrary operator X as
(

i
h̄Λ(α)
∓

)
〈Tre{JkXQkLdL

′ρs}〉B = ( i
h̄Λ(α)
∓

)
〈Tre{JkXLdL′ρs}〉B

−
(

i
h̄(Λ(α)

∓ )2
)
〈Tre{JkXL′ρs}〉B〈Tre{JkLdL′ρs}〉B = 0.

Then, the first term I and the third term III reduce to zero and
(

i
h̄Λ(α)
∓

)
〈Tre{JkLdQkXL

′ρs}〉B = ( i
h̄Λ(α)
∓

)
〈Tre{JkLdXL′ρs}〉B

−
(

i
h̄(Λ(α)

∓ )2
)
〈Tre{JkLdL′ρs}〉B〈Tre{JkXL′ρs}〉B = 0,

which gives the second term II reduce to zero. Here 〈· · · 〉B is the ensemble average of background particle states (forexample, phonon or impurity state). Since the average of odd background terms are zero, we use the useful relation asbelow,
〈Tre{YQkLvL

′ρs}〉B = 〈Tre{YLvL′ρs}〉B.
Using the conventional series expansion method, we expand the propagator Gq

k (ωl) as
Gq
k (ωl) ≡ 1

h̄ωl −QkLs
= Gd

∑
n

[PLdGd]n∑
r
{QkLvGd

∑
n

[PLdGd]n}r = Gd + GdPLdGd + ...+ GdQkLvGd + ...

In the weakly interacting system of the pair interacting system, we use the approximation Gq
k (ωl) ≈ Gd, where thediagonal propagator is Gd = (h̄ωl − Ld)−1, and we use the relation[12],

Tr(e){JkL1L2 · · · · · · LnL′ρs} = (−1)n+1〈L′Ln · · · · · · L2L1Jk〉.
Here 〈· · · 〉 is the ensemble average of electron states. Thus, with weakly interacting system approximation in a pairinteracting system, the scattering factor can be reduced to a simple form, as below,

Ξkl(ωl) ≡ i
h̄Λkl 〈L′lLvGdLv Jk〉.

Appendix B: Elements of matrix of scattering factor functions
In this work, we have used a more rigorous calculation with moderately weak coupling (MWC) interaction scheme inorder to calculate the interacting Hamiltonian commutator, as,

[a+
v ax (bl + b+

−l), a+
µ aα+1(bq + b+

−q)] = a+
v axa+

µ aα+1(δ−l,q + δl,−q) + [a+
v ax , a+

µ aα+1](bqb+
−l + b+

−qbl)],
and using the ensemble average relations

Tr{ρ(He)a+
α aα} = fα , Tr{ρ(He)aαa+

α } = 1− fα , 〈b+
qbl〉 = nqδql and 〈blb+

q 〉 = (nq + 1)δql,
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where fα and nq are the Fermi-Dirac distribution function and Bose-Einstein distribution function respectively. In orderto calculate the matrix elements of the scattering factor function in MWC scheme, we have to use the relations,
〈[a+5 a6, a+1 a2a+3 a4]〉 = f5(1− f3)δ5,4δ2,3δ6,1 + f5f3δ5,2δ3,4δ6,1 − f5f1δ5,4δ2,1δ6,3

+f5f1δ,5,2δ1,4δ6,3 + f1f3δ1,6δ4,3δ5,2 − f1f3δ1,4δ3,6δ5,2 − f1(1− f3)δ,1,6δ2,3δ5,4 + f1f3δ1,2δ3,6δ5,4.
Using the above relations, we obtain the Ohmic current and the matrix elements of the scattering factor function of RCF,as below,

Jk (ωl) = [ −(i/h̄)Λ(R)
kl

ωl − A(R)
kl + Ξ(R)

kl (ωl)
]
El(ωl)

Where Λ(R)
kl = −{( iω )∑

α
j+α+1,α j+α,α+1(fα+1 − fα )}, A(R)

kl = iωc , and the matrix elements of the scattering factor function ofelectron-phonon interacting system are
Ξ(R)
kl (ωl) ≡ i

h̄Λ(R)
kl
〈L′+LvGdLv J−〉B

= i
h̄Λ(R)

kl
(− i
ω )∑

∓

∑
q

∑
α

∑
β

×{ G∓β,α+1[Cα,β(q)Cβ,α (q)]∓jα+1,α j∗α,α+1(fα+1 − fα )[Ñ∓q ± (1− fβ)]
−G∓β,α+1[Cα+1,β+1(q)Cβ,α (q)]∓jβ+1,βj∗α,α+1(fβ+1 − fβ)[Ñ∓q ∓ fα+1]

−G∓α,β+1[Cβ,α (q)Cα+1,β+1(q)]∓jβ+1,βj∗α,α+1(fβ+1 − fβ)[Ñ∓q ± (1− fβ+1)]
+G∓α,β [Cβ,α+!(q)Cα+1,β(q)]∓jα+1,α j∗α,α+1(fα+1 − fα )[Ñ∓q ∓ fβ ]

+[(−h̄ωq)n[Cβ,β+1(l)Cα,α+1(q)]− + (h̄ωq)n[Cβ,β+1(l)Cα,α+1(q)]+]jβ+1,βj∗α,α+1(fβ+1 + fβ)(fα+1 + fα )
+{G−α,α+1[Cβ,β(l)Cα,α (q)]− − G+

α,α+1[Cβ,β(l)Cα,α (q)]+}jα+1,α j∗α,α+1δkβz ,kαz∓qz (fα+1 + fα )fβ}
where, G∓β,α ≡ 1/[h̄ω− (εβ − εα )∓ h̄ω],

[CNα ,Nβ (q)CNβ ,Nα (q)]− ≡ C+
Nα ,Nβ (q)CNβ ,Nα (q), [CNα ,Nβ (q)CNβ ,Nα (q)]+ ≡ CNα ,Nβ (q)C+

Nβ ,Nα (q)
jβ,α ≡ g̃(sys)√Nβδβ,α+1, j∗β,α ≡ g̃(sys)√Nβδβ,α−1 and the phonon distribution (nq) components are Ñ−q ≡ 〈b+

qbl〉 = nqδqland Ñ+
q ≡ 〈blb+

q 〉 = (nq + 1)δql.In the MWC scheme, the distribution component can provide an adequate explanation of the quantum transition processes.We can rearrange the distribution parts of the first term of Ξ(R)
kl (ωl)as,

(fα+1 − fα )[N∓q ± (1− fβ)] = (N∓q ± 1)fα+1(1− fβ)−N∓q fβ(1− fα+1)− (N∓q ± 1)fα (1− fβ) + (N∓q )fβ(1− fα ).
The above equation indicates the quantum transition between the α + 1 state and the α state through the intermediate
β state. The other terms also indicate similar processes. In the previous work [12], the intermediate state of quantumtransition processes do not appear, since the form of the distribution function component is (fα+1 − fα )N∓q . The last twoterms of Ξ(R)

kl (ωl) can be neglected in a real system as those terms, which contain the Fermion distribution only and notthe boson distribution, have far smaller values than the other terms. For numerical analysis, we convert the above matrixelements to integrating elements with continuous approximation.
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Appendix C: The continuous approximation and the integrand of the scattering
factor function
In the continuous approximation of electron-phonon interacting system, as an example, we replace the summation withintegration as

∑
q

∑
α
→(2π)−2mtω02π2h̄

∞∑
N=0

∫ ∞
−∞

dkzα
∫ ∞
−∞

dqz
∫ ∞

0 q⊥dq⊥ = mtω08π4h̄
∞∑
N=0

∫ ∞
−∞

dkzα
∫ ∞
−∞

dqz
∫ ∞

0 q⊥dq⊥,

and ∑
α

Tr{ρ(He)a+
α aα}= mtω02π2h̄

∞∑
N=0

∫ ∞
−∞

fαdkzα .

In the case of an electron-phonon interacting system, in order to expand the propagator we use Kubo’s approximationfor phonon energy as, h̄ωq ≈ h̄vsq = h̄vs
√
q2
⊥ + q2

z , where q2
⊥ ≡ q2

x + q2
y. Then the propagator can be

G∓α,β ≡
1

h̄ω+ iη− (εα − εβ)∓ h̄vs√q2
⊥ + q2

z
.

Utilizing the relations,
lim
b→0(1/(x − ib)) = p(1/x) + iπδ(x) and δ |f(x)| =∑

i
δ(x − xi)/|f ′ (x)|x=xi ,

we obtain the delta function expansion of the propagator as

G∓β,αδ⇀k β◦⇀k α±⇀qZ
= δ(q⊥ − q∓βα⊥1 )√(q∓βα⊥1 )2 + q2

z

|h̄vsq∓βα⊥1 | +δ(q⊥ − q∓βα⊥2 )√(q∓βα⊥2 )2 + q2
z

|h̄vsq∓βα⊥2 |
 δ⇀

k β ,
⇀
k α±

⇀q z
, (C1)

here the vertical components q∓κλ⊥n (n = 1, 2) of phonon wave vectors are
q∓βα⊥1 =√{(± 1

υs
)[ω− (nβ − nα )ω0 − h̄2m∗ (±2kzαqz + q2

z)]} − q2
z

q∓βα⊥2 = −√{(± 1
υs

)[ω− (nβ − nα )ω0 − h̄2m∗ (±2kzαqz + q2
z)]} − q2

z ,

The other propagator terms can be expanded by a similar procedure. The integration of the delta function expansionof the propagator represents energy conservation and gives a simplified calculation result for numerical analysis. Incontinuous approximation, the interaction matrix part in SQWP system are as below,
[CNα ,Nβ (q)CNβ ,Nα (q)]∓ ≡ |Vq|2 K α,β

β,α (t)|Fα,β(q)|2δkβz ,kαz±qz , [CNβ ,Nα (q)CNα ,Nβ (q)]∓ ≡ |Vq|2 K β,α
α,β (t)|Fβ,α (q)|2δkβz ,kαz∓qz ,

and, if Nα < Nβ and Nκ < Nλ , the K-matrix is
K α,β
χ,λ (t) ≡√Nα !/Nβ!√Nχ !/Nλ!(√t)(Nβ−Nα )(√t)(Nλ−Nχ ) exp(−t)LNβ−NαNα (t)LNλ−NχNχ (t),
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where the Legandre function is Lmn (t) = (n!)−1 exp(t)t−m(dn/dtn)[tn+m exp(−t)], and here t ≡ (r20 (q∓κλ⊥n )2)/2. The matrixelement of the confinement potential is
|Fβ,α (q)|2 ≡ ∣∣∣∣∫ ∞

−∞Φ̃(cfn)
β (z) exp(iqzz)Φ̃(cfn)

α (z)dqz∣∣∣∣2 = π
Lz

(2 + δNα ,Nβ ).
The scattering factor functions of right (or left) linear polarization term, Ξ(R)

kl (ωl) is complex as, Ξ(R)
kl (ωl) = i∆(R)

total +
γ(R)
total (ωc). In most case, the imaginary component of the scattering factor, ∆(R)

total ≡ =mΞ(R)
kl (ωl) are neglected in a realsystem as a small vale term. We represent the final result in compact form based on the systematic structure of thecalculating procedure. Then, through continuous approximation, we obtain the final derivation of the integrand of thescattering factor of Eq. (14) is

Y (R)∓
α,β ≡ A∓β,α+1 (α,ββ,α) (Nα + 1) (fα+1 − fα )− B∓β,α+1 (α,ββ+1,α+1

)√(Nα + 1) (Nβ + 1) (f±β+1 − f±β )
−C∓α,β+1 (β,αα+1,β+1

)√(Nα + 1) (Nβ + 1) (f∓β+1 − f∓β )+D∓α,β
(
β,α+1
α+1,β

) (Nα + 1) (fα+1 − fα )
here terms of electron-phonon interacting parts are

A∓β,α (κ,ηµ,ν) ≡ {S̃∓β,α (κ,ηµ,ν)(qz , q∓βα⊥1 ) [Ñ±q (qz , q∓βα⊥1 )± (1− f±β )] +S̃∓β,α (κ,ηµ,ν)(qz , q∓βα⊥2 ) [Ñ±q (qz , q∓βα⊥2 )± (1− f±β )]}
B∓β,α (κ,ηµ,ν) ≡ {S̃∓β,α (κ,ηµ,ν)(qz , q∓βα⊥1 ) [Ñ±q (qz , q∓βα⊥1 )∓ fα+1] + S̃∓β,α (κ,ηµ,ν)(qz , q∓βα⊥2 ) [Ñ±q (qz , q∓βα⊥2 )∓ fα+1] }

C∓α,β(κ,ηµ,ν) ≡ {S̃∓β,α (κ,ηµ,ν)(qz , q∓αβ⊥3 ) [Ñ±q (qz , q∓αβ⊥3 )± (1− f∓β+1)] +S̃∓β,α (κ,ηµ,ν)(qz , q∓αβ⊥4 ) [Ñ±q (qz , q∓αβ⊥4 )± (1− f∓β+1)]}
D∓α,β(κ,ηµ,ν) ≡ {S̃∓β,α (κ,ηµ,ν)(qz , q∓αβ⊥3 ) [Ñ±q (qz , q∓αβ⊥3 )∓ f∓β ] +S̃∓β,α (κ,ηµ,ν)(qz , q∓αβ⊥4 ) [Ñ±q (qz , q∓αβ⊥4 )∓ f∓β ]}

with the interacting matrix, S̃-matrix
S̃∓β,α (κ,ηµ,ν)(qz , q∓βα⊥n ) ≡ V (qz , q∓βα⊥n )2

√(q∓βα⊥n )2 + q2
z

|h̄vsq⊥n|
K κ,η
µ,ν ( r202 (q∓βα⊥n )2)

here the vertical components of phonon wave vectors q∓κλ⊥n (n = 1, 2, 3, 4) are
q∓βα⊥n ≡ +√( ±h̄vs

)2 {
Ẽ (el)
βα − Ẽ

(cfp)
βα − Ẽ

(kε)1
}2
− q̃2

sys ≡ −q
∓βα
⊥2 ,

q∓βα⊥n ≡ +√( ±h̄vs
)2 {

Ẽ (el)
αβ − Ẽ

(cfp)
αβ + Ẽ (kε)3

}2
− q̃2

sys ≡ −q
∓βα
⊥4 ,

where Ẽ (el)
βα ≡ h̄ω− (Nβ −Nα )h̄ω0 , Ẽ (cfp)

βα ≡
[(Nβ + 1)2 − (Nα + 1)2] h̄w̃0

Ẽ (kε)1 ≡ h̄22m∗ (±2kzαqz + q2
z), Ẽ (kε)3 ≡ h̄22m∗ (∓2kzαqz + q2

z), q̃sys ≡ q2
y + q2

z ,

w̃0 ≡ ε̃(sys)0 /h̄ ≡ h̄π22m∗L2
z(sys) .
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The electron-deformation potential phonon interaction parameter with the vertical components of phonon wave vectors
q∓κλ⊥n (n = 1, 2, 3, 4) is

V (qz , q∓κλ⊥n )2 = K̄ 2h̄υse22χε0qV
√
q2
z + (q∓κλ⊥n )2.

The Fermi-Dirac distribution functions are fα = [eε±β /kβT + 1]−1 , where eigenvalues are Eq. (5) and εα ≡ εNα ,nα ,kyα,kzα +(εc − εF ), ε±β ≡ [εNα ,nα ,kyα,kzα + (εc − εF )] ∆̃(krβ), here ∆̃(krβ) ≡ ∆(kyβ , kyα ± qy), and εc − εF (T ) = 0.5[εg(T )− κT /(T +
ξ)− (3/4)KBT ln(m̄/m∗)], and εc is the conduction band minimum energy, εF (T ) is the Fermi energy, εg(T ) is the bandgap energy at T , κ and ξ are characteristic constants of the material, m∗ is the effective mass of electron and m̄is the density of states effective mass of hole. The phonon distribution components are Ñ−q ≡ 〈b+

qbl〉 = nqδql and
Ñ+
q ≡ 〈blb+

q 〉 = (nq + 1)δql, where the Bose-Einstein distribution function is nq = {[eε(q,T ) − 1]−1}, and the phononenergy is
ε(q, T ) = { h̄ωqKBT

} = { h̄vs
KBT

√(q∓κλ⊥n )2 + q2
z

}
.

The result of this work is more rigorous calculation than that conducted previously [1–27] and can be applied directly tonumerical analysis through double wave vector integration. The result of this work contains quite different forms of thedistribution function compared with other theories [1–31].
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