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Abstract: In this paper, the problem of laminar, isothermal, incompressible and viscous flow in a rectangular domain
bounded by two moving porous walls, which enable the fluid to enter or exit during successive expansions
or contractions is solved analytically by using the homotopy analysis method (HAM). Graphical results are
presented to investigate the influence of the nondimensional wall dilation rate α and permeation Reynolds
number Re on the velocity, normal pressure distribution and wall shear stress. The obtained solutions,
in comparison with the numerical solutions, demonstrate remarkable accuracy. The present problem for
slowly expanding or contracting walls with weak permeability is a simple model for the transport of biological
fluids through contracting or expanding vessels.
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1. Introduction

Considerable attention has been directed towards thestudy of nonlinear problems in all areas of physics andengineering. Apart from a limited number of these prob-lems, most of them do not have a precise solution. Hence,it is often necessary to determine approximate solutionsof complicated nonlinear differential equations using someanalytic techniques. Foremost among the analytic tech-niques are the methods of perturbations in terms of a
∗E-mail: saeed_dinarvand@yahoo.com

small/large parameter, the so-called perturbation quan-tity [1, 2]. Many nonlinear problems do not contain sucha perturbation quantity, so we can use non-perturbationmethods, such as the artificial small parameter method [3],the δ-expansion method [4] and the Adomian’s decomposi-tion method [5]. However, both of these perturbation andnon-perturbation methods cannot present a simple way toadjust and control the convergence region of approximatesolutions.
In 1992, Liao [6] employed the basic ideas of homotopy intopology to propose a general analytic method for non-linear problems, namely the homotopy analysis method(HAM) [7–12]. Based on the homotopy of topology, thevalidity of HAM is independent of whether or not there
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exist small parameters in the considered equation. There-fore, the HAM can overcome the foregoing restrictionsand limitations of perturbation methods [13]. The HAMalways provides us with a family of solution expressionsin the auxiliary parameter ~, the convergence region andrate of each solution might be determined convenientlyby the auxiliary parameter ~. Furthermore, the HAM israther general and contains the homotopy perturbationmethod (HPM) [12], the Adomian decomposition method(ADM) [14] and δ-expansion method. In recent years, theHAM has been successfully employed to solve many typesof nonlinear problems such as the nonlinear equationsarising in heat transfer [15], the nonlinear model of diffu-sion and reaction in porous catalysts [16], the chaotic dy-namical systems [17], the non-homogeneous Blasius prob-lem [18], the generalized three-dimensional MHD flowover a porous stretching sheet [19], the wire coating anal-ysis using MHD Oldroyd 8-constant fluid [20], the axisym-metric flow and heat transfer of a second grade fluid past astretching sheet [21], the MHD flow of a second grade fluidin a porous channel [22], the generalized Couette flow [23],the Glauert-jet problem [24], the Burger and regularizedlong wave equations [25], the laminar viscous flow in asemi-porous channel in the presence of a uniform magneticfield [26], the nano boundary layer flows [27], the two-dimensional steady slip flow in microchannels [28], andother problems. All of these successful applications veri-fied the validity, effectiveness and flexibility of the HAM.
Studies of fluid transport in biological organisms oftenconcern the flow of a particular fluid inside an expandingor contracting vessel with permeable walls. For a valvedvessel exhibiting deformable boundaries, alternating wallcontractions produce the effect of a physiological pump.The flow behavior inside the lymphatics exhibits a simi-lar character. In such models, circulation is induced bysuccessive contractions of two thin sheets that cause thedownstream convection of the sandwiched fluid. Seepageacross permeable walls is clearly important to the masstransfer between blood, air and tissue [29]. Therefore, asubstantial amount of research work has been invested inthe study of the flow in a rectangular domain bounded bytwo moving porous walls, which enable the fluid to en-ter or exit during successive expansions or contractions.Majdalani et al. [30] studied the two-dimensional viscousflow between slowly expanding or contracting walls withweak permeability. Their study focused on the viscousflow driven by small wall contractions and expansions oftwo weakly permeable walls. Based on double pertur-bations in the permeation Reynolds number Re and walldilation rate α, they carried out their analytical procedure.Dauenhauer and Majdalani [31] studied the unsteady flowin semi-infinite expanding channels with wall injection.

They are characterized by two non-dimensional parame-ters, the expansion ratio of the wall α and the cross-flowReynolds number Re. A shooting method, coupled with aRunge–Kutta integration scheme, was utilized to numer-ically solve the resulting fourth-order differential equa-tion. Majdalani and Zhou [32] studied moderate to largeinjection and suction driven channel flows with expandingor contracting walls. Using perturbations in cross-flowReynolds number Re, the resulting equation is solved bothnumerically and analytically. Boutros et al. [33] studiedthe solution of the Navier–Stokes equations which de-scribed the unsteady incompressible laminar flow in asemi-infinite porous circular pipe with injection or suc-tion through the pipe wall whose radius varies with time.The resulting fourth-order nonlinear differential equationis then solved using small-parameter perturbations.In this paper, we use the homotopy analysis method to in-vestigate the problem of laminar, isothermal, incompress-ible and viscous flow in a rectangular domain boundedby two moving porous walls. The paper is organized asfollows. In Section 2, a mathematical formulation is pre-sented. In Section 3, we extend the application of theHAM to construct approximate solutions for the govern-ing equation. Section 4 contains results and a discussion.Conclusions are summarized in Section 5.
2. Problem statement and mathe-
matical formulation
Consider the laminar, isothermal, and incompressible flowin a rectangular domain bounded by two permeable sur-faces that enable the fluid to enter or exit during succes-sive expansions or contractions. A schematic diagram ofthe problem is shown in Fig. 1. The walls expand or con-tract uniformly at a time-dependent rate ȧ. At the wall, itis assumed that the fluid inflow velocity Vw is independentof position. The equations of continuity and motion for theunsteady flow are given as follows

∂ũ
∂x̃ + ∂ṽ

∂ỹ = 0, (1)
∂ũ
∂t + ũ ∂ũ∂x̃ + ṽ ∂ũ∂ỹ = − 1

ρ
∂p̃
∂x̃ + ν

[
∂2ũ
∂x̃2 + ∂2ũ

∂ỹ2
]
, (2)

∂ṽ
∂t + ũ ∂ṽ∂x̃ + ṽ ∂ṽ∂ỹ = − 1

ρ
∂p̃
∂ỹ + ν

[
∂2ṽ
∂x̃2 + ∂2ṽ

∂ỹ2
]
. (3)

In above equations ũ and ṽ indicate the velocity compo-nents in the x andy directions, p̃ denotes the dimensionalpressure, ρ, ν and t are the density, kinematic viscosityand time, respectively. The boundary conditions will be
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ũ = 0, ṽ = −Vw = −ȧ/c at ỹ = a(t),
∂ũ
∂ỹ = 0, ṽ = 0, at ỹ = 0,
ũ = 0 at x̃ = 0,

(4)
where c (c ≡ ȧ/Vw ) is the wall permeance or injec-tion/suction coefficient, that is a measure of wall perme-ability. The stream function and mean flow vorticity canbe introduced by putting

ũ = ∂ψ̃
∂ỹ , ṽ = −∂ψ̃∂x̃ , (5)

ξ̃ = ∂ṽ
∂x̃ −

∂ũ
∂ỹ , (6)

∂ξ̃
∂t + ũ ∂ξ̃∂x̃ + ṽ ∂ξ̃∂ỹ = ν

[
∂2ξ̃
∂x̃2 + ∂2ξ̃

∂ỹ2
]
. (7)

Substitution (6) into (7) yields
ṽx̃t − ũỹt + ũ(ṽx̃x̃ − ũỹx̃ ) + ṽ(ṽx̃ỹ − ũỹỹ)= ν(ṽx̃x̃x̃ − ũỹx̃x̃ + ṽx̃ỹỹ − ũỹỹỹ). (8)

Due to mass conservation, a similar solution can be de-veloped with respect to x̃ [30]. Starting with
ψ̃ = νx̃F̃ (y, t)

a , ũ = νx̃F̃y
a2 , ṽ = −νF̃ (y, t)

a ,

y = ỹ
a , F̃y ≡

∂F̃
∂y .

(9)
From Eqs. (8) and (9), we have

ũỹt + ũũỹx̃ + ṽ ũỹỹ = ν(ũỹx̃x̃ + ũỹỹỹ). (10)
In order to solve Eq. (10), one uses the chain rule to obtain
F̃yyyy + α(yF̃yyy + 3F̃yy) + F̃ F̃yyy

− F̃yF̃yy − a2ν−1F̃yyt = 0, (11)
with the following boundary conditions

F̃ = 0, F̃yy = 0 at y = 0,
F̃ = Re, F̃y = 0 at y = 1, (12)

Figure 1. Schematic diagram of the problem.

where α(t) ≡ ȧa/ν is the nondimensional wall dilationrate defined positive for expansion and negative for con-traction. Furthermore, Re = aVw/ν is the permeationReynolds number defined positive for injection and nega-tive for suction through the walls. Eqs. (9), (11) and (12)can be normalized by putting
ψ = ψ̃

aȧ , u = ũ
ȧ , v = ṽ

ȧ ,

x = x̃
a , F = F̃Re ,

(13)
and so
ψ = xF

c , u = xF ′
c , v = −Fc , c = αRe , (14)

F IV + α(yF ′′′ + 3F ′′′) + ReFF ′′′ − ReF ′F ′′ = 0. (15)
The boundary conditions (12) will be

F = 0, F ′′ = 0 at y = 0,
F = 1, F ′ = 0 at y = 1. (16)

The resulting Eq. (15) is the classic Berman’s formula [34],with α = 0 (channel with stationary walls).
3. Analytical approximations by
means of HAM
To investigate the explicit and totally analytic solutionsof Eq. (15) by using HAM, we choose

F0(y) = 12 (3y− y3), (17)
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as the initial guess for F (y), which satisfies the bound-ary conditions (16). Additionally, we select the auxiliarylinear operator L(F ) as
L(F ) = F ′′′′. (18)

It is easy to check that this operator satisfies the followingequation
L(c1y3 + c2y2 + c3y+ c4) = 0, (19)

where ci, i = 1 − 4, are arbitrary constants. Basedon Eq. (15), we are led to define the following nonlinearoperator
N [φ(y;p)] = ∂4φ(y;p)

∂y4 +α (y∂3φ(y;p)
∂y3 + 3∂2φ(y;p)

∂y2
)

+ Reφ(y;p)∂3φ(y;p)
∂y3 − Re∂φ(y;p)

∂y
∂2φ(y;p)
∂y2 , (20)

where p ∈ [0, 1] is an embedding parameter and φ(y;p) isa kind of mapping function for F (y). Using these operators,we can construct the so-called zeroth-order deformation
equation as

(1− p)L [φ(y;p)− F0(y)] = p~N [φ(y;p)] , (21)
where ~ is an auxiliary nonzero parameter. The boundaryconditions for Eq. (21) are

φ(0;p) = 0, ∂2φ(0;p)
∂y2 = 0,

φ(1;p) = 1, ∂φ(1;p)
∂y = 0. (22)

Obviously, whe p = 0 and p = 1, the above zeroth-order
deformation equation has the following solutions

φ(y; 0) = F0(y), φ(y; 1) = F (y). (23)
As p increases from 0 to 1, the mapping function φ(y;p)varies from the known initial approximations F0(y) to theunknown solution F (y). Now, expanding the mappingfunction φ(y;p) by its Taylor series in terms of p, onewould obtain

φ(y;p) = F0(y) + +∞∑
m=1 Fm(y)pm, (24)

where
Fm(y) = 1

m! ∂mφ(y;p)
∂pm

∣∣∣∣∣
p=0. (25)

As pointed by Liao [10], the convergence of the series (24)strongly depends upon the auxiliary parameter ~. Assumethat ~ is selected such that the series (24) is convergentat p = 1, then due to Eq. (24), the final series solutionbecomes
F (y) = F0(y) + +∞∑

m=1 Fm(y). (26)
In series (26), the terms Fm(y) are unknown. For the mth-order deformation equation, we differentiate Eq. (21) mtimes with respect to p, divide by m! and then set p = 0.The resulting deformation equation at the m th-order is

L [Fm(y)− χm Fm−1(y)] = ~Rm(y), (27)
with the following boundary conditions

Fm(0) = 0, F ′′m(0) = 0,
Fm(1) = 0, F ′m(1) = 0, (28)

where

Rm(y) = ∂4Fm−1(y)
∂y4 + α

(
y∂

3Fm−1(y)
∂y3 + 3∂2Fm−1(y)

∂y2
)

+ m−1∑
n=0
(ReFn(y)∂3Fm−1−n(y)

∂y3 − Re∂Fn(y)
∂y

∂2Fm−1−n(y)
∂y2

)
,

(29)
and

χm = {0, m 6 1,1, m > 1. (30)
We use a symbolic software MATHEMATICA to solve thesystem of linear equations (27) with the boundary condi-tions (28), and successively obtain
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F1 (y) = ~280 {(−28α − 2Re)y+ (56α + 3Re)y3 − 28αy5 − Rey7} , (31)

F2 (y) = ~3880800

 − 388080α − 388080α~ + 44352α2~
−27720Re− 27720~Re− 34188α~Re

−2109~Re2
y

+
 776160α + 776160α~− 144144α2~+41580Re + 41580~Re + 45584α~Re+2628~Re2

y3 +( − 388080α − 388080α~+155232α2~ + 8316α~Re
)
y5 (32)

+
 −55440α2~− 13860Re
−13860~Re− 16632α~Re+594~Re2

y7 +( −3080α~Re
−1155~Re2

)
y9 + 42~Re2y11

 ,

...

4. Results and discussion

The series given by Eq. (26) is the solution of the presentproblem if we guarantee the convergence of this series.The convergence of this series and the rate of approx-imation for the homotopy analysis method strongly de-pends upon the value of the auxiliary parameter ~, aspointed out by Liao [10]. In general, by means of the so-called ~−curve, it is straightforward to choose a propervalue of ~ to control the convergence of the approxi-mation series. In order to find the range of admissiblevalues of ~,~−curves of F ′(0) obtained by the 10th-order approximation of the HAM are displayed in Fig. 2.These ~−curves have been drawn for various values ofthe nondimensional wall dilation rate α and permeationReynolds number Re. From Fig. 2, the valid regions of
~ correspond to the line segments nearly parallel to thehorizontal axis.A graphical representation of the results is very usefulto demonstrate the efficiency and accuracy of the homo-topy analysis method for the above problem. Figs. 3–5illustrate the behaviour of F ′ (or uc/x) for the permeationReynolds number Re = −5, Re = 0 and Re = 5, respec-tively, over a range of the nondimensional wall dilationrate α . For every level of injection or suction, in caseof the expanding wall (α > 0), increasing α leads to ahigher axial velocity near the centre, and a lower onenear the wall. That is because the flow toward the centrebecomes greater to make up for the space caused by the

Figure 2. The ~−curves of F ′(0) given by the 10th-order approxi-
mation for various values of α and Re.

expansion of the wall and as a result the axial velocityalso becomes greater near the centre. Similarly, for ev-ery level of injection or suction, in case of the contractingwall (α < 0), increasing |α| leads to lower axial velocitynear the centre, and a higher one near the wall becausethe flow toward the wall becomes greater and as a resultthe axial velocity near the wall becomes greater. Fur-thermore, Figs. 3–5 indicate a greater sensitivity to wallexpansion in comparison with wall contraction. This be-havior is greater sensible for suction case (Re = −5). Thefourth-order ordinary differential equation (15), with theboundary conditions (16) is solved numerically using theshooting method, coupled with the Runge–Kutta scheme.
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Figure 3. F ′(y) shown over a range of α at Re = −5, when ~ =
−1.2.

Figure 4. F ′(y) shown over a range of α at Re = 0, when ~ = −1.

We show the comparison between the initial guess, HAMsolution and numerical solution in cases of expansion com-bined with injection (α = 1 and Re = 5) and contractioncombined with suction (α = −1 and Re = −5) in Figs. 6and 7, respectively. We can see a very good agreement

Figure 5. F ′(y) shown over a range of α at Re = 5, when ~ = −0.8.

Figure 6. F ′(y) given by the initial guess, 10th-order approximation
of the HAM for ~ = −0.8 and numerical solution at α =1 and Re = 5.

Figure 7. F ′(y) given by the initial guess, 10th-order approximation
of the HAM for ~ = −1.2 and numerical solution at α =
−1 and Re = −5.

between the purely analytic results of the HAM and nu-merical results.After the flow field is found, the normal pressure gradientcan be obtained by substituting the velocity componentsinto Eqs. (1)–(3). Hence it is
py = −[Re−1F ′′ + FF ′ + αRe−1(F + yF ′)],
p = p̃

ρV 2
w
.

(33)
We can determine the normal pressure distribution, if weintegrate Eq. (33). Let pc be the centerline pressure, hence
∫ p(y)
pc

dp = ∫ y

0 −[Re−1F ′′ + FF ′ + αRe−1(F + yF ′)]dy.(34)Then using FF ′ = (F 2)′/2 and (F + yF ′) = (yF )′, theresulting normal pressure drop will be
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∆pn = Re−1F ′(0)− [Re−1F ′ + 12F 2 + αRe−1yF ]. (35)
The pressure distribution in the normal direction forthe permeation Reynolds number Re = −4, Re =
−1, Re = 1 and Re = 4, over a range of the nondi-mensional wall dilation rate α , are plotted in Figs. 8–11,respectively. In order to verify the accuracy of the HAMsolution, we added numerical solutions in Figs. 9 and 10.From Figs. 8–11, for every level of injection or suction, theabsolute pressure change in the normal direction (|∆pn|)is lowest near the central portion. For every level of suc-tion, in case of the expanding wall (α > 0), increasing αleads to lower |∆pn| and in case of the contracting wall(α < 0), increasing |α| leads to higher |∆pn| .Another important quantity is the shear stress. The shearstress can be determined from Newton’s law for viscosity

τ̃ = µ(ṽx̃ + ũỹ) = ρν2x̃F̃ ′′
a3 . (36)

Introducing the nondimensional shear stress τ = τ̃/ρV 2
w ,we have

τ = xF ′′Re . (37)
The wall shear stress (τw = xF ′′(1)/Re) for the perme-ation Reynolds number Re = −4, Re = −1, Re =1 and Re = 4, over a range of the nondimensional walldilation rate α , are plotted in Figs. 12–15, respectively.In order to verify the accuracy of the HAM solution, weadded numerical solutions in Figs. 13 and 14. Figs. 12–15 illustrate that the absolute shear stress along the wallsurface increases in proportion to x. Furthermore, in caseof the expanding wall (α > 0), the wall shear stress (ab-solute value) increases as α decreases, while it increasesas |α| increases in case of the contracting wall (α < 0).
5. Conclusions
In this work, we used the homotopy analysis method(HAM) to obtain analytic approximate solutions of laminar,isothermal, incompressible and viscous flow in a rectan-gular domain bounded by two moving porous walls, pre-sented by Majdalani et al. [30]. Graphical results arepresented to investigate the influence of the nondimen-sional wall dilation rate α and permeation Reynolds num-ber Re on the velocity, normal pressure distribution andwall shear stress. The results are compared with the nu-merical solution obtained using the shooting method, cou-pled with a Runge–Kutta scheme. We found that the an-alytic solution matches the numerical solution quite well.

Unlike perturbation methods, the HAM does not dependon any small physical parameters. Thus, it is valid for bothweakly and strongly nonlinear problems. Besides, differ-ent from all other analytic methods, the HAM provides us asimple way to adjust and control the convergence region ofseries solution by means of an auxiliary parameter ~. Thusthe auxiliary parameter ~ plays an important role withinthe frame of the HAM which can be determined by theso-called ~−curves. Consequently, this paper shows theflexibility and potential of the homotopy analysis methodfor complicated nonlinear problems in engineering.

Figure 8. The pressure drop in the normal direction (∆pn) shown
over a range of α at Re = −4, when ~ = −1.2.

Figure 9. The comparison between numerical and analytical pres-
sure drops (∆pn) shown over a range of α at Re = −1,
when ~ = −1.1.
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Figure 10. The comparison between numerical and analytical pres-
sure drops (∆pn) shown over a range of α at Re = 1,
when ~ = −0.9.

Figure 11. The pressure drop in the normal direction (∆pn) shown
over a range of α at Re = 4, when ~ = −0.8.

Figure 12. The wall shear stress shown over a range of α at Re =
−4, when ~ = −1.2.

Figure 13. The comparison between numerical and analytical wall
shear stress shown over a range of α at Re = −1, when
~ = −1.1.

Figure 14. The comparison between numerical and analytical wall
shear stress shown over a range of α at Re = 1, when
~ = −0.9.

Figure 15. The wall shear stress shown over a range of α at Re = 4,
when ~ = −0.8.
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