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Abstract: Polyethylene Glycol has an irregular current characteristic under constant voltage and slowly varying rel-
ative humidity. The current through a thin film of Gamma-isocyanatopropyltriethoxysilane added Polyethy-
lene glycol (PEG-Si), its hydrogenated and hydrophobically modified forms, as a function of increasing
relative humidity at equal time steps is analyzed for chaoticity. We suggest that the irregular behavior of
current through PEG-Si thin films as a function of increasing relative humidity could best be analyzed for
chaoticity using both time series analysis and detrended fluctuation analysis; the relative humidity is kept
as a slowly varying parameter. The presence of more then one regime is suggested by the calculation of
the maximal Lyapunov exponents. Furthermore, the maximal Lyapunov exponent in each of the regimes
was positive, thus confirming the presence of low dimensional chaos. DFA also confirms the presence of
at least two different regimes, in agreement with the behavior of the maximal Lyapunov exponent in the
time series analysis. We also suggest that the irregular behavior of the current through PEG-Si can be
reduced by hydrogenating and hydrophobically modifying PEG-Si and the improvement in stability can be
confirmed by our study.
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1. Introduction

Hydrophilic polymers attract attention because of theirabsorption, desorption and swelling behavior under ex-
∗E-mail: kaan.atak@gmail.com

posure to water vapor and certain chemicals. Depend-ing on environmental conditions (temperature, humidity,the structure of the polymer etc.) penetrants diffusethrough the polymer networks according to different kinet-ics. When water molecules penetrate a polymer sample,the macromolecular chains rearrange themselves towardsnew conformations. The nature of the transport processand the polymers’ electrical, optical and physical proper-
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ties are determined by the diffusion rate of the penetrant’smolecules and the relaxation process.Polyethylene glycol (PEG) is one of the most examinedhydrophilic polymers with properties sensitive to changesin relative humidity and chemicals used as substrate. PEGis also unstable when exposed to water vapor: it swellsand dissolves easily at high humidity. The instability ofthe structure and the transport properties in the long termconstitute a general problem of polymer films produced bythe physisorption of polymer molecules to the substratematerial.In this study the irregular current characteristic underconstant voltage and slowly varying humidity througha thin film of Gamma-isocyanatopropyltriethoxysilaneadded Polyethylene glycol (PEG-Si) as a function of in-creasing relative humidity at equal time steps is analyzedfor chaoticity. A previous study [2] suggested that, af-ter reaching a certain relative humidity level, the poly-mer changes phase from a semi-crystalline state to a gelstate, and the resulting fluctuations in the elastic forcerelaxations and in the number of hydrogen bonds causethe irregularities in the current. Below, we analyze theirregular current through PEG-Si thin films, as a func-tion of increasing relative humidity, for chaoticity, wherethe relative humidity is kept as a slowly varying parame-ter and the data is split into approximately 2.5% time bins.Our results indicate that the above mentioned phase tran-sition is signalled by the sudden change in the maximalLyapunov exponent with changing relative humidity.In the aforementioned study, the PEG-Si was modifiedin two ways to alleviate the instability problem in thecurrent behaviour of PEG-Si. The first method was to hy-drogenate PEG, and the second method was to hydropho-bically modify it. These modifications partially cured theproblem. In our study, in addition to the analysis on PEG-Si, we repeated the analysis on hydrogenated and hy-drophobically modified PEG-Si samples and investigatedthe possible effects of the modifications.
2. Experiment
The data used in this study were obtained by Erdamar et
al., whose methods for sample preparation and measure-ments are given in [2], of which a brief summary follows:PEG-Si thin films were prepared either by dip-coating, orby dropping the polymer on the glass substrate. Hydro-genated PEG-Si samples were prepared by introducinggaseous hydrogen to the samples during annealing. Hy-drophobically modified samples were prepared by mixingperfluoroalkylethylalcohol (PAF) and PEG-Si in differentproportions. The PAF-PEG sample under scrutiny has a

Figure 1. Current vs. Relative Humidity of PEG-Si under the D.C.
electric field of 30 V/cm.

mass ratio of 70% PAF and 30% PEG-Si. Aluminum elec-trodes were coated in a coplanar structure on the polymerby vacuum evaporation. The humidity was varied usingdifferent salt solutions placed in the chamber with thesamples. Both the current and the humidity values wereread by computer-controlled ammeters. Under a constantvoltage difference, the relative humidity was increased andthe current was measured at uniform time intervals makingtime series analysis feasible.The different regimes of conductivity result from the dif-ferent types of contribution from water molecules to thehosting polymer. As humidity arises, water moleculesfirst start to bind to the oxygen atoms in the polymerchain. With increasing humidity, available oxygen atomsbecome extinct, and water molecules bind to other wa-ter molecules. This process results in water clusters dis-persed in the polymer matrix. These different mechanismscontribute accordingly to the conductivity of the polymer.In Fig. 1 and Fig. 2 the different behavior regimes can beinspected. Fig. 3 and Fig. 4 reveal the more relativelystable current characteristics of the modified samples.
3. Analysis
The characteristic and seemingly unstable behavior of thecurrent as a function of increasing relative humidity, sug-gesting the possibility of chaotic behavior, probably by theintermittency route, inspired us to apply non-linear timeseries analysis on the current measurements as describedin the TISEAN software package and literature [3, 4]. Inorder to apply the methodology (briefly summarized be-low) the data set is divided according to observed regimes,and humidity is kept as a slowly varying parameter. Foreach interval the delay times are investigated using aver-age mutual information; then the embedding vectors are
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Figure 2. Current vs. Time of PEG-Si under changing relative hu-
midity.

Figure 3. Current vs. Relative Humidity of hydrophobically modified
PEG-Si.

Figure 4. Current vs. Relative Humidity of hydrogenated PEG-Si.

constructed using embedding dimension values from themethod of false nearest neighbors, and finally we calcu-late the maximal Lyapunov exponents for these differentregimes.
3.1. Nonlinear time series analysis
Details of the phase space reconstruction from the scalarcurrent s(k), where k means the k’th time step, followthe well known procedure. Details will be given only asneeded to define the notation. Time delay vectors ~y(k),given by

~y(k) = [s(k), s(k + τ), ..., s(k + (d− 1)τ)] ,
~y(k) ∈ Rd,

(1)
where τ denotes the delay time and d denotes the embed-ding dimension, are constructed. There are no clear-cutrules for their determination since available data are bothlimited and noisy. The time delay is found from [5] to bethe first zero of the linear autocorrelation function givenby

C (τ) = 1
N
∑N

m−1 [s(m+ τ)− s̄] [s (m)− s̄]1
N
∑N

m−1 [s (m)− s̄]2 , (2)
where

s̄ = 1
N

N∑
m−1 s (m) . (3)

Another method for determining the delay time is to findthe first minimum of the average mutual information. Thiscan be used as if it were a nonlinear correlation functiongiven by [6],
I (τ) = IAB =∑

aıbj

P (s (n+ τ) , s (n))
× log2

[
P (s (n) , s (n+ τ))
P (s (n+ τ))P (s (n))

]
. (4)

Here P (s (n) , s (n+ τ)) is the joint probability that if attime n, s (n) is measured, then, at time n + τ, s (n+ τ)is measured and P(s(n)) is the probability of measuring
s (n) [5, 7]. In this work, the delay time derived from themutual information analysis has been used (see Fig. 5).The embedding dimension is determined by using themethod of false nearest neighbors[8]. A typical graph isgiven below (Fig. 6).Since we are interested only in detecting the presenceof chaotic behavior in the data, the analysis is limited tothe calculation of the maximal Lyapunov exponent. Pos-sible ways of performing these calculations are given in
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Figure 5. A typical average mutual information vs. delay time graph.

Figure 6. A typical percentage of false nearest neighbors vs. em-
bedding dimension graph.

many references including [9–11]. The stretching factorapproach is preferred since it is expected to minimizeGaussian noise and possible truncation error effects withrelatively moderate computational effort [12].
S (∆n) = 1

N

N∑
n0=1 ln 1

|un (~s0)| ∑~s∈u(~s0) |~sn0+∆n − ~sn+∆n|
 . (5)

Here ~sn0 is the embedding vector, chosen as a referencepoint. We select all the neighbors with distance smallerthan ε, (denoted by un (~s0)), and average over the dis-tances of all neighbors to the reference point at time ∆n.If S (∆n) shows a linear robust increase for ∆n then theslope is estimated as the maximal Lyapunov exponent (seeFig. 7). We favor this choice of the estimator for the maxi-mal Lyapunov exponent because it does consider the fluc-tuations due to noise, limited data, etc. Details of theestimator can be found in [14].

Figure 7. Logarithm of the Stretching Factor vs. Iteration. The least
squares fit (dotted line) to the curve gives the maximal Lya-
punov exponent.

3.2. Dependence of lyapunov exponents on
relative humidity

There has been extensive research regarding the relationbetween phase transitions and corresponding changes ob-served in the maximal Lyapunov exponent. For instance, asignificant increase in the maximal Lyapunov exponent hasbeen observed for phase transitions in simulated atomicsystems interacting with the Lénárd-Jones potential [23]and of coupled anharmonic oscillator systems [24]. An-other instance of detecting the electric field and thermaldependency of conductivity via the change in the maxi-mal Lyapunov exponents can be seen in [29] which alsoindicates the α and β phase transitions. For an exampleof using Lyapunov exponents as an indicator of choice fora model in the conductivity mechanism in polymers thereader is referred to [15].The data used in this work consist of three samples: PEG-Si, hydrogenated PEG-Si and hydrophobically modifiedPEG-Si. The last two of these samples were producedin order to overcome the instability of the transport prop-erties of PEG-Si samples when exposed to humidity (bychanging the binding modes of water molecules). Fig. 8shows the resulting maximal Lyapunov exponents vs. rel-ative humidity for the PEG-Si sample, showing a ro-bust increase in the maximal Lyapunov exponents arounda relative humidity of 70%. This is consistent with thereported value for the phase transition from the semi-crystalline state to the gel state for PEG-Si [2, 20]. Upto a relative humidity of 70% the average maximal Lya-punov exponent slightly fluctuates about a mean value of0.008 bits/iteration for PEG-Si (0.0015 for hydrogenatedPEG-Si and 0.0005 for hydrophobically modified PEG-Si). Above 70% relative humidity the maximal Lyapunovexponent abruptly jumps and attains a maximum value of
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Figure 8. Maximal Lyapunov Exponent vs. Relative Humidity of
PEG-Si.

Figure 9. Maximal Lyapunov Exponent vs. Relative Humidity of hy-
drophobically modified PEG-Si.

0.05 bits/iteration for PEG-Si (0.08 bits/iteration for hy-drogenated PEG-Si and 0.006 bits/iteration for hydropho-bically modified PEG-Si), which corresponds to a sixfoldincrease.The results for hydrogenated and hydrophobically modi-fied samples are shown in Fig. 9 and Fig. 10 respectively.The significant increase in the maximal Lyapunov expo-nents around the relative humidity of 70% is still signif-icant; however, the absolute values of the exponents aremuch smaller especially for the hydrophobically modifiedcase. Hence it may be concluded that hydrogenation andhydrophobic modification of PEG-Si reduces the insta-bility of a specimen and this can be detected by merelyanalyzing the Lyapunov exponents.To confirm the suggestion that regimes change due tothe different binding modes of the water molecules, de-trended fluctuation analysis is used on the data set(Fig.11). Detrended fluctuation analysis (DFA) is a scal-ing method used to estimate long range power law cor-

Figure 10. Maximal Lyapunov Exponent vs. Relative Humidity of hy-
drogenated PEG-Si.

relation exponents[16, 17]. One integrates the time seriesof length N, then divides the result into boxes of equallength, n. In each box of length n, a least squares line isfitted to the data. The y coordinate of the straight linesegments is denoted by yn(k). Next, the integrated timeseries, y(k), is detrended by subtracting the local trend,
yn(k), in each box. The root-mean-square fluctuation ofthis integrated and detrended time series is calculated by

F (n) =
√√√√ 1
N

N∑
k=1 [y(k)− yn(k)]2.

This computation is repeated over all time scales (boxsizes) to characterize the relationship between F (n), theaverage fluctuation, as a function of box size, n. A lin-ear relationship on a log-log plot indicates the presenceof power law scaling. Under such conditions, the fluctua-tions can be characterized by a scaling exponent, α , suchthat F (n) ∝ nα . A crossover in the scaling exponent, α ,indicates a transition from one type to a different type ofunderlying correlation, due to a transition in the dynamicproperties [18, 19].Results of the DFA method can be summarized as follows:Two different regions, signalled by the discontinuity inthe slope of DFA, can be clearly observed for the PEG-Si sample and the hydrogenated PEG-Si sample (Fig. 11and Fig. 13). The values of the slopes are 1.01 and 1.86for PEG-Si, and 1.35 and 1.84 for hydrogenated PEG-Si.The crossover observed in the slopes point to a change incorrelation properties that confirm the change in the dy-namics of the system observed during the above study ofmaximal Lyapunov exponents. Indeed the difference of theslopes of PEG-Si sample is more than the difference ob-served in the hydrogenated PEG-Si sample. This seems tobe consistent with the previously made observations thata)the range of maximal Lyapunov exponents for PEG-Si
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Figure 11. Average fluctuation vs. box size for the PEG-Si sample.

Figure 12. Average fluctuation vs. box size for the hydrophobically
modified PEG-Si sample.

is bigger than the maximal Lyapunov exponents for thehydrogenated PEG-Si (The maximum value of the max-imal Lyapunov exponent for the PEG-Si is of the orderof 0.025 bits/iteration and 0.014 bits/iteration for hydro-genated PEG-Si), b) the change observed in the maximalLyapunov exponents with the changing relative humidityindicating a phase change is also detected by DFA.The observations above also support the claim that hydro-genation of PEG-Si increases the stability of the speci-men subject to humidity. For the hydrophobically modi-fied sample there is one regime with slope 1.93 (Fig. 12)pointing to a significant advance in stability (it is note-worthy to mention again that the change in the maximalLyapunov exponents for this specimen was less prominentwhen compared to the other two samples, the maximumvalue obtained is about 0.007 bits/iteration, less than onethird of the value of the PEG-Si ).

Figure 13. Average fluctuation vs. box size for the hydrogenated
PEG-Si sample.

4. Conclusion

The complex structure of polymers (including impurities)causes many degrees of freedom and a multifractal struc-ture. The difficulty of obtaining identical results undernearly identical conditions for polymers is well known [26].In light of this difficulty, polymer conductivity must be an-alyzed in nonlinear terms such as the maximal Lyapunovexponent and the DFA exponent.We analyzed the irregular behavior of current throughPEG-Si thin films as a function of increasing relativehumidity, using nonlinear time series analysis and de-trended fluctuation analysis, revealing low-dimensionalchaos with maximal Lyapunov exponents changing withan abrupt change of regime at the relative humidity of70%. Furthermore, the observed chaotic behavior persistsfor a wide range of values of the humidity. Hence thedynamics underlying the current, understood in terms ofinvariants of nonlinear dynamics in the abrupt change ofLyapunov exponents, is consistent with the phase transi-tion from a semi-crystalline state to a gel state (for use ofLyapunov exponents as an indicator of phase transitionssee [24]). The behavior of the system in different regionshas also been confirmed via detrended fluctuation analy-sis. Even though a general relation between a Lyapunovexponent and the corresponding DFA exponent has notyet been reported, there are case based studies showinganalogies between the above mentioned exponents [27],and also reporting the change in scaling exponent duringphase transitions [28]. This further supports the detectionof phase transition in PEG as well as the usefullness ofnonlinear methods in analyzing the behavior of currentthrough PEG-Si thin films. In light of studies of amor-phous materials with irregular behavior, the use of non-linear methods for analyzing the conductivity mechanisms
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in such materials seems crucial [13, 15, 29].Our analysis of hydrogenated and hydrophobically modi-fied PEG-Si samples revealed smaller maximal Lyapunovexponents and little or no changes in the DFA exponents,pointing to the fact that their instabilities are milder thanthose in pure PEG-Si samples. In particular, hydrophobi-cally modifying the samples seems to be a more effectivemethod in reducing the instability as shown by smallermaximal Lyapunov exponents and single DFA exponent.
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