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Abstract: We examine the problem of flow and heat transfer in a second grade fluid over a stretching sheet [K. Va-
jravelu, T. Roper, Int. J. Nonlinear Mech. 34, 1031 (1999)]. The equations considered by Vajravelu and
Roper [K. Vajravelu, T. Roper, Int. J. Nonlinear Mech. 34, 1031 (1999)], are found to be incorrect in the
literature. In this paper, we not only corrected the equation but found a useful analytic solution to this im-
portant problem. We also extended the problem for hydromagnetic flow and heat transfer with Hall effect.
The explicit analytic homotopy solution for the velocity field and heat transfer are presented. Graphs for
the velocity field, skin friction coefficient, and rate of heat transfer are presented. Tables for the skin friction
coefficient and rate of heat transfer are also presented. The convergence of the solution is also properly
checked and discussed.
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1. Introduction

The production of sheeting material occurs in several in-dustrial manufacturing processes and includes both metaland polymer sheets. In the manufacture of polymer sheets,the material is in the molten phase when thrust throughan extrusion die and then cools and solidifies some dis-tance away from the die before arriving at the collection
∗E-mail: haiderzaman67@yahoo.com

stage. Glass blowing, continuous casting, and spinning offibers also involve flow due to stretching surface. Variousinvestigators [2–6] have studied the flow over a stretch-ing surface for Newtonian fluids. The authors [7–10] alsoextended such studies for non-Newtonian fluids. The au-thors [11–16] also considered flow over a stretching sur-face.It is known now that the study of Hall current is very im-portant in the presence of a magnetic field [17]. A currentinduced in a direction normal to the electric and mag-netic fields is called Hall current. Magnetohydrodynamic(MHD) flows with Hall effect are encountered in power
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generators, MHD accelerators, refrigeration coils, electrictransformers etc. Considerable efforts have been devotedto study the effects of Hall current in various directions.The effect of Hall current on the MHD boundary layer flowis considered by authors [18–29]. Furthermore, the heattransfer and Hall effect in the stretching flow is examinedin the Refs. [30–33].Recently, Vajravelu and Roper [1] have presented the nu-merical solution for flow and heat transfer in a secondgrade fluid over a stretching sheet. The aim of the presentcommunication is to correct the important problem [1] andto find the useful HAM solution for this. HAM is a re-liable method which has been already used by severalresearchers in finding the series solutions of many prob-lems [34–55]. The equations considered by [1] are foundto be incorrect in the literature. The equations are cor-rected and the HAM solution for the velocity field andheat transfer is developed. Graphs for the velocity field,heat transfer parameter and skin friction coefficient arepresented. Tables for the rate of heat transfer and theskin friction coefficient are also presented. The study isalso extended for Hall current. Furthermore, the effectsof the magnetic parameter and the Hall parameter on theflow and on the heat transfer are disscussed, from graphsand tables. It is observed that the flow is always from thestretching sheet to the fluid. It is also observed that whenwe neglect the effect of Hall parameter by taking the Hallparameter φ = 0 the results for the problem without Hallcurrent are recovered.
2. HAM solution for boundary layer
equations
The boundary layer equations [1] in corrected form are

f ′2 − f f ′′ = f ′′′ + λ1 (2f ′ f ′′′ + f ′′2 − f f (iv)) , (1)
f(0) = 0, f ′(0) = 1, f ′(∞) = 0, f ′′(∞) = 0, (2)where primes denote differentiation with respect to η and

λ1 is the viscoelastic parameter.For the HAM solution, we choose
f0 (η) = 1− e−η, (3)
L1(f) = f ′′′ − f ′, (4)as an initial approximation of f and with an auxiliary lin-ear operator L1 satisfying

L1 [C1 + C2e−η + C3eη] = 0, (5)where C1, C2 and C3 are arbitrary constants.If p ∈ [0, 1] is an embedding parameter and ~1 is an aux-iliary non zero parameter then

(1− p) L1 [φ(η, p)− f0 (η)] = p ~1 N1[φ(η, p)], (6)subject to the boundary conditions
φ (0, p) = 0, φ′ (0, p) = 1, φ′ (∞, p) = 0, φ′′ (∞, p) = 0,(7)where
N1[φ(η, p)] = ∂3φ(η, p)

∂η3 + φ(η, p)∂2φ(η, p)
∂η2

−
(
∂φ(η, p)
∂η

)2+λ1
 2 ∂φ(η,p)

∂η
∂3φ(η,p)
∂η3+( ∂2φ(η,p)

∂η2
)2
− φ(η, p) ∂4φ(η,p)

∂η4

 ,

(8)
and when p = 0 and p = 1, then

φ (η, 0) = f0 (η) , φ (η, 1) = f(η), (9)
As the embedding parameter p increases from 0 to 1,
φ (η, p) varies (or deforms) from the initial approximation
f0 (η) to the solution f (η). Using Taylor’s theorem andEq. (9), one obtains

φ (η, p) = f0 (η) + ∞∑
m=1 fm (η) pm, (10)

in which
fm (η) = 1

m! ∂mφ (η, p)
∂pm

∣∣∣∣
p=0 , (m ≥ 1) . (11)

Clearly, the convergence of the series (10) depends upon
~1. Assume that ~1 is selected such that the series (10) isconvergent at p = 1, then due to Eq. (9) we have

f (η) = f0 (η) + ∞∑
m=1 fm (η) . (12)

For the mth order deformation problem, we differentiateEqs. (6) and (7) m− times w.r.t p and then setting p = 0and finally dividing it by m! the mth−order deformationequation for m ≥ 1 is given by
L1 [fm (η)− χmfm−1 (η)] = ~1 R1m(η), (13)

fm (0) = 0, f ′m (0) = 0, f ′m (∞) = 0, f ′′m (∞) = 0, (14)
where
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R1m(η) = f ′′′m−1 + m−1∑
k=0
[
fm−1−k f ′′k − f ′m−1−k f ′k + λ1 (2f ′m−1−k f ′′′k + f ′′m−1−k f ′′k − fm−1−k f ivk ) ] , (15)

χm = ( 0, m ≤ 1,1, m ≥ 2. (16)
To obtain the solution of the above equation up to first few orders of approximation, the symbolic computation softwareMATHEMATICA may be used in writing

fm(η) = m+1∑
n=0

m+1−n∑
q=0 aqm,nηqe−nη, m ≥ 0. (17)

Inserting Eq. (17) into Eq. (13) we get the following recurrence formulae for the coefficient aqm,n of fm(η) as follows for
m ≥ 1, 0 ≤ n ≤ m+ 1, 0 ≤ q ≤ m+ 1− n.

a0
m,0 = χmχm+1a0

m−1,0 −
m∑
q=0 Λq

m,1µq1,1 −
m+1∑
n=2
(n− 1) Λ0

m,nµ0
n,0 + m+1−n∑

q=1 Λq
m,n
((n− 1) µqn,0 − µqn,1)

 , (18)
akm,0 = χmχm+1−kakm−1,0, 1 ≤ k ≤ m+ 1, (19)

a0
m,1 = χmχma0

m−1,1 + m∑
q=0 Λq

m,1µq1,1 + m+1∑
n=2
nΛ0

m,nµ0
n,0 + m+1−n∑

q=1 Λq
m,n
(
nµqn,0 − µqn,1)

 , (20)
akm,1 = χmχm−kakm−1,1 + m∑

q=k−1 Λq
m,1µq1,k , 1 ≤ k ≤ m, (21)

akm,n = χmχm+1−n−kakm−1,n −
m+1−n∑
q=k Λq

m,nµ
q
n,k , 2 ≤ n ≤ m+ 1, 0 ≤ k ≤ m+ 1− n, (22)

where Λq
m,n = ~1

[
χm+1−n−qa3qm−1,n+(∆1qm,n − ∆2qm,n + λ1 (2∆3qm,n + ∆4qm,n − ∆5qm,n))

]
, (23)

µq1,k = q!
k! × (1− 12q−k+2 ), 1 ≤ k ≤ q+ 1, q ≥ 0, (24)

µqn,k = q∑
j=k

q!nk [(1− 1
n
)k − (1− 1

n
)j+1]

k!(n+ 1)q−j+1(n− 1)j+1 , 0 ≤ k ≤ q, q ≥ 0, n ≥ 2. (25)
The coefficients ∆1qm,n and ∆5qm,n, are given by

∆1qm,n = m−1∑
k=0

min{n,k+1}∑
j=max{0,n−m+k}

min{q,k+1−j}∑
i=max{0,q−m+n+k−j}a2ik,jaq−im−1−k,n−j , (26)

∆2qm,n = m−1∑
k=0

min{n,k+1}∑
j=max{0,n−m+k}

min{q,k+1−j}∑
i=max{0,q−m+n+k−j}a1ik,ja1q−im−1−k,n−j , (27)
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∆3qm,n = m−1∑
k=0

min{n,k+1}∑
j=max{0,n−m+k}

min{q,k+1−j}∑
i=max{0,q−m+n+k−j}a3ik,ja1q−im−1−k,n−j , (28)

∆4qm,n = m−1∑
k=0

min{n,k+1}∑
j=max{0,n−m+k}

min{q,k+1−j}∑
i=max{0,q−m+n+k−j}a2ik,ja2q−im−1−k,n−j , (29)

∆5qm,n = m−1∑
k=0

min{n,k+1}∑
j=max{0,n−m+k}

min{q,k+1−j}∑
i=max{0,q−m+n+k−j}a4ik,jaq−im−1−k,n−j , (30)

where
a1qm,n = (q+ 1)aq+1

m,n − naqm,n, (31)
a2qm,n = (q+ 1)a1q+1

m,n − na1qm,n, (32)
a3qm,n = (q+ 1)a2q+1

m,n − na2qm,n, (33)
a4qm,n = (q+ 1)a3q+1

m,n − na3qm,n. (34)

Utilizing the above recurrence formulae, all coefficients
akm,n can be computed using only the first three

a00,0 = 1, a00,1 = −1, a10,0 = 0, (35)given by the initial guess approximation in Eq. (3). ThecorrespondingMth order approximation of Eqs. (1) and (2)is
M∑
m=0 fm(η) = M∑

m=0
(m+1∑

k=0 a
k
m,0ηk

)

+M+1∑
n=1 e

−nη

( M∑
m=n−1

m+1−n∑
k=0 akm,nηk

)
, (36)

and the analytic solution of the problem is
f(η) = ∞∑

m=0 fm(η) =
lim
M→∞

 ∑M
m=0

(∑m+1
k=0 akm,0ηk

)+∑M+1
n=1 e−nη

(∑M
m=n−1∑m+1−n

k=0 akm,nηk
)  . (37)

3. HAM solution for boundary layer
equations in presence of magnetic
field and Hall current
In this case the boundary layer equations are
f ′2 − f f ′′ = f ′′′ + λ1 (2f ′ f ′′′ + f ′′2 − f f (iv))−Mf ′, (38)

f (0) = 0, f ′ (0) = 1, f ′(∞) = 0, f ′′(∞) = 0, (39)where λ1 is the viscoelastic parameter and
M = n(1 + iφ)(1 + φ2) , n = σB20

ρC . (40)
σ is the electrical conductivity, ρ is the fluid density, B0is the magnetic field, C is the stretching constant and φis the Hall parameter.The HAM solution for this problem is the same as of theabove, with the only difference lying in Eq. (23), which inthis case is written as

Λq
m,n = ~2

 χm+1−n−q (a3qm−1,n −Ma1qm−1,n)+( ∆1qm,n − ∆2qm,n+
λ1 (2∆3qm,n + ∆4qm,n − ∆5qm,n)

)  , (41)
where ~2 is the homotopy parameter in this case and Mis the complex quantity as defined in Eq.(40).
4. Deduction of solution of the ve-
locity field from the solutions ob-
tained in the presence of magnetic
field and Hall current
The solution of Eq. (1) up to second order of deformationin expanded form is
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1− 5h1λ13 − 11h12λ112 − 3172h12λ21 + e−3η (− 172h12λ1 − 1172h12λ21
)+ e−2η (−2h1λ13 − 2h12λ19 − 16h12λ21 + 13h12ηλ21

)
+ e−η

(
−1 + 7h1λ13 + 83h12λ172 + h1ηλ1 + 23h12ηλ1 + 34h12λ21 − 38h12ηλ21 − 18h12η2λ21

)
. (42)

The solution in presence of a magnetic field up to second order of deformation at ~2 = ~1 is
1 + h1n+ h12n2 + 3h12n28 − 5h1λ13 − 11h12λ112 − 512h12nλ1 − 3172h12λ21 + e−3η (− 172h12λ1 − 1172h12λ21

)
+ e−2η (−2h1λ13 − 2h12λ19 − 16h12nλ1 − 13h12nηλ1 − 16h12λ21 + 13h12ηλ21

)+ e−η
(
−1− h1n− h12n2 − 3h12n28

−h1nη− 12h12nη− 38h12n2η− 18h12n2η2 + 7h1λ13 + 83h12λ172 + 712h12nλ1 + h1ηλ1 + 23h12ηλ1
+ 712h12nηλ1 + 14h12nη2λ1 + 34h12λ21 − 38h12ηλ21 − 18h12η2λ21

)
. (43)

The solution in presence of a magnetic field and with Hall effect up to second order of deformation at ~3 = ~1 is
1− h12n2(1 + φ)2 − 3h12n28(i+ φ)2 + ih12nφ2(i+ φ)2 + ih1n

i+ φ−
5h1λ13 + 11h12λ112(i+ φ)2 + 5h12nλ112(i+ φ)2 − 11ih12φλ16(i+ φ)2 − 5ih12nφλ112(i+ φ)2 − 11h12φ2λ112(i+ φ)2

+ 31h12λ2172(i+ φ)2 − 31ih12φλ2136(i+ φ)2 − 31h12φ2λ2172(i+ φ)2 + e−3η( h12λ172(i+ φ)2 − ih12φλ136(i+ φ)2 − h12φ2λ172(i+ φ)2 + 11h12λ172(i+ φ)2 − 11ih12φλ2136(i+ φ)2
−11h12φ2λ2172(i+ φ)2

)+ e−2η ( 2h12λ19(i+ φ)2 + h12nλ16(i+ φ)2 + h12nηλ13(i+ φ)2 − 4ih12φλ19(i+ φ)2 − ih12nφλ16(i+ φ)2 − ih12nηφλ13(i+ φ)2 − 2h12φ2λ19(i+ φ)2
− 2ih1λ13(i+ φ) − 2h1φλ13(i+ φ) + h12λ216(i+ φ)2 − h12ηλ213(i+ φ)2 − ih12φλ213(i+ φ)2 + 2ih12ηφλ213(i+ φ)2 − h12φ2λ216(i+ φ)2 + h12ηφ2λ213(i+ φ)2

)
+e−η (−1− h1n2(i+ φ)2 + h12n2(i+ φ)2 + 3h12n28(i+ φ)2 + h12nη2(i+ φ)2 + 3h12n2η8(i+ φ)2 + h12n2η28(i+ φ)2 + ih1nφ2(i+ φ)2 − ih12nφ2(i+ φ)2 − ih12nηφ2(i+ φ)2
− 3ih1n2(i+ φ) − ih1nη

i+ φ −
83h12λ172(i+ φ)2 − 7h12nλ112(i+ φ)2 − 2h12ηλ13(i+ φ)2 − 7h12nηλ112(i+ φ)2 − h12nη2λ14(i+ φ)2 + 83ih12φλ136(i+ φ)2 + 7ih12nφλ112(i+ φ)2

+4ih12ηφλ13(i+ φ)2 + 7ih12nηφλ112(i+ φ)2 + ih12nη2φλ14(i+ φ)2 + 83h12φ2λ172(i+ φ)2 + 2h12ηφ2λ13(i+ φ)2 + 7ih1λ13(i+ φ) + ih1ηλ1
i+ φ + 7h1φλ13(i+ φ) + h1ηφλ1

i+ φ

− 3h12λ214(i+ φ)2 + 3h12ηλ218(i+ φ)2 + h12η2λ218(i+ φ)2 + 3ih12φλ212(i+ φ)2 − 3ih12ηφλ214(i+ φ)2 − ih12η2φλ214(i+ φ)2 + 3h12φ2λ214(i+ φ)2 − 3h12ηφ2λ218(i+ φ)2 − h12η2φ2λ218(i+ φ)2
)
.

(44)

The solution in Eq. (43) reduces to the solution in Eq.(42) when we take the magnetic parameter n = 0. Thesolution in Eq. (44) reduces to the solution in Eq. (42)when we take the magnetic parameter n = 0 and the Hallparameter φ = 0. The solution in Eq. (44) reduces tothe solution in Eq. (43) when we take the Hall parameter

φ = 0. Therefore the results for the problem without Hall-effect are recovered by taking φ = 0.
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5. HAM solution for heat transfer
Here the resulting problem [1] is
θ′′ + Pr f θ′ − Pr

(2f ′ − α) θ
= −Pr E [ f ′′2+

λ1 f ′′ (f ′ f ′′ − f f ′′′)
]
, (45)

θ (0) = 1, θ (∞) = 0, (46)
where Pr is the Prandtl number, E is the Eckert numberand α is the heat source/sink parameter.For the HAM solution we choose the auxiliary linear op-erator L2 and initial guess as

L2 (θ) = θ′′ − θ, θ0(η) = e−η, (47)
where

L2 [C4eη + C5 e−η] = 0, (48)
C4 and C5 are arbitrary constants.Using the same procedure as in the case of velocity fieldwe have

fm(η) = m+2∑
n=0

m+2−n∑
q=0 aqm,nηqe−nη, m ≥ 0, (49)

θm (η) = m+2∑
n=0

m+2−n∑
q=0 bqm,nηqe−nη, m ≥ 0. (50)

In this case we get the following recurrence formulae forthe coefficients bkm,n of θm (η) when m ≥ 1, 0 ≤ n ≤ m+2,0 ≤ q ≤ 2m+ 2− n :
b0
m,1 = χmχm+1b0

m−1,1 −
m+1∑
n=2

m+2−n∑
q=0 Γqm,nωqn,0,, (51)

bkm,0 = χmχm+2−kbkm−1,0, 0 ≤ k ≤ m+ 2, (52)

bkm,1 = χmχm+1−kbkm−1,1 −
m+1∑
q=k−1 Γqm,1ωq1,k−1,

1 ≤ k ≤ m+ 1, (53)

bkm,n = χmχm+2−n−kbkm−1,n + m+2−n∑
q=k Γqm,nωqn,k ,

2 ≤ n ≤ m+ 1, 0 ≤ k ≤ m+ 2− n, (54)

Γqm,n = ~3χm+2−n−q
[
b2qm−1,n + Pr

(
αbqm−1,n + δ1qm,n − 2δ2qm,n+E (δ3qm,n + λ1 (δ4qm,n − δ5qm,n))

)]
, (55)

ωq1,k = q!(k + 1)!2q−k+1 , 0 ≤ k ≤ q, q ≥ 0, (56)
ωqn,k = q∑

j=k
q!

k!(n+ 1)q−j+1(n− 1)j−k+1 , 0 ≤ k ≤ q, q ≥ 0, n ≥ 2, (57)
δ1qm,n = m−1∑

k=0
min{n,k+2}∑

j=max{0,n−m+k−1}
min{q,k+2−j}∑

i=max{0,q−m+n+k−j−1}b1ik,jaq−im−1−k,n−j , (58)
δ2qm,n = m−1∑

k=0
min{n,k+2}∑

j=max{0,n−m+k−1}
min{q,k+2−j}∑

i=max{0,q−m+n+k−j−1}b
i
k,ja1q−im−1−k,n−j , (59)

δ3qm,n = m−1∑
k=0

min{n,k+2}∑
j=max{0,n−m+k−1}

min{q,k+2−j}∑
i=max{0,q−m+n+k−j−1}a2ik,ja2q−im−1−k,n−j , (60)
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δ4qm,n = m−1∑
k=0

k∑
l=0

min{n,k+4}∑
r=max{0,n−m+k−1}

min{q,k+4−r}∑
s=max{0,q−m+n+k−r}Π1sk,ra2q−sm−1−k,n−r , (61)

δ5qm,n = m−1∑
k=0

k∑
l=0

min{n,k+4}∑
r=max{0,n−m+k−1}

min{q,k+4−r}∑
s=max{0,q−m+n+k−r}Π2sk,ra2q−sm−1−k,n−r , (62)

Π1sk,r = min{r,l+2}∑
j=max{0,r−k+l−2}

min{s,l+2−j}∑
i=max{0,s−k−2+r+l−j}a2il,ja1s−ik−l,r−j , (63)

Π2sk,r = min{r,l+2}∑
j=max{0,r−k+l−2}

min{s,l+2−j}∑
i=max{0,s−k−2+r+l−j}a3il,jas−ik−l,r−j , (64)

b1qm,n = (q+ 1)bq+1
m,n − nbqm,n, (65)

b2qm,n = (q+ 1)b1q+1
m,n − nb1qm,n. (66)

b00,0 = 0, b10,0 = 0, b20,0 = 0,
b00,1 = 1, b10,1 = 0, b00,2 = 0. (67)

The analytic solution of the problem is
θ (η) = ∞∑

m=0 θm (η) = lim
M→∞

[ ∑M
m=0∑m+1

k=0 bkm,1ηke−η+∑M+2
n=2 e−nη

(∑M
m=n−2∑m+2−n

k=0 bkm,nηk
) ] . (68)

6. Convergence of the analytic solu-
tion

Clearly, Eqs. (37) and (68) contain the auxiliary parame-ters ~1 and ~3, which give the convergence region and rateof approximation for the homotopy analysis method. ~2 isthe auxiliary parameter in the presence of magnetic fieldand Hall current. For this purpose, the ~-curves are plot-ted for f and θ. In Figs. 1-3 the ~1-curves are plotted forthe 16th order of approximation for three different valuesof λ1. It is obvious from these figures that the range for theadmissible values for ~1 reduces by increasing λ1. So forstrong nonlinearity we have to take small values of ~1 fora convergent solution. It is obvious from Figs. 1, 2and 3for λ1 = 0.01, λ1 = 0.5 and λ1 = 1 that the ranges forthe admissible values for ~1 are −1.6 < ~1 < −0.3,
−1.2 < ~1 < −0.2 and −0.8 < ~1 < 0, respectively.To see the valid values of ~1 for different values of λ1Fig. 4 is plotted. Fig. 4 depicts that ~1 = −1.5 is valid

for 0 < λ1 < 0.2, ~1 = −1 is valid for 0 < λ1 < 0.4,
~1 = −0.7 is valid for 0 < λ1 < 0.8, ~1 = −0.4 is valid for0 < λ1 < 1.8. Our calculations show that the series forthe velocity field in Eq. (37) converges in the whole regionof η for ~1 = −0.4. From Fig. 5 we observe that the rangefor the admissible value for ~2 is −1.6 < ~2 < −0.3. FromFig. 6 for θ (η) the range for the admissible values for ~3is −1.8 < ~3 < 0. The series for heat flux (68) convergesin the whole region of η when ~1 = −0.4 and ~3 = −0.04.For a more detailed discussion of convergence one mayrefer to [48–56].
7. Graphs and discussion

Now we discuss the variation of the horizontal and verti-cal velocity components with distance from the surface fordifferent values of the viscoelastic parameter λ1, magneticparameter n and Hall parameter φ. We also discuss vari-
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Figure 1. ~1-curve for the 16th order of approximation for the velocity
field f(η) at λ1 = 0.01.

Figure 2. ~1-curvefor the 16th order of approximation for the velocity
field f(η) at λ1 = 0.5.

Figure 3. ~1-curve for the 16th order of approximation for the velocity
field f(η) at λ1 = 1.

ation of the skin friction coefficient f ′′(0) with the elastic,magnetic and Hall parameters.Fig. 7 shows variation of the horizontal velocity component
f ′(η) with distance from the surface η for several values ofthe viscoelastic parameter λ1. The velocity increases withincreasing elasticity λ1 of the fluid. The boundary layerstructure is observed and the boundary layer thickness

Figure 4. λ1 − ~1-curves for 16th order of approximation for the ve-
locity field f(η).

Figure 5. ~2-curve for the 16th order of approximation for the velocity
field f(η) at λ1 = 0.01, n = 0.01, φ = 0.

Figure 6. ~3-curve for the 16th order of approximation for the tem-
perature field θ(η) at ~2 = −0.1, λ1 = 0.1, n = 0.1,
φ = 0, Pr = 1, α = −1, E = 0.1.

increases with increasing λ1, which results in thickeningof boundary layer. From Fig. 8 it is observed that fora fixed value of λ1, with increasing n the horizontal ve-locity f ′(η) decreases and the boundary layer thicknessdecreases which causes a shear thinning effect. Fig. 9shows variation of the horizontal component of velocity
f ′(η) with distance η from surface. It is observed that with
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Figure 7. Variation of f ′(η) with η for several values of λ1 with ~1 =
−0.4. 14th order of approximation.

Figure 8. Variation of f ′(η) with η for several values of n with λ1 = 1,
φ = 0, ~2 = −0.4. 14th order of approximation.

Figure 9. Variation of f ′(η) with η for several values of λ1 with n = 1,
φ = 0, ~2 = −0.4. 14th order of approximation.

increasing λ1 the horizontal velocity at a point increases,for a fixed value of n.Fig. 10 shows the variation of the vertical component ofthe velocity f(η) with distance η from the surface. It isobserved that with increasing λ1 the vertical velocity at apoint increases. The boundary layer thickness decreaseswhich causes a shear thinning effect. Fig. 11 shows vari-

Figure 10. Variation of f(η) with η for several values of λ1 with ~1 =
−0.4. 14th order of approximation.

Figure 11. Variation of f(η) with η for several values of n with λ1 = 1,
φ = 0, ~2 = −0.4. 14th order of approximation.

Figure 12. Variation of f(η) with η for several values of λ1 with n = 1,
φ = 0, ~2 = −0.4. 14th order of approximation.

ation of f(η) with distance η from the surface for severalvalues of magnetic parameter n, and for a fixed value of
λ1. It is observed that with increasing n the vertical veloc-ity decreases, the boundary layer thickness increases andcauses a shear thickening effect. Fig. 12 shows variationof f(η) with η for a fixed value of n and several valuesof λ1. It is observed that with increasing λ1 the vertical
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Figure 13. Variation of f ′′(0) with n for several values of λ1 with φ =0, ~2 = −0.4. 14th order of approximation.

Figure 14. Variation of Re(f(η)) with η for several values of φ with
λ1 = 1, n = 1, ~2 = −0.4.

Figure 15. Variation of Im(f(η)) with η for several values of φ with
λ1 = 1, n = 1, ~2 = −0.4.

velocity increases. Fig. 13 shows the variation of the skinfriction parameter f ′′(0) with n for several values of λ1. Itis found that with increasing λ1 the skin friction parameterincreases.Fig. 14 shows the variation of the real part of the verticalcomponent of the velocity Re(f(η)) with η for fixed valuesof λ1 and n. It is found that with increasing Hall parameter

Figure 16. Variation of Re(f ′(η)) with η for several values of n with
λ1 = 1, φ = 1, ~2 = −0.4.

Figure 17. Variation of Im(f ′(η)) with η for several values of n with
λ1 = 1, φ = 1, ~2 = −0.4.

Figure 18. Variation of Re(f ′′(0)) with φ for several values of λ1 with
n = 1, ~2 = −0.4.

φ the real part of the velocity increases. Fig. 15 shows thevariation of the imaginary part of the vertical componentof the velocity Im(f(η)) with η for fixed values of λ1 and
n. It is found that with increasing Hall parameter φ theimaginary part of the velocity decreases. Fig. 16 showsthe variation of the real part of the horizontal componentof the velocity Re(f ′(η)) with η for fixed values of λ1 and
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Figure 19. Variation of Im(f ′′(0)) with φ for several values of λ1 with
n = 1, ~2 = −0.4.

Figure 20. Variation of Re(f ′′(0)) with n for several values of λ1 with
φ = 1, ~2 = −0.4.

Figure 21. Variation of Im(f ′′(0)) with n for several values of λ1 with
φ = 1, ~2 = −0.4.

φ. It is found that with increasing magnetic parameter nthe real part of the velocity decreases. Fig. 17 shows thevariation of the imaginary part of the horizontal componentof velocity Im(f ′(η)) with η for fixed values of λ1 and φ. Itis found that with increasing magnetic parameter n theimaginary part of the velocity decreases.Fig. 18 shows the variation of the real part of the skin

Figure 22. Variation of θ(η) with η for several values of λ1 and α with
E = 0.02, Pr = 1, ~1 = −0.4, ~3 = −0.04. 15th order of
approximation.

friction parameter Re(f ′′(0)) with φ for several values of
λ1. It is found that for a fixed value of n, with increasing
λ1 the real part of the skin friction parameter increases.Fig. 19 shows the variation of the imaginary part of theskin friction parameter Im(f ′′(0)) with φ for several valuesof λ1. It is found that for a fixed value of n, with increas-ing λ1 the imaginary part of the skin friction parameterdecreases. Fig. 20 shows the variation of the real partof the skin friction parameter Re(f ′′(0)) with n for severalvalues of λ1. It is found that for a fixed value of φ, withincreasing λ1 the real part of the skin friction parameterincreases. Fig. 21 shows the variation of the imaginarypart of the skin friction parameter Im(f ′′(0)) with n for sev-eral values of λ1. It is found that for a fixed value of φ,with increasing λ1 the imaginary part of the skin frictionparameter increases.Graphs are plotted for the temperature distribution θ (η)for different orders of approximation. These graphs showsthe variation for the six parameters: (1) Prandtl number
Pr , (2) Eckert number E , (3) Elastic parameter λ1, (4) Mag-netic parameter n, (5) Hall parameter φ, and (6) Heatsource / sink parameter α .Fig. 22 shows the variation of θ(η) with η for several val-ues of λ1 and α . It is observed that for a fixed value of
Pr , E and α the temperature at a point decreases withincreasing elastic parameter λ1. This graph further showsthat by keeping λ1 fixed and increasing α the temperature
θ (η) at a point increases. Fig. 22 is plotted for Pr = 1and Fig. 23 is plotted for Pr = 5. Comparison of Figs. 22and 23 shows that temperature θ (η) shows the same be-havior for increasing Pr . From Fig. 24 it is observed thatfor a given point the temperature gradient θ′(0) decreaseswith increasing λ1 for a fixed value of α and for a fixedvalue of λ1 it is noted that temperature gradient increaseswith increasing α . Fig. 25 shows the varation of θ (η) with
η in the presence of the magnetic field n. The same be-
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Figure 23. Variation of θ(η) with η for several values of λ1 and α with
E = 0.02, Pr = 5, ~1 = −0.4, ~3 = −0.04. 15th order of
approximation.

Figure 24. Variation of θ′(0) with Pr for several values of λ1 and α
with E = 0.02, ~1 = −0.4, ~3 = −0.04. 15th order of
approximation.

Figure 25. Variation of θ(η) with η for several values of λ1 and α with
E = 0.02, Pr = 5, n = 5, φ = 0, ~2 = −0.4, ~3 = −0.04.15th order of approximation.

havior is observed as in Figs. 22 and 23, without magneticfield.Fig. 26 shows the variation of the temperature gradient
θ′(0) with Prandtl number Pr for fixed values of E and n. Itis found that for fixed values of α , the temperature gradient

Figure 26. Variation of θ′(0) with Pr for several values of λ1 and α
with E = 0.02, n = 5, φ = 0, ~2 = −0.4, ~3 = −0.04.15th order of approximation.

Figure 27. Variation of Re(θ(η)) with η for several values of λ1 and
α with E = 0.02, Pr = 5, n = 5, φ = 1, ~2 = −0.4,
~3 = −0.04.

Figure 28. Variation of Im(θ(η)) with η for several values of λ1 and
α with E = 0.02, Pr = 5, n = 5, φ = 1, ~2 = −0.4,
~3 = −0.04.

decreases with increasing λ1. It is also observed that for afixed value of λ1 the temperature gradient increases withincreasing α .When Hall current is incorporated then temperature dis-tribution becomes complex. Fig. 27 shows the variation
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Figure 29. Variation of Re(θ′(0)) with Pr for several values of λ1 and
α with E = 0.02, n = 5, φ = 1, ~2 = −0.4, ~3 = −0.04.

of Re(θ (η)) with η for fixed values of E, Pr , n and φ. Itis observed that for fixed value of α with increasing λ1,Re(θ (η)) decreases and for a fixed value of λ1, Re(θ (η))increases with increasing α . Fig. 28 shows the variationof Im(θ (η)) with η for fixed values of E, Pr , n and φ. Itis observed that for a fixed value of α with increasing λ1,Im(θ (η)) decreases and for a fixed value of λ1, Im(θ (η))increases with increasing α .Fig. 29 shows the variation of Re(θ′ (0)) with Pr for fixedvalues of E, n and φ. It is observed that for a fixed valueof α with increase in λ1, Re(θ′ (0)) increases and for fixedvalue of λ1, Re(θ′ (0)) decreases with increasing α .

8. Tables

Here Tabs. 1-2 are prepared for HAM results. These re-sults are obtained for different values of ~1 and ~2 lyingin their respective intervals of convergence, for differentorders of approximation.

Table 1. Values of skin friction parameter f ′′(0).
λ1 n = 0 n = 1 n = 5 n = 100.001 -0.999161 -1.30638 -2.23119 -2.868770.05 -0.962972 -1.25730 -2.11130 -2.783300.07 -0.950920 -1.23212 -2.08375 -2.749971 -0.584363 -0.788271 -1.35292 -1.82319

It can be seen from Tab. 1 that for a fixed value of the elas-tic parameter λ1, the magnitude of the wall shear stressi.e, skin friction parameter f ′′(0) increases with increasingmagnetic parameter n. It is also observed that for a fixedvalue of n, the wall shear stress decreases with increasing
λ1.

Table 2. Values of temperature gradient at the wall θ′(0).
λ1 α Pr E = 0 E = 0 E = 0 E = 0.02 E = 0.02 E = 0.02

n = 0 n = 5 n = 10 n = 0 n = 5 n = 100 -1 0 -0.5958 -0.6942 -0.6942 -0.5959 -0.6942 -0.69421 -1.5408 -1.3602 -1.3179 -1.5364 -1.3532 -1.30842 -2.2046 -1.8923 -1.8265 -2.1969 -1.8792 -1.80833 -2.7270 -2.3379 -2.2585 -2.7164 -2.3192 -2.23234 -3.1687 -2.7249 -2.6373 -3.1557 -2.7011 -2.60355 -3.5584 -3.0704 -2.9772 -3.5431 -3.0417 -2.93641 -1 0 -0.6045 -0.6942 -0.6942 -0.5959 -0.6942 -0.69421 -1.5908 -1.3999 -1.3594 -1.5558 -1.3898 -1.34532 -2.2691 -1.9552 -1.8944 -2.2281 -1.9365 -1.86783 -2.7953 -2.4146 -2.3437 -2.6473 -2.3884 -2.30584 -3.1914 -2.8102 -2.7342 -3.1779 -2.7772 -2.68595 -3.5757 -3.1613 -3.0826 -3.5012 -3.1220 -3.02461 0 0 -0.6416 -0.6942 -0.6942 -0.6416 -0.6942 -0.69421 -1.2658 -1.1408 -1.0926 -1.2604 -1.1303 -1.07792 -1.7827 -1.5416 -1.4584 -1.7171 -1.5214 -1.42993 -2.2805 -1.5416 -1.7952 -2.2260 -1.8738 -1.75394 -2.6598 -2.2305 -2.1065 -2.5715 -2.1932 -2.05305 -2.9888 -2.5292 -2.3952 -2.9700 -2.4843 -2.3301
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From Tab. 2 it is evident that the temperature gradientat the wall θ′(0) is negative for all values of the Prandtlnumber. Physically, it means that there is heat flow fromthe wall. It can also be seen from Tab. 2 that for fixedvalues of λ1, α, E and n the magnitude of θ′(0) increaseswith increasing Pr . It is observed from Tab. 2 that for fixedvalues of λ1, α, E and Pr the magnitude of θ′(0) decreaseswith increasing n. Also for fixed values of λ1, α, n and Prthe magnitude of θ′(0) decreases with increasing E .
9. Conclusion
We have modelled the governing equations for the bound-ary layer flow and heat transfer due to a stretching sheetin the presence of magnetic field and Hall current. Theequations considered by Vajravelu and Roper [1], are foundincorrect in the literature; we also corrected these equa-tions. The fluid is assumed to be non-Newtonian, incom-pressible and viscous. The ”Homotopy Analysis Method”is used to find the explicit analytic solution of the givennon-linear problem. It is observed that the results for theproblem without Hall effect are recovered by neglectingthe effect of Hall parameter by taking φ = 0.
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