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1. Introduction

Hydrodynamics is well established as an effective ap-proach to flow phenomena. Here we shall present itsnonextensive relativistic version from the point of view ofhigh energy collision physics [1–14]. The characteristicfeature of such a processes is the production of a largenumber of secondaries (multiplicities at present approach
∼ 103). Already in 1953, when there were only ∼ 10particles produced and registered, mostly in cosmic raysexperiments, it was found [1–3] that such processes can
∗E-mail: osada@ph.ns.musashi-tech.ac.jp
†E-mail: wilk@fuw.edu.pl (Corresponding author)

be very effectively described by using a thermodynamicapproach in conjunction with hydrodynamical flow. In thisso called Landau Hydrodynamic Model, the secondarieswere considered to be a product of the decay of somekind of hadronic fluid, produced in such collisions, whichwas expanding before hadronization [1–3]. This model hasrecently been updated to describe recent experimentaldata [4, 5]. Since then there have been a number ofsuccessful attempts to develop new solutions for both theLandau model [6] and for the so called Hwa-Bjorken ver-sion of the hydrodynamical model [7, 8], for which a newclass of solutions has been found [9, 10]. Hydrodynamicmodels of different types have therefore been frequentlyused in the phenomenological description of multiparticleproduction processes at high energies, especially for highenergy nuclear collisions [11–14]. These are of special
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interest to us (being currently investigated at RHIC atBrookhaven, with the newly commissioned LHC at CERNjoining soon) because it is widely believed that in suchcollisions a new form of hadronic matter, the so called
Quark-Gluon-Plasma (QGP), will be produced [15–18].

So far all hydrodynamic models in this field have beenbased on the usual Boltzmann-Gibbs (BG) form ofstatistical mechanics. The only works discussing somegeneral features of the nonextensive hydrodynamics,which we are aware of [19–21], use a nonrelativistic ap-proach and are therefore not suitable for the applicationswe are interested in. On the other hand it is knownthat an approach based on non-extensive statisticalmechanics (used mainly in the form proposed by Tsallis[22–28] with only one new parameter, the nonextensivityparameter q) describes different sets of data in a betterway than the usual statistical models based on BGstatistics, cf., [22–28] for general examples and [29–47]for applications to multi-particle production processes.Roughly speaking, all observed effects amount to abroadening of the respective spectra of the observedsecondaries (both in transverse momentum space andin rapidity space), they take the form of q-exponentsinstead of the naively expected usual exponents:exp(−X/T ) =⇒ expq(−X/T ) = [1 − (1 − q)X/T ]1/(1−q).From these studies emerged a commonly acceptedinterpretation of the nonextensivity parameter q (in fact,
|q − 1|), as the measure of some intrinsic fluctuationscharacteristic of the hadronizing systems under consid-eration [29–31]. For q > 1, in transverse momentumspace, q could represent fluctuation of the temperature,
T , corresponding to some specific heat parameter C .In this case q − 1 = C and therefore it should beinversely proportional to the volume of the interactionregion. This effect is indeed observed [46, 47]. Inrapidity space these are fluctuations of the so called
partition temperature, Tpt = E/〈n〉 [42–45], which areprecisely the same fluctuations that lead to the NegativeBinomial form of the observed multiplicity distributions,
P(n; 〈n〉; k), with its characteristic parameter k given by
k = 1/(q − 1) [42–45, 48]. In the case of q < 1, theinterpretation is not at present clear [31]. It seems thatthe first role of the parameter q is to restrict the allowedphase space [49]. Actually, the conjecture associating
q with fluctuations has already been formalized as anew branch of statistical mechanics called superstatistics[50, 51]. It should be noted that there are also argumentsconnecting nonextensivity with some special dynamicalcorrelations existing in the system under consideration[52, 53], but their connection with fluctuations is not yet

fully clear (cf., [48])1.
The physical picture emerging from the above experienceis that, instead of a strict local thermal equilibriumcustomarily assumed in all applications of statisticalmodels (including hydrodynamic), one rather encounters
a kind of stationary state, which already includes some
interactions. It can be introduced in different ways.For example, in [54] it was a random distortion of theenergy and momentum conservation caused by thesurrounding system. This results in the emergence ofsome nonextensive equilibrium. In [55–59] the two-bodyenergy composition is replaced by some generalizedenergy sum h(E1, E2), which is assumed to be associativebut which is not necessarily simple addition and containscontributions stemming from pair interaction (in thesimplest case). It turns out that, under quite generalassumptions about the function h, the division of thetotal energy among free particles can be done. Differentforms of the function h then lead to different forms of theentropy formula, among which one encounters the knownTsallis entropy. The origin of this kind of thinking canbe traced back to the analysis of the q-Hagedorn modelproposed some time ago in [60].
All phenomenological applications of hydrodynamicmodels to the recent multiparticle production processesshow that, although perfect (nonviscous) hydrodynamicssuccessfully describes most RHIC data [6, 61], there areindications that a hadronic fluid cannot be totally ideal.For example, the perfect fluid dynamical calculations withcolor glass condensate initial states could not reproducethe elliptic flow data [63], indicating a necessity to usesome kind of viscous fluid description. A nonrelativisticviscous fluid is usually described by the first order
1 One should keep in mind, however, that there are du-
alities in the non-extensive approach, i.e., that both q
and 1/q can be used as the nonextensivity parameter de-
pending on the normalization of original or q-powered
probabilities. Also, when considering the particle-hole
symmetry in the q-Fermi distribution, f(−E, T , µ, q) =1 − f(E, T ,−µ, 2 − q), in a plasma containing both par-
ticles and antiparticles both q and 2 − q occur (µ de-
notes the chemical potential here). These dual possibili-
ties warn us that a theory requiring that only q > 1 has
physical meaning is still incomplete [22–28]. These points
deserve further considerations which are, however, going
outside the scope of this paper. On the other hand, in the
present paper we are not considering plasmas containing
both particles and antiparticles but only massive pions
which are assumed to obey the q-Boltzmann distribution.
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Navier-Stokes equations. However, one needs theirspecial relativistic generalization and this turns outto be acausal and unstable [64, 65] (see also [66–71]).One therefore looks towards the extended, second ordertheories accepting all problems connected with their for-mulation and practical applications [72–87]. Physically,the difference is that first order theories are based onthe local equilibrium hypothesis, in which independentvariables are used, whereas in higher order theoriesonly the fluxes of the local equilibrium theory appear asindependent variables. In particular, the entropy vectoris quadratic in the fluxes, containing terms characterizingthe deviation from local equilibrium. This situation,plus our experience with the nonextensive formalism,[29–37, 42–48] prompted us to investigate the simplenonextensive formulation of the perfect hydrodynamicmodel, a perfect q-hydrodynamics [88–90]. It turned outthat this describes the experimental data fairly well. Inaddition, an apparently unexpected feature appeared,namely the possibility that (relatively simple and firstorder) perfect q-hydrodynamics can serve as a model of(second order and complicated in practical use) viscous
d-hydrodynamics. This is the point we would like todiscuss in more detail in this work.

In the next Section we shall, for completeness, present themain points of q-hydrodynamics [88–90]. In Section 3 wepropose a nonextensive/dissipative conjecture (NexDC),which allows us to connect ideal q-hydrodynamics with a
d-hydrodynamics. Consequences of NexDC are discussedin Section 4 (entropy production) and in Section 5 (trans-port coefficients). Section 6 contains the summary

2. Basic elements of
q−hydrodynamics

As in [88–90], we shall limit ourselves to a 1 + 1 dimen-sional baryon-free version of hydrodynamic flow. This isderived following Lavagno [91], in which a nonextensiveversion of the Boltzmann equation has been proposed andinvestigated. Because no external currents are assumed,this corresponds to a kind of perfect q-fluid. There aretwo important points in [91]: (i) the Boltzmann equationis formulated for the fqq (x, p) distribution rather than forthe usual fq(x, p); (ii) the usual molecular chaos hypoth-

esis is now assumed in nonextensive form:
hq[fq, fq1] = expq [lnq fq + lnq fq1] ,whereexpq(X ) = [1 + (1− q)X ] 11−q ,
lnq(X ) = X (1−q) − 11− q .

(1)

Here fq(x, p) is the q-version of the phase space distri-bution function, whereas hq[fq, fq1] is the q-version of thecorrelation function related to the presence of two par-ticles in the same space-time position x but with differ-ent four-momenta p and p1, respectively. By postulat-ing Eq. (1) we are, in fact, assuming that, instead of astrict (local) equilibrium, a kind of stationary state is be-
ing formed, which already includes some interactions andwhich is summarily characterized by a parameter q; verymuch in the spirit of [54–60] mentioned before. With thisassumption we are already departing from the picture ofthe usual ideal fluid with its local thermal equilibrium,which is the prerogative of ideal hydrodynamics [64, 65].The consequences of this fact will be discussed below.The most important ingredient for further discussion isnow the corresponding nonextensive entropy (q-entropy)current [88–91]:

σµq (x) = −kB
∫ d3p(2π~)3 pµp0

{
fqq lnq fq − fq}. (2)

It turns out that ∂µσµq ≥ 0 at any space-time point, i.e.,the relativistic local H-theorem is valid in this case [88–92] 2. Assuming ∂µσµq ≡ 0 one finds that (kB is Boltzmannconstant):
fq(x, p) = [1− (1− q)pµuµq(x)kBTq(x)

]1/(1−q)

≡ expq [−pµuµq(x)kBTq(x)
]
, (3)

where Tq(x) is the q-temperature [88–90] and uµq(x) is the
q-hydrodynamic flow four-vector. Actually, one should be
2 Actually, this form of q-entropy current differs slightly
from that in [91]. The reason is that only with such form
we can, at the same time, both satisfy the H-theorem and
reproduce thermodynamical relations resulting in our q-
enthalpy, cf. Eq. (14), ((cf. also Eqs. (17a) and (17b) in
[88–90]), which are crucial in all further derivations and
which were not addressed in [91]).
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aware of the fact that there is still an ongoing discussionon the meaning of temperature in nonextensive systems.However, the small values of the parameter q−1 deducedfrom data allow us to argue that, in the first approximation,
Tq can be regarded as the hadronizing temperature insuch a system (cf., [93] for a thorough discussion of thetemperature of nonextensive systems). Finally, we get the
q-version of the local energy-momentum conservation [91],

∂νT µνq (x) = 0,
with T µνq (x) ≡ 1(2π~)3

∫ d3p
p0 pµpνfqq (x, p),

and fq(x, p) ≡ expq [−pµuµq(x)kBTq(x)
]
.

(4)

In what follows we shall use covariant derivative notationin which the vector uµ and tensor gµν are defined as
uν;µ = ∂µuν + Γνλµuλ and
gµν;µ = ∂µgµν + Γµσµgσν + Γνσµgµσ (5)

by means of the Christoffel symbols,
Γνλµ ≡ 12gνσ (∂µgσλ + ∂λgσµ − ∂σgλµ).

In this notation Eq. (4) reads:
T µνq;µ = [(εq + Pq)uµquνq − Pqgµν];µ= [εq(Tq)uµquνq − Pq(Tq)∆µν

q

]
;µ = 0, (6)

where ∆µν
q ≡ gµν − uµquνq. Here it was assumed thatthe q-modified energy-momentum tensor T µνq can bedecomposed in the usual way in terms of the q-modifiedenergy density and pressure, εq ≡ uqµT µνq uqν and

Pq ≡ − 13T µνq ∆qµν , by using the q-modified flow uµq (suchthat in the rest frame of the fluid uµq = (1, 0, 0, 0) andfor q → 1 it becomes the usual hydrodynamic flow uµ).Notice that Eq. (6) is formally identical to the perfecthydrodynamic equation but with all the usual ingredientsreplaced by their q-counterparts (perfect means here thatthere is nothing on the r.h.s. of Eq. (6)). In this sense wecan speak about the perfect q-fluid mentioned before.
Some remarks are in order before proceeding further.

• When applied to multiparticle production processes,each hydrodynamic model is supplemented withthree ingredients which must be considered to-gether with Eq. (6) (or its equivalent): (i) - ini-tial conditions (IC) setting the initial energy den-sity which is going to evolve hydrodynamically; (ii)

- equation of state (EoS) reflecting the internaldynamics of the fluid considered and (iii) freeze-out conditions describing transformation of the ex-panded fluid into observed hadrons. The problemis that all of them can, in principle, enter with theirown intrinsic fluctuation pattern, i.e., with their ownparameters q. In [88–90] where we provided prelim-inary comparison with experimental data, we haveassumed, for simplicity, the same value of parame-ter q throughout the whole collision. It is still tobe checked how good this assumption is. However,in our present discussion this point is unimportant.
• Whereas in the usual perfect hydrodynamics (basedon the BG statistics) entropy is conserved in thehydrodynamic evolution, both locally and globally,in the nonextensive approach it is only conservedlocally. The total entropy of the whole expandingsystem is not conserved, because for any two vol-umes of the fluid, V1,2, one finds that S(V1)

q +S(V2)
q 6=

S(V1⊕V2)
q (where S(V )

q are the corresponding total en-tropies). This should be always remembered (albeit,strictly speaking, the hydrodynamic model requiresonly local, not global, entropy conservation). Asa consequence of this fact, as we shall see below,contrary to the situation in usual perfect hydrody-namics, in the perfect q-hydrodynamics the entropyis produced (but not q-entropy).
• To guarantee that hydrodynamics makes sense,there should exist some spacial scale L such thatthe volume L3 contains enough particles. However,in the case when there are fluctuations and/or cor-relations characterized by some typical correlationlength l for which we expect that l > L, one hasto use nonextensive entropy S(L3)

q and its (locallydefined) density, sq(x) = S(L3)
q /L3. When formulat-ing the corresponding q-hydrodynamics one takesthe limit L → 0, in which case the explicit depen-dence on the scale L vanishes, whereas the cor-relation length l leaves its imprint as a parameter

q. In this sense, perfect q-hydrodynamics can beconsidered as preserving causality and nonexten-sivity; q is then related with the correlation length
l (one can argue that, very roughly, q ∼ l/Leff ≥ 1,where Leff is some effective spacial scale of the q-hydrodynamics). If the correlation length l is com-patible with the scale Leff , i.e., l ≈ Leff , one recoversthe condition of the usual local thermal equilibriumand in this case the q-hydrodynamics reduces tothe usual (BG) hydrodynamics. The above consid-erations were limited to the case of q > 1 only, forwhich, as was said before, the clear correspondence
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with fluctuations was found. In what concerns thecase of q < 1, it seems that following [49], where
q < 1 was found as a main factor closing the al-lowed phase space, we can at the moment only pro-pose that it could probably correspond to the casewhere, for some reason, the scale L cannot vanishbut must stop at some value l < L. In this case,analogously to what was said above, one could ex-pect that, again, q ∼ l/Leff , which this time wouldbe smaller than unity. We shall not discuss thispossibility further in this work.

3. Nonextensive/dissipative conjec-
ture (NexDC)
As seen in Eq. (6), the structure of the perfect q-hydrodynamical flow is formally identical with the flowof ideal fluid described by the usual ideal hydrodynamics.We therefore regard the fluid described by Eq. (6) as a
perfect q-fluid (in the sense already mentioned before).Our experience with applications of q statistics [32–41]tells us that the cases of interest to us are |q−1| << 1. Itis therefore tempting to simply expand the correspondingquantities in powers of |q−1| and to only keep the linearterm [60]. The result one gets looks promising, namely
T µνq ≡ T

µν
q=1 + (q− 1)τµνq , where

T µνq=1 ≡ g(2π)3
∫ d3p

p0 pµpν exp(−p · uT )
, and

τµνq ≡
12 g(2π)3

∫ d3p
p0 pµpν

(p · u
T

)2 exp(−p · uT )
,

(7)

with Tq=1 being the usual energy-momentum tensor de-scribing an ideal fluid in the BG approach and τµνq repre-senting a viscous correction caused by the nonextensivity.However, in order for Eq. (7) to be valid in the whole phasespace, the |1 − q| ( p·uT )2 < 2 inequality must hold. Thismeans that either such a procedure can be applied onlyto a limited domain of phase space, or that q = q(x, p), apossibility which is outside the scope of the present work.We must therefore proceed in a more general way. Letus formally decompose εq, Pq and uµq in Eq. (6) into the,respectively, extensive and nonextensive parts:
εq(Tq) ≡ ε(Tq) + ∆εq(Tq),
Pq(Tq) ≡ P(Tq) + ∆Pq(Tq),
uµq(x) ≡ uµ(x) + δuµq(x). (8)

Actually this can be only done approximately because ourextensive ε and P still depend on Tq, rather than on T .

We tacitly assume that Tq is not too far from T (so far theyare independent parameters but later on we shall imposea condition on them, see Eq. (12) below). In Eq. (8) thefour-velocity uµ(x) is formally a solution of the equationto which Eq. (6) is transformed by using Eq. (8):
[
ε̃(Tq)uµuν − P̃(Tq)∆µν + 2W (µuν) + πµν

]
;µ = 0. (9)

One can see that it has form of a dissipative hydro-dynamic equation [72–87] (here ∆µν ≡ gµν − uµuν and
A(µBν) def≡ 12 (AµBν +AνBµ)) where ε̃ is the energy density,
P̃ is the pressure, W µ denotes the energy or heat flowvector, whereas πµν is the shear (symmetric and traceless)pressure tensor. They are defined as (using the angularbracket notation:
a<µbν> def≡

[ 12 (∆µ
λ∆ν

σ + ∆µ
σ∆ν

λ )− 13∆µν∆λσ
]
aλbσ ):

ε̃ = εq + 3Π, P̃ = Pq + Π, W µ = wq[1 + γ]∆µ
λδuλq,

πµν = W µW ν

wq[1 + γ]2 + Π∆µν = wq δu<µq δuν>q , (10)
and expressed in terms of Π (being a kind of a q-dependent bulk pressure), q-enthalpy wq and a q-dependent variable γ,

Π ≡ 13wq[γ2 + 2γ], wq ≡ εq + Pq,

γ ≡ uµδuµq = −12δuqµδuµq. (11)
Notice that when q → 1, the difference between the qand ideal hydrodynamic flows vanishes, δuµq → 0, andwith it also γ → 0. This means that all dissipative fluxesof d-hydrodynamics (9) which are induced by the q-flow,like W µ , πµν and Π, vanish in this limit and one recoversthe equations of the usual perfect hydrodynamics. Thevariable γ is easier to handle and to calculate than thedifferences in flows (see Eq. (17) below for its explicitform). Notice that, whereas the time evolution of Π iscontrolled by q-hydrodynamics (via the respective timedependencies of εq, Pq and γ), its form is determinedby the assumed constraints which must ensure thatthe local entropy production is never negative (as isalways assumed in the standard 2nd order theory [73–79] ).
Now comes the crucial point. To finally link the usual
q-hydrodynamics and its d counterpart, one has to fixsomehow the temperature Tq and the flow velocity field
uq. This is done by assuming that there exists such a
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temperature T and velocity difference δuµq that the fol-lowing two relations are satisfied:
P(T ) = Pq(Tq), ε(T ) = εq(Tq) + 3Π. (12)

We call them the nonextensive/dissipative relations,NexDC in short. Here ε and P are the energy densityand pressure as defined in the usual BG statistics, i.e.,for q = 1. Eq. (12) provides a definite relation between
Tq and T , therefore, in what follows, we shall mainly use
T for a description of dissipative effects (except of someexpressions when it is easier to keep both T and Tq, butalways with the understanding that, because of Eq. (12)they are not independent). It is now straightforward toshow [88–90] that in this case one can transform Eq. (9)into the equation of the usual d-hydrodynamics:
{ε(T )uµuν − [P(T ) + Π] ∆µν

+ 2W (µuν) + πµν
};µ = 0. (13)

This completes a demonstration of equivalence of theperfect q-hydrodynamics represented by Eq. (6) and its
d-hydrodynamical counterpart represented by Eq. (13).It means therefore that the perfect q-fluid is nothingbut a viscous fluid which satisfies the d-hydrodynamicequation Eq. (13).
With the bulk pressure Π given by Eq. (11) and usingthe NexDC relations (12) one can express the q-enthalpy
wq by the usual enthalpy, w ≡ Ts = ε + P, and the
q-dependent variable γ:
wq = εq(Tq) + Pq(Tq) = ε(T ) + P(T )[1 + γ]2 = w[1 + γ]2 . (14)

Notice that Eq. (12) leads to the following important rela-tions between the heat flow vectorW µ , the pressure tensor
πµν and the bulk pressure Π:

W µWµ = −3Πw, πµνWν = −2ΠW µ,
πµνπµν = 6Π2. (15)

As mentioned before, we expect that in all cases of interestto us |q−1| << 1. This means then that we can regard thestate characterized by fq(x, p) from Eq. (3) as some sta-tionary state existing near equilibrium. This near equi-
librium state is then defined by the correlation function
hq in Eq. (1), for which the energy momentum tensor can

be divided into two parts: the energy-momentum tensor ofthe usual ideal fluid, T µνq=1 = T µνeq , and the q-dependent re-maining δT µν (the meaning of all components is the sameas in Eqs. (10) and (11) and δT µν → 0 when q→ 1):
T µνq ≡ (εq + Pq)uµquνq − Pqgµν def≡ T µνeq + δT µν ,where
δT µν = −Π∆µν + 2W (µuν) + πµν .

(16)
Using now Eq. (12) we get from Eq. (14) that

γ = √1 + δεq − 1, where
δεq ≡

ε(T ) − εq(Tq)
εq(Tq) + Pq(Tq) . (17)

This relation allows us to connect the velocity field uq(which is solution of the q-hydrodynamics given by Eq. (6))with the velocity field u (which is solution of the dissipa-tive hydrodynamics given by Eq. (13)). To make it moretransparent, let us parameterize these velocity fields byusing the respective fluid rapidities αq and α (the metricused is gµν = (1,−1/τ2)):
uµq(x) = [cosh (αq − η

)
, 1
τ sinh (αq − η

)]
,

uµ(x) = [cosh (α − η) , 1
τ sinh (α − η)] . (18)

Because γ = uµδuµq = cosh(αq − α) − 1 the connectionbetween u and uq is given by
cosh(αq − α) =√1 + δεq=⇒ α = αq − log(εq +√1 + δεq

) (19)
(we abandon the other solution, α = αq +log (εq +√1 + δεq

), because it leads to the reduction ofentropy, not to its production, i.e., for it [suµ ];µ < 0, for
q > 1).
4. Entropy production in
q−hydrodynamics
One of the important implications of the NexDC conjectureis that in the ideal q-hydrodynamics one observes entropyproduction. Taking the covariant derivative of Eq. (16) andmultiplying it by uν one gets
uνT µνq;µ = T [suµ ];µ + uνδT µν;µ = 0=⇒ [suµ ];µ = −uνT δT µν;µ . (20)
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Figure 1. Illustration of different aspects of the entropy produc-
tion, [suµ ];µ > 0. Two upper panels show production
of entropy taking place in different parts of the longitu-
dinal phase space characterized by the rapidity variable,
y = (1/2) ln[(t + z)/(t − z)], observed at different evolution
moments τ. First panel shows results for the initial con-
ditions given by fixed maximal initial energy density ε(in),
second panel shows results for fixed width of the initial en-
ergy distribution (assumed in gaussian form) σ - see text
for other details (cf., also [88–90]). Lower panel shows
how entropy is produced in the central region (for y = 0,
first type of initial conditions were used here) for differ-
ent values of the parameter q and for different evolution
moments τ. This entropy production results in the cor-
responding growth with q of the multiplicity of produced
secondaries, N = 11 · (7 + 10q) (cf., Fig. 8 in [88–90]).

This means that, although in the ideal q-hydrodynamicsthe q-entropy is conserved, i.e., [squµq];µ = 0, the usualentropy is produced; the ideal q-fluid is therefore a kindof usual viscous fluid.This is illustrated in Fig. 1 where the expected en-tropy production, as given by Eq. (20), is shown. Allcurves presented in Fig. 1 were calculated using the q-hydrodynamical evolution described in [88–90] for q =1.08 with the q-dependent initial conditions (q-IC). Theywere given assuming a q-gaussian shape (in rapidity) ofthe initial energy density out of which the hydrodynamicevolution started. Two types of (q-IC) were considered: inthe first the maximal initial energy density was fixed as

ε(in) = 22.3 GeV/fm3 (forcing the width of the q-gaussianto be equal to σ = 1.28), in the second the width of the
q-gaussian was fixed as σ = 1.25 (forcing the initial en-ergy density to be equal to ε(in) = 27.8 GeV/fm3). Becauseboth (q-IC) give reasonable fits to experimental data, theyintroduce only very small differences in the entropy pro-duction, cf., the left part of Fig. 1. These (q-IC) were ac-companied by the q-dependent equation of state (q-EoS)for the relativistic pion gas. Finally, the usual Cooper-Frye prescription of the freeze-out (but with the corre-sponding distribution being the q-exponent rather thanthe usual one [88–90]) was used. All calculations wereperformed for Au + Au collisions at √sNN = 200 GeV)(see [88–90] where it was shown that q-hydrodynamicswith such q and with the respective q-IC and q-EoS re-produces dN/dy and pT distributions observed in RHICexperiment for Au+Au collisions at √sNN = 200 GeV en-ergy). Notice that suµ;µ > 0 for large η region at any τ(but especially for the early stage of the hydrodynami-cal evolution). It supports therefore a dissipative charac-ter of the q-hydrodynamics mentioned before and leadsus to the conclusion that the equilibrium state generatedin heavy-ion collisions may, in fact, be the q-equilibriumstate, i.e., some stationary state near the usual equilib-rium state already containing some dissipative phenom-ena. Notice that the total multiplicity, which is usuallytreated as a measure of entropy, increases with q as ex-pected, namely N = 11 · (7 + 10q).
5. Transport coefficients of
q−hydrodynamics
The other implication of the NexDC conjecture is thatthere are some transport phenomena in an ideal q-fluid.We shall now identify the corresponding transport coef-ficients and compare them with the similar coefficientsin the usual viscous d-hydrodynamics. Out of a numberof different formulations of d-hydrodynamics [66–87] weshall choose the 2nd order theory of dissipative fluidspresented in [73–79]. It does not violate causality (atleast not the global one over a distant scale given by therelaxation time) and it contains some dissipative fluxeslike heat conductivity and bulk and shear viscosities. Weshall now see to what extent dissipative fluxes, resultingfrom our q-hydrodynamics, can be identified with theheat conductivity and with the bulk and shear viscositiesintroduced in [73–79], and what are the resulting transportcoefficients.
Let us start with the most general form of the off-equilibrium four-entropy current σµ , which in our baryon-
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free scenario takes the following form [73–79]:
σµ = P(T )βµ + βνT µν + Qµ(δT µν),
with βµ ≡ uµ

T ,
(21)

where δT µν is defined in Eq. (16). The function Qµ =
Qµ (δT µν) characterizes the off-equilibrium state, whichin our case is induced by the nonextensive effects andtherefore depends on q, Q → 0 when q → 1. Using theNexDC conjecture, Eqs. (12), and Eq. (14) our q-entropycurrent is

σµq (≡ sµq) = suµ + W µ

T + Qµ
q,

where Qµ
q = Qµ

χ ≡ χ
{
suµ + W µ

T

}
.

(22)
Our near equilibrium state is thus characterizes by thefunction Qµ

χ in which
χ ≡ T

Tq

√1 − 3Π
w − 1 = 11 + γ ·

T
Tq
− 1 (23)

(temperatures T and Tq are not independent but con-nected, as was stated before, by the NexDC conjecture(12)). We stress that it is given by the dissipative part ofour q-system, the one that leads to the increase of theusual entropy, cf. Fig. 1 (the q-entropy, as was discussedbefore, remains, however, strictly conserved, σµq;µ = 0).
The most general algebraic form of Qµ for d-hydrodynamicthat includes dissipative fluxes up to second order is [76–79]:
Qµ2nd = [

−β0Π2 + β1WνW ν − β2πνλπνλ]2T uµ

− α0ΠW µ

T + α1πµνWν

T , (24)
where βi=0,1,2 are the corresponding thermodynamic co-efficients for the, respectively, scalar, vector and tensordissipative contributions to the entropy current, whereas
αi=0,1 are the corresponding viscous/heat coupling coeffi-cients. The corresponding expression calculated using theNexDC conjecture is:

Qµ
q = Qµ2nd =Γ2ndsuµ + Υ1stW µ

T ,

where Γ2nd ≡ −3β12 Π− (β0 + 6β2)2w Π2,
and Υ1st ≡ −(α0 + 2α1)Π.

(25)

This is given by the second order polynomial in the bulkpressure Π. Therefore, it is natural to expect (and this willbe our assumption) that the most general entropy currentin the NexDC approach is:
Qµfull = Γ(Π)suµ + Υ(Π)W µ

T= (χ + ξ)suµ + (χ − ξ)W µ

T , (26)
where χ ≡ (Γ + Υ)/2 and ξ ≡ (Γ− Υ)/2(27)

and where Γ,Υ are (in general infinite) series in powers ofthe bulk pressure Π. In this sense Qµfull can be regarded asthe full order dissipative current in q-hydrodynamics. Ingeneral one has entropy production/reduction, i.e., σµ;µ 6= 0,however, in the case when Γ(Π) = Υ(Π) = χ one has
σµχ ;µ = 0. Out of the two possible solutions for (Γ,Υ) onlyone is acceptable,

Γ = 2 TTq
(√1− 3Π

w − 1) = − 2γ1 + γ
T
Tq
,

Υ = 2T − TqTq
,

(28)

because only for it uµQµfull ≤ 0 (i.e., the entropy is maxi-mal in the equilibrium [76–79], this is because (T −Tq)/Tqis always positive for q ≥ 1 [88–90]). In this way wefinally arrive at the following expression for the full or-der dissipative entropy current emerging from the NexDCapproach 3:
σµfull ≡ suµ + W µ

T − 2T
Tq

[1−√1− 3Π
w

]
suµ

+ 2(T − Tq)
Tq

W µ

T . (29)
3 One must keep in mind therefore that, although to de-
fine the entropy current in q-statistics we require only
that q > 0, the NexDC correspondence requires in ad-
dition that q > 1 to be consistent with d-hydrodynamics
[76–79]. Only then, as witnessed by Fig. 1, constant
(nonzero) initial Tsallis entropy results in increasing BG
entropy (demonstrating itself in the total multiplicity in-
creasing with (q−1)). For q < 1 we could have decreasing
BG entropy from some positive initial value (and, accord-
ingly, total multiplicity decreasing with (q − 1)). This
point is, however, not totally clear at present and we plan
to address it elsewhere.
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Figure 2. Illustration of the sum rule (34) for different values of tem-
perature T and different nonextensivities q (the other pa-
rameters are the same as in Fig. 1 for the first type of initial
conditions).

Limiting ourselves to situations when T/Tq ≈ 1 and ne-glecting terms higher than O(3Π/w)2, one obtains that

Qµfull ≈
[
−
(3Π
w

)
− 14

(3Π
w

)2]
suµ. (30)

Comparing now Eqs. (25) and (30) one gets that β1 = 2
w ,

β0 + 6β2 = 92w and α0 + 2α1 = 0. Since in the Israel-Stewart theory [73–75] the relaxation time τ is propor-tional to the thermodynamic coefficients β0,1,2, it is natu-rally to assume that in the case of NexDC it is propor-tional to the inverse of the enthalpy, τ ∝ 1/w (noticethat for the classical Boltzmann gas of massless particles
β2 = 3/w [76–79, 87]).Let us now see what kind of bulk and shear viscositiesemerge from the NexDC approach. To this end let us writethe full order entropy current Eq. (26) in the following

form:
σµfull;µ = [(1 + χ)Φµ ];µ + [ξΨµ ];µ,

where Φµ = suµ + W µ

Tand Ψµ = suµ − W µ

T .

(31)

Because conservation of the q-entropy, σµq;µ = 0, is equiv-alent to [(1 + χ)Φµ ];µ = 0, therefore, using Eq. (15) onegets that Ψµ = −W νWν3ΠT uµ + Wν2ΠT πµν , therefore
σµfull;µ = −Π

T (wuµXµ)− W µ

T Ỹµ + πµν
T Zµν , (32)

where:
Xµ = − ξΠ

[
∂µΠΠ + ∂µT

T + ∂µξ
ξ

]
,

Yµ = ξΠ
[23uνWµ;ν + 13Wµuν;ν − 12πνµ;ν

]
,

Zµν = ξΠ
[12Wν;µ

]
,

Ỹµ = Yµ − ΠXµ,
Z̃µν ≡ Zµν + ỸµWν2Π .

Eq. (15) allows to eliminate the term proportional to theheat flow, W µ

T . Finally one obtains
σµfull;µ = −Π

T (wuµXµ) + πµν
T Z̃µν

= Π2
ζT + πµνπµν2ηT ≥ 0, (33)

where we have introduced the usual bulk and shear vis-cosities, ζ and η. Notice that, because of Eq. (15) oneavoids the explicit contribution to the entropy productioncoming from the heat flow, W µ

T , which is present in Eq. (32)when one discusses a baryon free fluid, in which casethe necessity to use the Landau frame would appear. Asone can see, Eq. (31) is covariant and therefore it doesnot depend on the frame used. One arrives at our mainresult: the sum rule connecting bulk and shear viscos-ity coefficients (expressed as their ratios over the entropydensity s), see Fig. 2:
1
ζ/s + 3

η/s = wσµfull;µΠ2 . (34)
This is as much as one can get from the q-hydrodynamicsalone. To disentangle this sum rule, one has to add some
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Figure 3. Upper and middle panels: the ratio of the shear viscosity
over the entropy density, η/s, as function of temperature
T , calculated using Eq. (36) for different values of q at the
mid-rapidity region y = 0 (two upper-left panels) and for
rapidity y = 3 (middle panels). The same version of hydro-
dynamical model was used as in Fig. 1 with the first type
of initial conditions. Notice that for q → 1 this ratio van-
ishes, as expected, proving therefore correctness of our
numerical calculations. The lower two panels summarize
the rapidity dependence of both the shear and the bulk
viscosity ratios, η/s (left panel) and ξ/s (right panel). The
η/s is calculated using Eq. (36), i.e., assuming ζ/s = 0,
and presented only above the limit value η/s = 1/4π found
in the AdS/CFT approach [94–97]. The right lower panel
shows the bulk viscosity, ζ/s, calculated in this limit, i.e.,
assuming η/s = 1/4π and using Eq. (34).

additional input. Suppose, therefore, that we are inter-ested in an extremal case, when a total entropy is gen-erated by action of the shear viscosity only. In this caseone can rewrite the first part of Eq. (33) as
σµfull;µ = πµν

T

[
−πµν6Π (wuλXλ) + Z̃µν

]
, (35)

and arrive at
η
s = γ(γ + 2)(γ + 1)2

[
πµνΠ Z̃µν

T − su
λXλ

]−1
. (36)

The predictions of Eq. (36) are shown in Fig. 3 for differentvalues of the parameter q and for different rapidities. Theyare also confronted with the known result on η/s, providedby the popular Ads/CFT conjecture [94–97], that η/s ≥1/4π. Assuming the validity of this limitation we can useEq. (34) only in the region where the r.h.s. of Eq. (36)is smaller than (or equal to) 1/4π (in which case we put
η/s = 1/4π), otherwise (because of our assumption thatthe total entropy is generated by the shear viscosity only)we have to put ζ/s = 0 and use Eq. (36) to evaluate η/s.The results for ζ/s and η/s are shown in Fig.3. Noticethat, when the r.h.s of Eq. (36) approaches 1/4π, ζ/s givenby Eq. (34) approaches infinity. To avoid such a situation,
η/s should start to increase at higher temperatures, forexample at T ≥ 75 MeV 4.
6. Summary
To summarize, we have discussed dissipative hydrodynam-ics from a novel point of view. This is provided by the
4 It should be kept in mind that we have so far obtained
only the relations between the Israel-Steward coefficients
(β0,1,2 and α0,1) and not their individual values, there-
fore we cannot compare our results to those of the ideal
Boltzmann gas case. This is due to the tensor form of
relations (15) and to the fact that the original perfect q-
hydrodynamics (Eq. (4)) does not contain any natural
space-time scale. It is then natural that NexDC conjec-
ture does not introduce per se any definite relaxation time
or viscous-heat coupling length scale. Also, in examples
shown here, only EoS for pionic gas was used as in [88–
90]. Although it was shown there that such EoS depends
only very weakly on the parameter q, it remains to be
checked whether this is also true for a more realistic EoS
with quarks and gluons and in the vivinity of the QGP →
hadronic matter phase transition. We plan to address this
point elsewhere.
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nonextensive formulation of the usual perfect hydrodynam-ical model recently proposed by us [88–90]. Such a modelcan be solved exactly and contains terms which can beinterpreted as due to some dissipative effects. They canbe identified and are expressed by the nonextensivity pa-rameter q of the Tsallis formalism applied here. This find-ing was used to propose a possible full order expressionfor the dissipative entropy current σµfull resulting from thenonextensive approach. The corresponding bulk and sheartransport coefficients resulting from q-hydrodynamics areconnected by a kind of sum rule, Eq. (34). They were cal-culated for some specific simplified case, cf. Fig. 3. Weclose by noticing that there is still some uncertainty in theequation of state used in our numerical example (for exam-ple, in what concerns the role of the possible QGP phasetransition, which, when included in EoS, could consider-ably affect η/s presented in Fig. 3). We plan to addressthis subject elsewhere.From our point of view it is interesting to observe that(at least some) remedies proposed to improve the formu-lation of d-hydrodynamic [64, 65, 70, 71] (like the use ofsome induced memory effects) introduce conditions whichin statistical physics lead in a natural way to its nonex-tensive version described by the parameter q [22–28]. Itis then natural to expect that a nonextensive version ofthe hydrodynamical model with the nonextensivity param-eter q could help us to circumvent (at least to some ex-tent) the problems mentioned. This is due to the factthat equations of the perfect nonextensive hydrodynamics(or perfect q-hydrodynamics) can be formally solved in ananalogous way as equations of the usual perfect hydrody-namics [88–90]. However, it turns out that, from the pointof view of the usual (extensive) approach the new equa-tions contain terms which can be formally identified withterms appearing in the usual dissipative hydrodynamics(d-hydrodynamics). Although this does not fully solve theproblems of d-hydrodynamics, nevertheless it allows usto extend the usual perfect fluid approach (using only onenew parameter q) well beyond its usual limits, namely to-ward the regions reserved so far only for the dissipativeapproach.

Acknowledgements

GW would like to express his gratitude towards the or-ganizers of the Int. Conf. on Statistical Physics -SigmaPhi2008 - Kolymbari, Crete, 14-18 July 2008 wherethis work was presented as an invited talk. Partial support(GW) from the Ministry of Science and Higher Educationunder contract 1P03B02230 is also acknowledged.

References
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