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Abstract: We discuss the case of a Brownian particle which is harmonically bound and multiplicatively forcednamely
bound by V (x, t) = 12a(t)x2 where a(t) is externally controlledas another instance that provides a gener-
alization of Onsager–Machlup’s theory to non-equilibrium states, thus allowing establishment of several
fluctuation theorems. In particular, we outline the derivation of a fluctuation theorem for work, through the
calculation of the work probability distribution as a functional integral over stochastic trajectories.
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1. Introduction

Statistical physics regards instantaneous values of macro-scopic (or mesoscopic) quantities as fluctuations aroundthe ensemble averages dealt with by thermodynamics. Theinterest in their study has steadily increased over time forvarious reasons e.g. their being serious hindrances to ac-curate measurements in very sensitive experiments, theirbeing a prime source of information about the system’s
∗E-mail: deza@mdp.edu.ar
†Member, CONICET, Argentina
‡E-mail: izus@mdp.edu.ar
§E-mail: wio@ifca.unican.es

dynamics (a known example is the fluctuation–dissipationtheorem established in linear response theory near equi-librium, linking transport coefficients to the autocorrela-tion functions of fluctuations, and evolved from Einstein’srelation, Nyquist’s theorem, Onsager’s reciprocal rela-tions, etc.), and since they can induce non-equilibriumphase transitions, they lead to the appearance of spa-tiotemporal patterns, and assist, enhance, or sustain ahost of mesoscopic phenomena impossible in their absence[1, 2].
The natural framework to describe their temporal behav-ior is the theory of stochastic processes. A milestone was
Onsager–Machlup’s fluctuation theory around equilibrium,using a functional integral approach for stochastic linearrelaxation processes, and leading to a variational prin-
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ciple known as Onsager’s principle of minimum energydissipation (PMED) [3]. Another milestone has been setby recent fluctuation theorems [4–6], asymmetric relationsfor the distribution functions of work, heat, etc. Severallaboratory experiments have verified their validity even farfrom equilibrium or from the thermodynamic limit [7–9].The validity of fluctuation theorems far from equilibriumposes the challenge to generalize the Onsager–Machluptheory to non-equilibrium states. Recently, Taniguchiand Cohen [10] have succeeded in generalizing it to non-equilibrium steady states, by considering a harmonicallybound (spring constant κ) Brownian particle which isdragged with constant speed v through a fluid (frictionconstant α , inverse temperature β) acting as heat reser-voir. They have thus derived non-equilibrium analogs ofthe laws of thermodynamics, and steady-state detailedbalance relations from which (among others) a fluctua-tion theorem for work (valid in the long-time limit) can bederived. In the overdamped case and in a comoving sys-tem [y(t) ≡ x(t) − vt], the dynamics are described by theLangevin equation
ẏ = − 1

τ y(t)− v + 1
α ζ(t), (1)

τ ≡ α/κ being a relaxation time and ζ(t) a Gaussian whitenoise, with 〈ζ(t)〉 = 0 and 〈ζ(t)ζ(t′)〉 = 2Dδ(t − t′). Inorder that equilibrium be attained for v = 0, it must be that
D ≡ α/β and 〈. . .〉 is an average over the initial ensemble.Note that whereas the dynamics of Eq. (1) are invariantunder the joint transformation y(t)→ −y(t), v → −v , theGaussian white-noise property of ζ(t) does not change to
ζ(t)→ −ζ(t).The functional integral that gives the transition probabil-ity can be completely calculated, thus obtaining the result
P(y, t|y0, t0) = 1√4πDT (t)

exp{− [y(t) + vτ − (y0 + vτ)b(t)]24DT (t)
}
,

where b(t) ≡ exp[−(t − t0)/τ] and T (t) ≡ (τ/2)[1 − b2(t)],so that T (t) = t − t0 +O[(t − t0)2].In the generalized Onsager–Machlup theory fornon-equilibrium steady states, the Lagrangiancan be written in the form L(ẏ(s), y(s); v) =
− 12kB

[Φ(ẏ(s); v) + Ψ(y(s))− Ṡ(ẏ(s), y(s); v)], where
kB is Boltzmann’s constant. The dissipation functionsΦ(ẏ(s); v) and Ψ(y(s)), as well as the entropy production

rate Ṡ(ẏ(s), y(s); v) are defined by
Φ(ẏ(s); v) ≡ α2T (ẏ(s) + v)2,

Ψ(y(s)) ≡ α2T
(
y(s)
τ

)2
,

Ṡ(ẏ(s), y(s); v) ≡ − 1
T κy(s)(ẏ(s) + v),

respectively, with the temperature T ≡ (kBβ)−1. Amongthe main results found in Ref. [10] are a non-equilibriumdetailed balance relation
exp [∫ tt0 ds L (ẏ(s), y(s); v)] feq(y0)exp [∫ tt0 ds L (−ẏ(s), y(s);−v)] feq(y(t)) =

exp [βWt({y(s)}; v)] ,
and an asymptotic fluctuation theorem for work

lim
t→+∞ Pw (W, t)

Pw (−W, t) = exp(W ).
Taniguchi and Cohen’s approach has been recently ex-tended to nonsteady states [11], by submitting a freeBrownian particle with charge q to an external uniform os-cillating field with strength E0. The corresponding Lange-vin equation is

ẋ = −η cosωt + 1
α ξ(t),

with η ≡ qE0/α , 〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = 2Dδ(t − t′), and
D ≡ α/β. Again, the functional integral that gives thetransition probability can be completely calculated
P(x, t|x0, 0) = 1√4πDtexp [− 14Dt (x(t)− x0 + η

ω sinωt)2]
,

yielding a work fluctuation theorem valid for all t.
2. Our proposal
With Refs. [10, 11] as paradigms and using previous resultsby one of us [12], in this work we explore the consequencesof multiplicatively forcing a harmonically bound Brownianparticle. Namely, we consider it as bound by V (x, t) =12a(t)x2, with a(t) externally controlled.
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2.1. Calculation of the transition probability
We start from the Langevin equation ẋ = h(x, t) + ξ(t),with a drift term of the form h(x, t) = −a(t)x. The associ-ated transition probability has the following path-integralrepresentation
P(xb, tb|xa, ta) = ∫ x(tb)=xb

x(ta)=xa D [x(t)]
exp{−∫ tb

ta
L(x(s), ẋ(s), s)ds} ,

where the symbol D [x(t)] represents the integrationmeasure, and L(x, ẋ, t) is the stochastic Lagrangian or
Onsager–Machlup’s functional, which in middle-point dis-cretization is given by

L(x, ẋ, t) = 12D [ẋ − h(x, t)]2 + 12 ∂h(x, t)
∂x .

Replacing the form of h(x, t) we get L(x, ẋ, t) = 12D [ẋ2 +
a2x2 + 2axẋ]− 12a, which can be cast in the form

L(x, ẋ, t) = L0 + dΦ
dt ,with L0(x, ẋ, t) = 12D {ẋ2 + [a(t)2 − ȧ(t)] x2}

and Φ(x, t) = −12
∫ t

t0 a(s)ds+ a(t)2D x2,

for arbitrary t0. Hence the functional integral takes theform
P(xb, tb|xa, ta) = exp {−[Φ(tb)− Φ(ta)]}K (xb, tb|xa, ta),

with
K (xb, tb|xa, ta) = ∫ xbxa D [x(t)] exp{− 12D ∫ tbta [ẋ2 + ω2(s)x2]ds}and ω2(t) = a(t)2 − ȧ(t).Since L0 is at most quadratic in x and ẋ, it is convenient toexpand x(t) = xcl(t) + q(t) around the classical trajectory
xcl(t), which obeys

[
d2
dt2 − a(t)2 + ȧ(t)] xcl(t) = 0, (2)

obtaining
K (xb, tb|xa, ta) = exp{−Scl0 (xa, xb)}∫ q(tb)=0

q(ta)=0 D [q(t)] exp [−δ2Scl0 (xa, xb)] .
Here, Scl0 (xa, xb) is the action along the classical path, and

δ2Scl0 (xa, xb) = 12D
∫ tb

ta

[
q̇2 + ω2(t)q2]dt, (3)

the second variation of S(xa, xb) around Scl0 (xa, xb). Afterpartial integration, we obtain the form
δ2Scl0 (xa, xb) = 12D

∫ tb

ta
q(s) [ d2

ds2 − ω2(s)]q(s)ds. (4)

2.1.1. Evaluation of the functional integral over q(t)Instead of diagonalizing the operator (d2/dt2)−ω2(t) in Eq. (4), we may take advantage of the fact that the solutions to Eq.(2) with f(ta) 6= 0 are of the form f(t) = C exp[−A(t)] with A(t) = ∫ tta a(s)ds, to perform a change of variables q(t)→ y(t)with y(ta) = 0 [corresponding to q(ta) = 0] that transforms δ2Scl0 (xa, xb) in Eq. (3) into the action of a free diffusion problem[12]. In fact, the linear transformation q(t) = f(t) ∫ tta ẏ(s)
f(s) ds yields δ2Scl0 (xa, xb) = 12D ∫ tbta ẏ2(t)dt − 12D [q(t)ẏ(t)]tbta wherethe second term vanishes on account of the boundary conditions for q. Note however that the condition q(tb) = 0 nowreads q(t) = f(t) ∫ tbta ẏ(s)

f(s) ds, so before transforming q(t)→ y(t) we use the identity δ[q(tb)] = (2π)−1 ∫∞
−∞ exp[−isq(tb)]dsand relax the condition on q(tb):∫ q(tb)=0

q(ta)=0 D [q(t)] exp [−δ2Scl0 (xa, xb)] = 12π
∫ q(tb) arbitrary
q(ta)=0 D [q(t)]∫ ∞

−∞
exp [−δ2Scl0 (xa, xb)− isq(tb)]ds.

After straightforward manipulations and using the result det[δq/δy] =√f(tb)/f(ta) we get∫ q(tb)=0
q(ta)=0 D [q(t)] exp [−δ2Scl0 (xa, xb)] = [2πDf(ta)f(tb)∫ tb

ta

ds
f(s)2

]−1/2
,
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thus obtaining
P(xb, tb|xa, ta) = exp {−[Φ(tb)− Φ(ta)]} exp [−Scl0 (xa, xb)] [2πDf(ta)f(tb)∫ tb

ta

ds
f2(s)

]−1/2
. (5)

2.1.2. Closed expression for P(xb, tb|xa, ta)A simple method has been proposed in Ref. [12] to generate a whole family of classical solutions analytically. Itconsists of writing the elastic parameter in the form a(t) = ±b(t) + 12 ḃ(t)/b(t), with b(t) such that B(t) = ∫ t
t0 b(s)dsexists. Thus for C = 1, the aforementioned solutions f(t) to Eq. (2) can be written as x1(t) = sinh[B(t)]/√b(t) and

x2(t) = cosh[B(t)]/√b(t). This readily enables us to find the general solution with boundary conditions xcl(ta) = xa and
xcl(tb) = xb

xcl = 1sinh[B(tb)− B(ta)]√b(t)
(
xa
√
b(ta) xb

√
b(tb) )( sinhB(tb) − coshB(tb)

− sinhB(ta) coshB(ta)
)( coshB(t)sinhB(t)

)
.

Whereas it is straightforward to rewrite Φ(t) in terms of b(t) and B(t), yielding
exp {−[Φ(tb)− Φ(ta)]} = exp [B(tb)− B(ta)2

] [
b(tb)
b(ta)

]1/4 exp{ 12D [a(tb)x2
b − a(ta)x2

a
]}

,

the remaining two factors in Eq. (5) are not equally easy to calculate. The results are
Scl0 (xa, xb) = 12D

∫ tb

ta

[
ẋ2cl + ω2(s)x2cl]ds = 12D [xbẋ(tb)− xaẋ(ta)]

and ∫ tb

ta

ds
x2cl(s) = 2 sinh[B(tb)− B(ta)]√

b(ta)b(tb) xa xb ,

giving as final result
P(xb, tb|xa, ta) = {4πD sinh[B(tb)− B(ta)]√

b(ta)b(tb)
}−1/2 [

b(tb)
b(ta)

]1/4 exp [B(tb)− B(ta)2
]

× exp{ 12D [a(tb)x2
b − a(ta)x2

a
]} exp{− 12D [xbẋ(tb)− xaẋ(ta)]} .

2.2. Calculation of the functional integral for
the work distribution function

Following Refs. [10, 11], we denote by βWt({x(s)}) thedimensionless work made at time t by the Brownian par-ticle on the stochastic trajectory x(s), namelyWt({x(s)}) =∫ t
ta Ẇ (x(s), s)ds. Since this is made against the driftforce −a(s)x(s), the power developed at time s on x(s)is Ẇ (x(s), s) = −a(s)xẋ.The dimensionless work distribution function W is a sumover trajectories [included a sum over xb and an average

over xa with distribution finic(xa, ta)] with the constraint
W = βWt({x(s)}) (the work over that trajectory) [11]
PW (W, t) = ∫ dxb

∫
dxa finic(xa, ta)∫

D [x(t)]e∫ tta L(s)dsδ[W − βWt({x(s)})].
Using the delta-function representation

δ[W − βWt({x(s)})] = 12π
∫ ∞
−∞

dλ eiλ[W−βWt ({x(s)})]
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we arrive at an effective Lagrangian Leff (x, ẋ, t; λ) = L0 −
λβẆ ({x(s)}), which in our case is Leff = L0+ dΦ

dt +λβa(t)xẋand can be cast as
Leff (x, ẋ, t; λ) = dΨ

dt + 12D [ẋ2 + Ω2(t; λ)x2] ,
where Ψ(t) = Φ(t) + λβ2 a(t)x2 and

Ω2(t; λ) = a(t)2 − (1 + λβ2
)
ȧ(t). (6)

Then we may write
PW (W, t) = 12π

∫ ∞
−∞

dλ eiλW
∫
dxb∫

dxafinic(xa, ta) F(xb, xa, iλ), (7)

with
F(xb, xa, iλ) = ∫ xb

xa
D [x(t)] exp{∫ t

0 ds[ẋ2 + Ω2(s; λ)x2]} .(8)Now the “classical trajectory” g(t, λ) is solution of
[
d2
dt2 − a2 + (1 + λβ2

)
ȧ
]
g(t, λ) = 0.

This equation is not trivially solvable by quadratures, asEq. (2) was. Moreover, the fact that one must find a so-lution for each value of the integration variable λ makesnumerical resolution (by e.g. simulated annealing, geneticalgorithms, etc) a titanic task. One way out this problem isto take advantage of the fact that F(xb, xa, iλ) is by its def-inition an analytic function of λ. Using Eq. (5) F(xb, xa, iλ)takes the form

F(xb, xa, iλ) = exp {− [Φ(tb)− Φ(ta)]} exp{−λβ2 [
a(tb)x2

b − a(ta)x2
a
]}

× exp [−Scl0 (xa, xb, λ)] [2πD g(ta, λ)g(tb, λ)∫ tb

ta

ds
g(s, λ)2

]−1/2
, (9)

which shows that the strong λ–dependence is inexp [−Scl0 (xa, xb, λ)], whereas the prefactor (the lastfactor in square brackets) has a much less rele-vant dependence on λ. Hence, a reasonable wayto advance in an analytical scheme, without commit-ting a gross error, is to approximate the prefactor[2πD g(ta, λ)g(tb, λ) ∫ tbta ds
g(s,λ)2

]−1/2 by its correspondent in
Eq. (5), namely { 4πD sinh[B(tb)−B(ta)]√

b(ta)b(tb)
}−1/2. As Scl0 (xa, xb, λ)is also an analytic function of λ, the following step is toexpand Scl0 (xa, xb, λ) up to second order in λ. Now, theaforementioned expansion requires finding ∂Scl0 /∂λ and

∂2Scl0 /∂2λ, which in turn requires expanding g(t, λ) up tosecond order around λ = 0. In fact, from
Scl0 (xa, xb, λ) = ∫ t

0 ds
[
L0 + λβ2 ȧ(t)][

g0(t) + λg1(t) + λ2g2(t)] = S(0) + λS(1) + λ2S(2),
with L0 = (d2/dt2)− ω2(t), we obtain

Scl0 ∣∣λ=0 = S(0) = ∫ tb

ta
dsL0g0(s),

∂Scl0
∂λ

∣∣∣∣
λ=0 = S(1) = ∫ tb

ta
ds
[
L0g1(s) + β2 ȧ(t)g0(s)] ,

12 ∂2Scl0
∂2λ

∣∣∣∣
λ=0 = S(2) = ∫ tb

ta
ds
[
L0g2(s) + β2 ȧ(t)g1(s)]

(note that only S(0) and the second term in S(1) can dependon xa and xb, since g1(s) and g2(s) have 0 as endpoints).Once g1(t) and g2(t) are found through
g1(t) = −β2 L−10 ȧ(t)g0(t) and
g2(t) = (β2

)2
L−10 ȧ(t)L−10 ȧ(t)g0(t),

the above scheme would allow us to obtain an approx-imation for PW (W, t) and PW (−W, t), and evaluate theratio
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PW (W, t)
PW (−W, t) = ∫

dxb exp [−S(0)(xa, xb)] ∫∞−∞ dλ exp [iλW − Rλ− S(2)λ2]∫
dxb exp [−S(0)(xa, xb)] ∫∞−∞ dλ exp [−iλW − Rλ− S(2)λ2] ,where the first and last terms in Eq. (9) cancel out, and we have chosen finic(xa, ta) = δ(xa). The coefficientof λ is R = S(1)(xa, xb) + β2 [a(tb)x2

b − a(ta)x2
a
]
. The integrals over λ are bound to give Gaussians of the formexp [(±W −Weff (xa, xb, t))2] and the integrals over xb (whose calculation is under way) should not spoil that behavior.The final expression will be reported elsewhere [13]. Meanwhile, we show that even an oversimplified calculation of

PW (W, t) yields a fluctuation theorem for work, at least for t → ∞. We write Eq. (6) as Ω2(t; λ) = ω2(t) − λγ(t) with
γ(t) = ( β2 ) ȧ(t), and expand in powers of λ the exponent of F(xb, xa, iλ) in Eq. (8):

exp{∫ t

0 ds[ẋ2 + Ω2(s; λ)x2]} ≈ exp{∫ t

0 ds[ẋ2 + ω2(s)x2]}[1− λ∫ t

0 ds1γ(s1)x2(s1) + λ22
∫ t

0 ds1
∫ t

0 ds2γ(s1)x2(s1)γ(s2)x2(s2) + . . .
]
. (10)

By re-parameterizing the integration variable inthe second and third terms of the expansion soto absorb the functions γ(s), we are left re-spectively with σ2(τ = 0) = 〈x(t)x(t)〉 and
σ4(τ = 0) = 〈x2(t)x2(t)〉. After re-summing as in [14],the expression between brackets is now approximatelyexp [−λσ2(τ = 0) + λ22 σ4(τ = 0)]. To proceed further, weresort to σ4(τ = 0) ≈ σ 22 (τ = 0). Then σ2(τ = 0) isfound by setting tb = ta, θ = −1/2 in Eq. (8) of Ref. [15],namely 〈x(ta)x(tb)〉 = 2D√

g(ta)g(tb) Γ2(θ+3/2))Γ2(θ+1) F (− 12 ,− 12 ;θ +1; I(ta)/I(tb)), F being the hypergeometric func-tion, I(t) = ∫ t
−∞ dτ exp[2 ∫ τ−∞ a(ξ)dξ ] and g(t) =limt0→−∞

{exp[2 ∫ tt0 a(ξ)dξ ](∫ tt0 dτ exp[2 ∫ τt0 a(ξ ′)dξ ′])−1}.By performing the inverse transform we get
PW (W, t) ≈ exp{− W 24σ2(t) + W2 + C (t)}, where C (t)includes all the contributions not depending upon either
λ or W , and we have disregarded prefactors and/orconstants. The important fact is that even this crudeapproximation yields a meaningful asymptotic fluctuationtheorem for work:

lim
t→∞

PW (W, t)
PW (−W, t) = eW . (11)

3. Conclusions
We have worked out another generalization to non-equilibrium states of Onsager–Machlup’s theory, in thespirit of those of Refs. [10, 11], and outlined for thissystema harmonically bound and multiplicatively forcedBrownian particlethe derivation of a fluctuation theoremfor work, through the calculation of the work probability

distribution as a functional integral over stochastic tra-jectories. The relevance of the present analysis for thestudy of Brownian motion in general is grounded in thefact that fluctuation relations are robust identities con-cerning the statistics of entropy production or performedwork in the systems under study. They hold arbitrarilyfar from thermal equilibrium, and close to equilibrium re-duce to Green–Kubo or fluctuation–dissipation relations,usually obtained in the scope of linear response theory.The multiplicative forcing studied here can be extended toconsider more general forms, like the one studied in Ref.[16], which is currently under analysis.
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