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Abstract: As an important preceding step for the demonstration of an uncharacteristic (q-deformed) statistical-
mechanical structure in the dynamics of the Feigenbaum attractor we uncover previously unknown proper-
ties of the family of periodic superstable cycles in unimodal maps. Amongst the main novel properties are
the following: i) The basins of attraction for the phases of the cycles develop fractal boundaries of increas-
ing complexity as the period-doubling structure advances towards the transition to chaos. ii) The fractal
boundaries, formed by the pre-images of the repellor, display hierarchical structures organized according to
exponential clusterings that manifest in the dynamics as sensitivity to the final state and transient chaos. iii)
There is a functional composition renormalization group (RG) fixed-point map associated with the family of
supercycles. iv) This map is given in closed form by the same kind of q-exponential function found for both
the pitchfork and tangent bifurcation attractors. v) There is final-stage ultra-fast dynamics towards the at-
tractor, with a sensitivity to initial conditions which decreases as an exponential of an exponential of time. We
discuss the relevance of these properties to the comprehension of the discrete scale-invariance features,
and to the identification of the statistical-mechanical framework present at the period-doubling transition to
chaos. This is the first of three studies (the other two are quoted in the text) which together lead to a definite
conclusion about the applicability of q-statistics to the dynamics associated to the Feigenbaum attractor.
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1. Introduction

The Feigenbaum attractor, a symbol of previous stepstaken in the theory of nonlinear dynamics [1], is currently
∗E-mail: lmoyano@math.uc3m.es
†E-mail: robledo@fisica.unam.mx

receiving fresh attention [2]. This is because it offers a con-venient model system to explore features which might re-flect those of other statistical-mechanical systems lackingphase-space mixing and ergodic behavior. The Feigen-baum attractor therefore offers insights on the limits of
validity of ordinary statistical mechanics. Our major mo-tivation for examining the period-doubling route to chaosis to establish the nature of the statistical-mechanicalstructure obeyed by dynamics associated with the non-
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mixing and non-ergodic Feigenbaum attractor. This struc-ture corresponds with a q-deformation1 [3] of the com-mon exponential-weight statistics prevalent in canonicalstatistical mechanics, and also present in the dynamicsof chaotic attractors [4, 5]. The occurrence of this struc-ture in the dynamics of dissipative nonlinear maps mightbe more appropriately termed “statistical dynamics” in-stead of “statistical mechanics”, however we have opted toretain the latter term. Another motivation for our studyis the usefulness of information about the dynamic prop-erties of unimodal maps in understanding some aspectsof non-equilibrium behavior in statistical-mechanical sys-tems with many degrees of freedom [6].
Central to achieving our goal is the requirement to un-derstand the intricate (but concerted) properties of tra-jectories associated with such a critical (vanishing Lya-punov exponent) attractor. There are two sets of propertiesinvolved in the above-mentioned statistical-mechanicalstructure [3]: those for the dynamics inside the attrac-tor, and those towards it. To our knowledge, none ofthese have been characterized with sufficient detail in thepast. The organization of trajectories, and of sensitiv-ity to initial conditions at the attractor has been nowelucidated [15], while features of the rate of approachof an ensemble of trajectories to the attractor have alsobeen explained [18]. The material about dynamics towardsperiodic superstable attractors contained in this article,makes it possible to understand the rate of approach tothe Feigenbaum attractor, especially the source of its dis-crete scale-invariant property [18, 19]. Ref. [18] constitutesthe second part of a three-stage study which leads to aconstructive verdict about the occurrence of a q-statisticalstructure for the dynamics of the Feigenbaum attractor.The third part, Ref. [3], contains the final reasoning anddiscussion. Ref. [20] reports the three studies together.
The family of superstable orbits - often called supercy-cles - of unimodal maps has played a prominent role inthe historical discovery of the cascade of period-doublingbifurcations which leads to the transition to chaos, withthe celebrated universal features displayed by the Feigen-baum attractor [1, 7, 8]. These periodic attractors are easyto find because one of their cycle positions correspondsto the abscissa of the maximum of the map (Fig. 1). Theyare convenient for basic computational purposes becausetrajectories originating at different positions settle very
1 A q-deformed exponential function is defined asexpq(x) ≡ [1 + (1 − q)x]1/(1−q), and its inverse, the q-
deformed logarithmic function as lnq y ≡ (y1−q−1)/(1−q).
The ordinary exponential and logarithmic functions are re-
covered when q = 1.

quickly into the attractor because their Lyapunov expo-nent diverges to −∞. They offered a suitable path forthe initial characterization of the period-doubling routeto chaos. Oddly enough, several features associated withthe dynamic evolution towards these attractors have re-mained unexplored. In this work we provide an account ofthese properties, some shared by other families of periodicattractors, while others are specific to the supercycles. Weexplicitly discuss the case of a map with quadratic maxima,but the results are easily extended to general nonlinear-ity z > 1. In closing we reiterate the broader theoreticalinterest in these properties, as stated above.In order to obtain dynamic properties with enhanced de-tail, we determined the organization of the entire set oftrajectories as generated by all possible initial conditions.We found that paths taken by the full set of trajectorieson their way to the supercycle attractors (or to their com-plementary repellors) are far from unstructured. The pre-images (previous positions of a trajectory observed at time
t) of the attractor of period 2N , N = 1, 2, 3, . . . are dis-tributed into different basins of attraction, one for each ofthe 2N phases (positions) which compose the cycle. When
N ≥ 2 these basins are separated by fractal boundarieswith complexity which increases with increasing N. Theboundaries consist of pre-images of the corresponding re-pellor, and their positions cluster around the 2N − 1 re-pellor positions according to an exponential law. As Nincreases, the structure of the basin boundaries becomesmore involved; the boundaries for the 2N cycle developnew features around those of the previous 2N−1 cycleboundaries, with the outcome that a hierarchical struc-ture arises, leading to embedded clusters of clusters ofboundary positions, and so forth.The dynamics associated with families of trajectories al-ways display a distinctively concerted order that reflectsthe repellor pre-image boundary structure for basins of at-traction. That is, each trajectory has an initial conditionwhich is identified as an attractor (or repellor) pre-imageof a given order, and this trajectory necessarily followsthe same steps as other trajectories with lower pre-imageorder belonging to a given chain or pathway to the at-tractor (or repellor). This feature gives rise to transientchaotic behavior different from that observed at the laststage of approach to the attractor. When the period 2N ofthe cycle increases, the dynamics become more involved,with increasingly more complex stages that reflect the pre-image hierarchical structure. At the closing of the lastleg of the trajectories, an ultra-rapid convergence to theattractor is observed, with a sensitivity to initial condi-tions which decreases as an exponential of an exponen-
tial of time. In relation to this we find that there is afunctional composition renormalization group (RG) fixed-
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Figure 1. Absolute value of attractor positions for the logistic map
fµ(x) in logarithmic scale as a function of the logarithm of
the control parameter difference µ∞ − µ. The supercycle
attractors are shown by the arrows and the notation d1, d2,
etc. corresponds to the so-called diameters, the distances
between x = 0, the position of the maximum of the map,
and the nearest cycle position.

point map associated with the supercycle attractor, andthis can be expressed in closed form by the same kindof q-exponential function found for both the pitchfork andtangent bifurcation attractors [9–11], like that originallyderived by Hu and Rudnick for the latter case [12].Before proceeding to detail the aforementioned dynamics,we recall the basic features of the bifurcation forks whichform the period-doubling cascade sequence in unimodalmaps, epitomized by the logistic map fµ(x) = 1 − µx2,
−1 ≤ x ≤ 1, 0 ≤ µ ≤ 2 [1, 7, 8]. The superstable pe-riodic orbits of length 2N , N = 1, 2, 3, . . ., are locatedalong the bifurcation forks, i.e. the control parametervalue µ = µN < µ∞ for the superstable 2N-attractor isthat for which the orbit of period 2N contains the point
x = 0, where µ∞ = 1.401155189 . . . is the value of µat the period-doubling accumulation point. The positions(or phases) of the 2N-attractor are given by xm = f (m)

µN (0),
m = 1, 2, . . . , 2N . Notice that infinitely many other se-quences of superstable attractors appear at the period-doubling cascades within the windows of periodic attrac-tors for values of µ > µ∞. Associated with the 2N-attractorat µ = µN there is a (2N −1)-repellor consisting of 2N −1positions ym, m = 1, 2, . . . , 2N−1. These positions are theunstable solutions, ∣∣∣df (2n−1)

µN (y)/dy∣∣∣ < 1, of y = f (2n−1)
µN (y),

n = 1, 2, . . . , N. The first, n = 1, originates at the initialperiod-doubling bifurcation, the next two, n = 2, start atthe second bifurcation, and so on, with the last group of2N−1, n = N, stemming from the N − 1 bifurcation. SeeFig. 2. We find it useful to order the repellor positions (or

Figure 2. Solutions of x = f (2N )
µ (x) , N = 0, 1, 2, ..., where fµ is the lo-

gistic map, as a function of the control parameter µ. The
attractors (stable solutions) become unstable at each bi-
furcation, turning into repellors. When for a given value
of µ the attractor has 2N positions there are 2N−1 repellor
positions.

repellors), present at µ = µN , according to a hierarchy ortree, from the ‘oldest’ with n = 1 up to the most recentones with n = N. The repellors’ order is given by thevalue of n. Finally, we define the pre-image x(k) of order
k of position x to satisfy x = h(k)(x(k)) where h(k)(x) is the
k-th composition of the map h(x) ≡ f (2N−1)

µN (x). We haveomitted reference to the 2N-cycle in x(k) to simplify thenotation.
2. Pre-image structure of supercy-
cle attractors
The core source of our description of the dynamics to-wards the supercycle attractors is a measure of the rela-tive ‘time of flight’ tf (x0) for a trajectory with initial con-dition x0 to reach the attractor. The function tf (x0) is ob-tained for an ensemble representative of all initial con-ditions −1 ≤ x0 ≤ 1. This comprehensive information isdetermined through the numerical realization of every tra-jectory, up to a small cutoff ε > 0 at its final stage. Thecutoff ε regards a position xf ≤ xm±ε to be effectively theattractor phase xm. This, of course, introduces an approx-imation to the real time of flight, that can be arbitrarilylarge for those x0 close to a repellor position ym or closeto any of its infinitely many pre-images, x(k)

m , k = 1, 2, . . .,
N ≥ 2. In such cases the finite time tf (x0; ε) can be seento diverge tf → ∞ as x0 → ym and ε → 0. As a simpleillustration, in Fig. 3 we show the time of flight tf (x0) for
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Figure 3. Left axis: The twice iterated map f (2)
µ1 (x), µ1= 1 (in grey

line). Right axis: Time of flight tf (x), the number of itera-
tions necessary for a trajectory with initial condition at x
to reach an attractor position. The values of x near the
high spikes correspond to initial conditions very close to
the repellor and its preimage. We present three example
trajectories (and the y = x line as an aid to visualize them):
The dotted line shows a trajectory that starts at the attrac-
tor position x = 0 and remains there. The solid line is a
trajectory starting near the repellor at y1, and after a large
number of iterations reaches the attractor position x = 1.
Finally, the dash-dotted line is an orbit starting at x = 0.5
that in just a few iterations reaches x = 0.

the period 2 supercycle at µ = µ1 with ε = 10−9 togetherwith the twice-composed map f (2)
µ1 (x) and a few represen-tative trajectories. We observe two peaks in tf (x0; ε) at

y1 = (−1+√1 + 4µ1)/2µ1 ' 0.6180340 . . ., the fixed-pointrepellor and at its (only) pre-image x(1)1 = −y1, where
y1 = f (2)

µ1 (x(1)1 ). Clearly, there are two basins of attractioneach for the two positions or phases of the attractor, x1 = 0and x2 = 1. For the former it is the interval x(1)1 < x0 < y1,whereas the latter consists of intervals −1 ≤ x0 < x(1)1 and
y1 < x0 ≤ 1. The multiple-step structure of tf (x0), of fourtime units each step, reflects the occurrence of intervals ofinitial conditions with common attractor phase pre-imageorder k .For the next supercycle - period 4 - the preimage struc-ture turns out to be a good deal more involved than thestraightforward structure for µ1. In Fig. 4 we show thetimes of flight tf (x0) for the N = 2 supercycle at µ = µ2with ε = 10−9, the map f (4)

µ2 (x) is superposed as a ref-erence to indicate the four phases of the attractor (at
x1 = 0, x2 = 1, x3 ' −0.3107 . . ., and x4 ' 0.8734 . . .)and the three repellor positions (at y1 ' 0.5716635 . . .,
y2 ' 0.952771 . . ., and y3 ' −0.189822 . . .). In Fig. 4four trajectories are also shown, each of which terminatesat a different attractor phase. We observe a proliferationof peaks and valleys in tf (x0) (an infinite number of them)

Figure 4. Same as Fig. 3 but for f (4)
µ2 (x), µ2 ' 1.31070264. Two orbits

(in solid bold and dashed bold lines) start very near each
other and by the position y1 of the old repellor, indistin-
guishable at the beginning they take very different subse-
quent paths to reach the attractor positions at x = 1 and
x ' 0.8734. See bottom right panel. Another two orbits (in
dotted and solid lines) start at an attractor position x = 1
and at a repellor preimage positions, respectively. Finally,
one more orbit (in dashed line) starts at an intermediate
initial condition an reaches very quickly the attractor posi-
tion at x ' −0.310703. See bottom left panel.

which cluster around the repellor at y1 ' 0.5716635 . . .and also at its pre-image at x(1)1 = −y1 (these are the posi-tions at µ = µ2 of the ‘old’ repellor and its preimage in theprevious N = 1 case). Notice that the steps in the valleysof tf (x0) are now eight time units each. The nature of theclustering of peaks (repellor phase preimages) and troughs(attractor phase preimages) is revealed in Fig. 5 where weplot tf in a logarithmic scale for the variables ±(x − y1).We find an exponential clustering of the preimage struc-ture around both the old repellor and its preimage. Thisscaling property is corroborated in Fig. 6 from where weobtain x−y1 ' 7.5×10−5 exp(0.80 l), where l = 1, 2, 3, . . .is a label for consecutive repellor preimages.A comparable leap in the complexity of the preimage struc-ture is observed for the following -period 8- supercycle. InFig. 7 we show tf (x0) for the N = 3 supercycle at µ = µ3with ε = 10−9, together with the map f (8)
µ2 (x) placed asreference to facilitate the identification of the locations ofthe eight phases of the attractor, x1 to x8, and the sevenrepellor positions, y1 to y7. Besides a huge proliferationof peaks and valleys in tf (x0), we observe now the devel-opment of clusters of clusters of peaks centered aroundthe repellor at y1 ' 0.5626447 . . . and its preimage at

x(1)1 = −y1 (these are now the positions of the originalrepellor and its preimage for the N = 1 case but when
µ = µ3). The steps in the valleys of tf (x0) have now be-
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Figure 5. Top panel: Time of flight tf (x) for N = 2 (as in Fig. 3), the
black lines correspond to initial conditions that terminate at
the attractor positions x = 0 and x ' −0.310703, while the
grey lines to trajectories ending at x = 1 and x ' 0.8734.
Right (left) bottom panel: Same as top panel, but plotted
against the logarithm of x − y1 (y1−x). It is evident that the
peaks are arranged exponentially around the old repellor
position y1, i.e., they appear equidistant in a logarithmic
scale. See Fig. 6.

Figure 6. Corroboration of preimage exponential clustering around
the repellor position y1 ' 0.571663 when N = 2 and µ2 '1.31070264. The variable l labels consecutive equidistant
peaks in the inset. The peaks correspond to preimages of
the repellor. See text.

come sixteen time units each. Similarly to the clusteringof peaks (repellor phase preimages) and valleys (attractorphase preimages) for the previous supercycle at µ2, thespacing arrangement for new clusters of clusters of peaksis determined in Fig. 8, where we plot tf on a logarith-mic scale for the variables ±(x − y1). In parallel with theprevious cycle, an exponential clustering of clusters of thepre-image structure is found around both the old repellor

Figure 7. Same as Fig. 4 for f (8)
µ3 (x), µ3' 1.38154748. Here

y1= 0.56264475.

Figure 8. Same as Fig. 5 for N = 3. The black lines correspond to
initial conditions that terminate at any of the four attractor
positions close or equal to x = 0, while the grey lines to
trajectories ending at any of the other four attractor posi-
tions close or equal to x = 1. As the bottom panels show,
in logarithmic scale, in this case there are (infinitely) many
clusters of peaks (repellor pre-images) equidistant from
each other.

and its pre-image. This scaling property is quantified inFig. 9 from where we obtain x−y1 ' 8.8×10−5 exp(0.84 l),where l = 1, 2, 3, . . . counts consecutive clusters.An investigation of the pre-image structure for the next
N = 4 supercycle at µ = µ4 leads to another substan-tial increment in the involvedness of the structure of pre-images but with such density that makes it cumbersometo describe here. Nevertheless it is clear that the maincharacteristic in the dynamics is the development of a hi-erarchical organization of the pre-image structure as the
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Figure 9. Same as Fig. 6 for N = 3.

Figure 10. Top panel: Detail of the map f (8)
µ3 (x) and a trajec-

tory in the proximity of the attractor position located at
x ' 0.850780. The trajectory originated very close to the
repellor position at x = 0.819378. Bottom panel: The
same trajectory of the eight-iterated map as a function
of time t. Inset: Corroboration of the exponential nature
of the trajectory after it leaves the repellor and before the
final approach to the attractor position.

period 2N of the supercycles increases.
3. Final-state sensitivity and tran-
sient chaos
With the knowledge gained about the features displayedby times of flight tf (x0) for the first few supercycles, itbecomes possible to determine and understand how theleading properties in the dynamics of approach to these

attractors arise. The information contained in tf (x0) canbe used to demonstrate in detail how the concepts of finalstate sensitivity [13] - due to attractor multiplicity - andtransient chaos [7] - prevalent in the presence of repellorsthat coexist with periodic attractors - realize in a givendynamics. The final-state sensitivity is a consequence offractal boundaries separating coexisting attractors. In ourcase there is always a single attractor, but its positionsor phases play an equivalent role [14]. Transient chaos [7]is due to fast separation in time of nearby trajectories bythe action of a repellor, and results in a sensitivity to ini-tial conditions which grows exponentially up to a crossovertime after which the decay sets in. We describe below howboth properties result from an extremely ordered flow oftrajectories towards the attractor. This order is imprintedby the pre-image structure described in the previous sec-tion.For the simplest supercycle at µ = µ1 there is trivial finalstate sensitivity as the boundary between the two basinsof the phases, x1 = 0 and x2 = 1, consists only of thetwo positions, y1 ' 0.5716635 . . . and x(1)1 = −y1 SeeFig. 3. Consider the length δ of a small interval around agiven value of x0 containing either y1 or x(1)1 , when δ → 0any uncertainty as to the final phase of the trajectorydisappears. It is also simple to verify that when x0 isclose to y1 or x(1)1 the resulting trajectories increase theirseparation at initial and intermediate times, displayingtransient chaos in a straightforward fashion. In Fig. 10 weshow the same type of transitory exponential sensitivityto initial conditions for a trajectory at µ = µ3 after itreaches a repellor position in the final journey towardsthe period 8 attractor. This behavior is common to allperiodic attractors when trajectories pass near a repelloron the final leg of their journey.For µ = µ2 there are more remarkable properties arisingfrom the more complex pre-image structure. There is aconcerted migration of initial conditions seeping throughthe boundaries between the four basins of attraction of thephases. These boundaries, shown in Fig. 11, form a frac-tal network of interlaced sub-basins separated from eachother by two pre-images of different repellor phases, andhave at their bottoms pre-images of an attractor phase.Trajectories in one of these sub-basins move to the near-est sub-basin of its type (next-nearest neighbor in actualdistance in Fig. 11) at each iteration of the map f (4)
µ2 (4 timesteps for the original map fµ2 ). The movement is alwaysaway from the center of the cluster at the old repellorposition y1 or at its pre-image x(1)1 (located at the steep-est slope inflection points of f (4)

µ2 shown in Fig. 4). Oncea trajectory is out of the cluster (contained between themaxima and minima of f (4)
µ2 next to the mentioned inflectionpoints) it proceeds to the basin of attraction of an at-
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Figure 11. Time of flight tf (x) for N = 2 (equivalent to Fig. 5). Dif-
ferent types of lines are used for different sub-basins of
attraction that form the fractal boundary between the at-
tractor positions. The black solid line corresponds to
the attractor position x = 0, the grey solid line to x = 1,
dashed grey line to x ' −0.310703, and dashed black
line to x ' 0.873470. The sub-basins are separated in an
alternated fashion by repulsor pre-images (peaks) and
there are just two types of sub-basins depending on |x|
being larger or smaller than y1.

tractor phase (separated from the cluster by the inflectionpoints with gentler slope of f (4)
µ2 in Fig. 4) where the finalstage takes place. When considering a large ensemble ofinitial positions which are distributed uniformly along allphase space, the common journeys towards the attractordisplay an exceedingly ordered pattern. Each initial posi-tion (x0) within either of the two clusters of sub-basins isa pre-image of a given order (k) of a position in the mainbasin of attraction. Each iteration of f (4)

µ2 reduces the or-der of the pre-image from k to k−1, and the new position
x ′0 = f (4)

µ2 (x0) replaces the initial position x ′0 (a pre-image oforder k−1) of another trajectory that under the same timestep has migrated to the initial position x ′′0 (a pre-imageof order k − 2) of another trajectory, and so on.It is clear that the dynamics at µ = µ2 displays sensitivityto the final state when the initial condition x0 is locatednear the core of any of the two clusters of sub-basins at
y1 and x(1)1 that form the boundary of the attractor phases.Any uncertainty as to the location of x0 when arbitrarilyclose to these positions implies uncertainty about the fi-nal phase of a trajectory. There is also transient chaoticbehavior associated with the migration of trajectories outof the cluster as a result of the organized pre-image re-settlement mentioned above. Indeed, the exponential dis-position of repellor pre-images shown in Fig. 6 is actu-ally a realization of two trajectories with initial conditionsin consecutive peaks of the cluster structure. Therefore,

Figure 12. Evolution of an orbit starting very close to a peak (repellor
pre-image) inside a cluster whenN = 2, µ2 ' 1.31070264
and y1= 0.571663. (See Fig. 5).The trajectory describes
an exponential in time moving away from y1. In the fig-
ure, positions of the trajectory correspond to the black
solid dots, and iterations correspond to the number as-
sociated to each dot.

the exponential expression given in the previous sectionin relation to Fig. 6 can be rewritten as the expressionfor a trajectory, xτ ' x0 exp(λeffτ), with, xτ = x − y1, x0 =7.5×10−5, and λeff = 6.4, where τ = 1, 2, 3, . . .. Straight-forward differentiation of xτ with respect to x0 yields anexponential sensitivity to initial conditions with positiveeffective Lyapunov coefficient λeff .As can be anticipated, the dynamics of approach to thenext supercycle at µ = µ3 can be explained by enlarg-ing the above description for µ = µ2 with the additionalfeatures of its pre-image structure as detailed in the previ-ous section. As in the previous case, trajectories with ini-tial conditions (x0) located inside a cluster of sub-basinsof the attractor phases will proceed to move out of it inthe systematic manner described for the only two isolatedclusters present when µ = µ2. Only now is there an in-finite number of such clusters arranged into two buncheswhich group exponentially around the old repellor posi-tion y1 and around its pre-image x(1)1 (see Figs. 7 to 9).Once such trajectories leave the cluster under considera-tion they enter into a neighboring cluster, and so forth, sothat the trajectories advance out of these fractal bound-aries and, through the prolonged process of migration, outof the cluster of clusters. Eventually they proceed to theattraction basins in the eight phases of this cycle. InFig. 13 we show one such trajectory in consecutive times
t = 1, 2, 3, . . . for the original map and also in multi-ples of time t = 23, 223, 323, . . . The logarithmic scale ofthe figure makes evident the retardation of each stage in
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Figure 13. A trajectory for µ3' 1.38154748. Top panel: The circles
are positions for consecutive times in the iterations of
the map fµ3 (x). The orbit starts very close to the old (pe-
riod one) repellor y1, then moves close to a period two
and subsecuently to a period four repellor, until finally
the trajectory arrives at the period eight attractor. Bot-
tom panel: Selection of a time subsequence of multiples
of 23 shows the same trajectory as an evolution towards
one particular attractor position.

the process. As when µ = µ2, it is clear that in the ap-proach to the µ = µ3 attractor there is sensitivity to thefinal state and transitory chaotic sensitivity to initial con-ditions. Again, the exponential expression, given in theprevious Section associated with the pre-image structureof clusters of clusters of sub-basins shown in Fig. 8, canbe interpreted as the expression of a trajectory of the form
xτ ' x0 exp(λeffτ). Differentiation of xτ with respect to x0yields again an exponential sensitivity to initial conditionswith positive effective Lyapunov coefficient λeff .When the period (2N ) of the cycles increases we see thatthe main characteristic in the dynamics is the developmentof a hierarchical organization in the flow of an ensembleof trajectories out of an increasingly more complex dis-position of the pre-images of the attractor phases. Therole played by a cluster of sub-basins when µ = µ2 ispreserved for the clusters present when µ = µ3 but theadditional presence of clusters of clusters of sub-basinsintroduces a similar role in the dynamics at a broaderscale in the pre-image structure. This is a complicationthat will arise in a comparable fashion every time N in-creases.
4. Super strong insensitivity to ini-
tial conditions
We now discuss the approach to the supercycle at-tractors and find the form taken by the sensitivity to

initial conditions ξt in the t � 1 limit, as requiredin its usual definition. The question is pertinent be-cause for these attractors the ordinary Lyapunov expo-nent λ ≡ limt→∞ t−1 ln df (t)
µN (x)/dx∣∣∣

x=0 diverges to minusinfinity (df (t)
µN (x)/dx = 0 at x = 0) and ξt cannot have anexponential form ξt = exp(λt) with λ < 0.Representative results for the last segment of a trajec-tory and the corresponding sensitivity ξt obtained froma numerical investigation are shown in Fig. 14. Only thefirst two steps of a trajectory with x0 = 0.1 on the map

f (23)
µ3 can be seen in Fig. 14 (a). A considerable enlarge-ment of the spatial scale (which requires computationsof extreme precision) makes it possible to observe a to-tal of seven steps (56 iterations in the original map), asshown with the help of logarithmic scales in Fig. 14 (b).Fig. 14 (c) shows both the same trajectory and the sensi-tivity ξt ≡ dxt/dx0 in a logarithmic scale for xt and ξt anda normal scale for the time t. The trajectory is accuratelyreproduced (indistinguishable from the curve in Fig. 14(c)) by the expression xt = u−1 exp(b exp ct), b = lnux0(with x0 > 0) and c = ln 2, where u > 0 is obtainedfrom the form |f (2N )

µN | ' ux2 that the 2N-th composed maptakes close to x = 0. This expression for xt is just an-other form of writing uxt = (ux0)2t , the result of repeatediteration of ux2. For the logarithm of the sensitivity wehave ln ξt = − ln x0 + t ln 2 + ln xt , where the last (largenegative) term dominates over the first two. Thus we findthat the sensitivity decreases faster than an exponential,or more precisely, it decreases as the exponential of anexponential.It is interesting to note that, associated with the generalform f (2N )
µN (x) ' ux2 of the map in the neighborhood of

x = 0, there is a map f∗(x) which satisfies the functionalcomposition and rescaling equation f∗(f∗(x)) = α−1f∗(αx)for some finite value of α and such that f∗(x) = ux2+o(x4).The fixed-point map f∗(x) possesses properties commonto all superstable attractors of unimodal maps with aquadratic extremum. Indeed, there is a closed form ex-pression that satisfies these conditions. This is
f∗(x) = x expq(uq−1x),

where expq(x) is the q-exponential function expq(x) ≡ [1+(1 − q)x]1/(1−q). The fixed-point map equation is satisfiedwhen α = 21/(q−1) and q = 1/2. The same type of RGsolution has been previously found to exist for both thetangent and pitchfork bifurcations of unimodal maps withgeneral nonlinearity z > 1 [9–12]. Use of the map f∗(x)reproduces the trajectory xt/x0 and sensibility ξt shown inFig. 14 (c).
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Figure 14. Panel (a): Detail of a trajectory in its final stage of ap-
proach to the x = 0 attractor position (dotted line) for the
map f (2N )

µN
(x) (solid line). In this example N = 3. Panel

(b): Same as (a) in double logarithmic scale. Panel (c):
Trajectory xt and sensitivity to initial conditions ξt in log-
arithmic scale versus time t. Both functions are indistin-
guishable. Note that there is an ultra-rapid convergence,
of only a few time steps, to the origin x = 0. See text.

5. Summary
The properties of the first few members of the family ofsuperstable attractors with unimodal maps with quadraticmaxima have been studied. From this, we have obtained aprecise understanding of the complex dynamics which de-velop as their period 2N increases. The study is based onthe determination of the function tf (x0), the time of flightfor a trajectory with initial condition x0 to reach the attrac-tor or repellor. The novelty and scope of this study is thatthe function tf (x0) was determined for all initial conditions
x0 in a partition of the total phase space −1 ≤ x0 ≤ 1,and this provides a complete picture for each attractor-repellor pair. We have observed how fractal features ofthe boundaries between basins of attraction for positionsof the periodic orbits develop a structure with hierarchy,and how this reflects on the properties of the trajecto-ries. The set of trajectories produce an ordered flow to-wards either the attractor or the repellor which reflectsthe ladder structure of the sub-basins that constitute thementioned boundaries. As 2N increases there is sensi-tivity to the final position for almost all x0, and there isa transient exponentially-increasing sensitivity to initialconditions for almost all x0.We observed transient chaos as the manifestation of thetrajectories’ controlled flow out of the fractal boundaries,which suggests that for large 2N the flow becomes an ap-proximately self-similar sequence of stages. Finally, welooked at the closing segment of trajectories for whicha very fast convergence to the attractor positions occurs.

Here we found ‘universality class’ features, as the trajec-tories and sensitivity to initial conditions are replicatedby an RG fixed-point map obtained under functional com-position and rescaling (of the 2N-times composed map).This map has the same q-deformed, exponential, closedform found to hold for both the pitchfork and tangent bi-furcations of unimodal maps [9–11].As stated in the introduction, renewed interest [2] in thedynamics of critical attractors in low-dimensional non-linear maps stems from their suitability for assessing the-oretical inquiries and developments in both statisticalphysics and nonlinear phenomena. There are now positiveindications that the multi-fractal critical attractors presentin these maps play such a role, since the two sets of dy-namical properties - inside and towards the Feigenbaumattractor - appear combined in a q-deformed statistical-mechanical structure [3]. The dynamics at the attrac-tor (for both trajectories and sensitivity to initial condi-tions) was previously analyzed in detail for the period-doubling [15, 17] and the quasiperiodic [16] transitions tochaos. The dynamics on the way to the attractor are onlyavailable now [18], and the material presented here formspart of this effort. The ordinary statistical-mechanicalstructure (q = 1) is recovered when the control param-eter is shifted from µ = µ∞ to µ > µ∞ and the attractorbecomes chaotic, i.e. with positive Lyapunov exponent [3].The knowledge gained here offers a significant qualita-tive and quantitative increase in the understanding of thedynamics, not only for attractors of period 2N , but ul-timately for the dynamics of the transition to chaos viathe period doubling route. As we have seen, each dou-bling of the period introduces additional elements to thehierarchy of the pre-image structure, such that the com-plexity of these added elements is similar to that of thetotal period-2N system. As shown in Ref. [18], each dou-bling of the period adds new elements into the familyof sequentially-formed phase space gaps, and moreoverincreases in one unit the number of undulations in thetransitory log-periodic power-law decay displayed by thefraction W (t) of ensemble trajectories still away at a giventime t from the attractor (and the repellor). As a conse-quence we have obtained detailed understanding of themechanism by which the discrete scale invariance impliedby the log-periodic property [19] in the rate of approach
W (t) arises.To conclude, we reiterate that the dynamical propertiespresented here for the approach to attractors of finite pe-riod is one of three studies that together lead to a def-inite conclusion about the applicability of q-statistics tothe dynamics associated with the Feigenbaum attractor.The second part of the study [18] builds on the knowledgegained here to establish the dynamical properties of the
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approach to the Feigenbaum attractor. Finally, the thirdpart [3] brings together properties of the dynamics both in-
side [15] and towards [18] the attractor in order to reveala statistical-mechanical structure with q-statistical fea-tures. The three studies are discussed together in Ref. [20].
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