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Abstract: We have theoretically and numerically investigated the Goos-Hänchen shift (the lateral shift) from the
anisotropic metamaterial slab. The sign and degree of the shift can be determined by the choices of
the electromagnetic parameters and thicknesses of slab, which is different from the case of the isotropic
media. We also find that the weak lossy may produce large positive or negative lateral shift.
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1. Introduction

Recently, the investigation on metamaterial have attractedan extensive interesting in the physical domain. Dueto unusual permeability and permittivity of metamaterial,many unusual properties and potential applications havebeen found [1–9]. When a wave is reflected at the interfaceof two different media, there is a lateral shift for reflectedwaves, just well known as the Goos-Hänchen effect(or thelateral shift) [10–13]. One of the interesting phenomenais that when a wave impings on isotropic metamaterial,a negative Hänchen shift will occur [14–24]. In fact, themetamaterial in experiments are strongly anisotropic andlossy [25, 26], so that they have different properties from
∗E-mail: sys@njfu.com.cn

isotropic metmaterials, such as anomalous reflection andrefraction. Therefore it is necessary to investigate theGoos-Hänchen shift on the interface of anisotropic meta-materials.In this paper, we firstly theoretically investigate the Goos-Hänchen shift on the interface of the air and anisotropicmetamatarial in details. We also perform numerical cal-culation to demonstrate the theoretical analysis. At thesame time, we find that the lossy dielectric slab willgreatly affect the lateral displacement.
2. The Goos-Hänchen shift for re-
flection

We consider a metamaterial slab with a thickness of d.The calculating are divided region 0, region 1 and region
415



Goos-Hänchen shift from an anisotropic metamaterial slab

2: as is shown in Fig. 1. We assume the region 0 and 2 arefilled with air, the relative permittivity and permeabilityare denoted as εr0, µr0, respectively. In the region 1, thereis an anisotropic metamaterial slab with anisotropic per-mittivity and permeability tensors, which can be denotedas: ¯̄ε = εrx x̂x̂+εryŷŷ+εrz ẑẑ and ¯̄µ = µrx x̂x̂+µryŷŷ+µrz ẑẑ,where r repents relative value.

Figure 1. Configuration of an anisotropic metmaterial slab incident
by a plane wave.

For simplicity, a two-dimensional wave beam of TM po-larization(TE polarization can also be discussed in thesame way) is incident on the interface of the metamate-

rial slab from region 0. The incident wave is taken as
Ein(z) = Eoeikxx+ikzz , where kx = k0 sinθ, kz = k0 cosθ,
k0 = (ε0µ0ω2) 12 , and θ is the incident angle. The timeterm of e(−iω)tis implied and suppressed. The componentsof electric fields in the region 1 and 2 can be determinedby Maxwell’s equations and the boundary conditions. Inthe region 0, the reflection electric field can be written as:
Er(z) = REoeikxx−ikzz , where R is reflection coefficient, andcan be written as:

R = (1− p21) (1− e−2ik1zd)(1− p21)− (1 + p21) e−2ik1zd = |R|eiφ, (1)
in which p1 = k1zµr0/(k0zµrx ), k0z = √

k20 − k2
x and k1z =√

k20εryµrx − µrxk2
x /µrz . k0z is the z component of the wavevector in the region 0 and 2, k1z is the z component ofthe wave vector in the region 1. |R| is the amplitudeof the reflection coefficient, and φ = tan−1 −2p1(1+p21) tan(k1zd)is the phase of the reflection waves. According to thestationary phase method [11], the lateral shift is definedas sr = −dφ/dkx and is given by
sr = pcos2 φ (s01 + s02), (2)

Figure 2. (a, c, d) Dependence of sr on θ with d = 2λ and f = 1 GHz; (a) solid line µrx = 2, µrz = 0.5, εry = 1, dot line µrx=-2, µrz=-0.5, εry = −1;
(b) Dependence of sr on d with θ = 30° and f = 1 GHz; solid line µrx = 2, µrz = 0.5, εry = 1, dot line µrx = −2, µrz = −0.5,εry = −1;
(c) solid line µrx = 2, µrz = −0.5, εry = 1, dot line µrx = −2, µrz = 0.5, εry = −1; (d) solid line µrx = 2, µrz = −0.5, εry= − 1, dot line
µrx =-2, µrz = 0.5, εry = 1.
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where p = µrxkx
µrzk1z 2p11+p21 , s01 = dsin2 k1zd , s02 =

1
k1z p

21−1
p21+1 ( µrxµrzµ2

r0 p21 − 1) cos k1zdsin k1zd . Because the Poynting vec-tor inside the anisotropic medium must be away from theinterface, k1z and µrx must have the same sign [21] and p1is positive for TM mode waves. When p1 is not very large,the value of s01 is larger than that of the s02, and the signof sr is determined by the sign of µrz . On the contrary,when p1 � 1, the value of s01 is less than that of the s02.As a result, the sign of sr is determined by the sign of µrx .Furthermore, because the s value is dependent on d, theGoos Hänchen shift increase with d increasing when the
k1zd is satisfies or approximately satisfies the resonancecondition of k1zd = mπ (m = 1, 2, 3...) [14, 15, 21].According to the expression of k1z , for propagating wave inthe anisotropic medium, there is a critical angle satisfying
θc sin2 θc = εryµrz . According to the critical angle, weconsider four cases.Firstly, for µrx/µrz > 0 and εryµrx > 0, the dispersionrelations in the region 1 and 2 are a circle and an ellipticalisofrequency curve in the x-z plane, respectively. Becausethe incident angle must be less than critical angle, k0z cannot reach zero, and p1 is not very big. However, with theincreasing of incident angle, p will increase, which lead tothe increase of sr . Fig. 2a shows the results of the Goos-Hänchen shift for d = 2λ and f = 1 GHz, in which solidline is for the µrx = 2, µrz = 0.5, εry = 1, corresponding tothe positive shift, and dot line is for µrx = −2, µrz = −0.5,

εry = −1.0, corresponding to negative shift. Furthermore,the absolute value of shift increase with the incident angleincreasing.In the Fig. 2a, the different peaks in the figure mean that
k1zd satisfies the resonance condition of k1zd = mπ (m =1, 2, 3...). If the incident angle is fixed at 30°, and theelectromagnetic parameters are the same as Fig. 2a, thelateral shift will change periodically with the increase of
d (Fig. 2b), which is consistent with Refs. [14, 21].Secondly, for µrx/µrz < 0 and εryµrx > 0, according to crit-ical angle, all the incident waves can propagate throughthe anisotropic slab. In this case, the dispersion relationsin the region 1 and 2 are a circle and a hyperbolic isofre-quency curve in the x-z plane, respectively. When incidentangle is not near 90°, s10 is larger than s20, which is simi-lar to the first case. In Fig. 2c, the solid line is for µrx = 2,
µrz = −0.5, εry = 1, and the sign of the shift is negative;the dot line is for µrx = −2, µrz = 0.5, εry = −1, andthe sign of the shift is positive. But when the incidentangle reach 90°, k0z will reach zero, which leads to rapidincrease of p1 and s20. According to above analysys, thesign of the Goos-Hänchen shift is determined by the signof µrx (Fig. 2c), and the value of the Goos-Hänchen shiftincrease rapidly.Thirdly, for µrx/µrz > 0 and εryµrx < 0, there are no prop-agating waves in the slab, all the incident waves are re-flected.

Figure 3. (a, c, d) Dependence of sr on θ with d = 2λ and f = 1 GHz; (a) µrx = 2, µrz = 0.5, εry = 1+i10−2; (b) Dependence of sr on d with θ = 30°
and f = 1 GHz; µrx = 2, µrz = 0.5, εry = 1 + i10−2; (c) µrx = 2, µrz = −0.5, εry = 1 + i10−2; (d) µrx = 2, µrz = −0.5, εry = −1 + i10−2.

417



Goos-Hänchen shift from an anisotropic metamaterial slab

Fourthly, for µrx/µrz < 0 and εryµrx < 0, the dispersionrelations in the region 1 and 2 are a circle and a hyperbolicisofrequency curve in the x-z plane, respectively, which issimilar to the second case. But the incident angle must belarger than the critical angle θc for propagating waves inthe slab. When the incident angle does not reach 90°, thesign of lateral shift is also determined by the sign µrz . InFig. 2d the solid line is for µrx = 2, µrz = −0.5, εry = −1,and the sign of the shift is negative; and the dot line isfor µrx = −2, µrz = 0.5, εry = 1, and the sign of shiftis negative. When the incident reach 90°, because the
s02 is larger than the s01, the sign of the Goos-Hänchenshift is determined by µrx . As a result, the sign of theGoos-Hänchen shift appears reversal (Fig. 2d).As we know, the man-made materials are always absorb-ing. It is necessary to investigate the influence of lossy onthe lateral shift. According to Eq. (2), the sign of lateralshift is mainly decided by three electromagnetic parame-ters µrx , µrz and εry. For simplicity, in this paper, we onlyconsider the component εry, and assume εry = εry1 + iεry2,where εry1 and εry2 are real.Fig. 3 shows that the Goos-Hänchen shift of the reflectedwaves from anisotropic metamaterial slab with a weaklossy, where we choose εry2 = 10−2, and other conditionsare the same as the case of the solid lines in Fig. 2. Itis interesting that there are some sharp drops of the shiftat some incident angles within the background of positiveshift (Fig. 3a), and there are some sharp rise of the shiftwithin the background of the negative shift (Fig. 3c, d).Because the results of second choice (dot lines) in theFig. 3 are similar to the first case, for simplicity, we donot show here. When the incident angle is fixed, for thefirst case (solid line) in the Fig. 3b, the Goos-Hänchenshift increase with the thickness of the slab, which is sim-ilar to the case in the Fig. 2b. But in the resonance points,there is also a large negative shift.For the transmission waves, the electric field is denotedby TE0e[i(kxx+kzz)], and the transmission coefficient T canbe written as:

T = 4e−i(k1z+k0z )d(1− p1)2 + (1 + p1)2e(−2ik1zd)) = |T |eiφ′ . (3)
The phase of transmission coefficient is given by tanφ′ =tan(φ + tan−1 k0zd). According to the stationary phasemethod, st = sr − s, (s = d tanθ)( see Fig. 1), whichmeans that the properties of st is the same as sr . Thereforethe lateral shift of transmission waves is also written asEq. (2), which is the same as the isotropic slab [25]. Fora weak matamaterial slab, there is a different formula ofthe lateral shift due to the different lossy electromagneticparameters [15]. In this paper, we do not show the lateralshift of the transmission waves.

3. The Goos-Hänchen shift for total
reflection
It is seen that if the incident angle θ satisfies

k2
x µrx/µrz − k20εryµrx ≥ 0, (4)

the incident waves are totally reflected, and there is alsoa critical angle θc satisfying sin2 θc = εryµrz . Because
k1z is imaginary, we can assume k1z = iα (α is real).According to the stationary phase method [11], the Goos-Hänchen shift is defined as s = cos2 φ d0(1−β2)2 , where β =
αµr0/(k0zµrx ). The sign of lateral shift is determined bythe d0 given by
d0 = 2µr0kx

k0z
[(1 + β2)(µrx

µr0
)2 (1/µrz + 1/µrx )

β2 α

+ 4d
µrz
(1− β2) e−2αd] . (5)

If the incident angle is near the critical angle, αd � 1,and β2 < 1, d0 can be simplified as:
d0 = 2µr0kx

k0z
4d
µrz
(1− β2) e−2αd. (6)

We can easily find that d0 is determined by the µrz . If
µrz > 0, it will produce a positive shift; otherwise, it willproduce a negative shift.If the incident angle is far away the critical angle, i.e.,
αd� 1, d0 can be simplified:

d0 = 2µr0kx
k0z

(1 + β2)(µrx
µr0
)2 (1/µrz + 1/µrx )

β2 α. (7)
The sign of d0 is determined by the sign of 1/µrz + 1/µrx .According to the critical angle, we also consider fourcases.Firstly, for µrx/µrz > 0 and εryµrx > 0, according to for-mula (4), the incident angle must be less than the crit-ical angle θc . If µrx > 0, µrz and εry must be positivesimultaneously, and the Goos-Hänchen shift is positive;if µrx < 0, µrz and εry must be negative simultaneously,then the Goos-Hänchen shift is negative. In Fig. 4a thesolid line is for µrx = 2, µrz = 0.5, εry = 1, and thesign of the Goos-Hänchen shift is negative; the dot lineis for µrx = −2, µrz = −0.5, εry = −1, and the shift ispositive, where d = 2λ, f = 1 GHz. Furthermore, theGoos-Hänchen shift increase with the increasing of inci-dent angle. When incident is near to the critical angle,because the sign of the Goos-Hänchen shift is determinedby the sign of µrz , the Goos-Hänchen shift is also positive(Fig. 4a).
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Figure 4. Dependence of sr on θ with d = 2λ and f = 1 GHz; (a) solid line µrx = 2, µrz = 0.5, εry = 1, dot line µrx = −2, µrz = −0.5, εry = −1.0;
(b) solid line µrx = 2, µrz = 0.5, εry = −1, dot line µrx = −2, µrz = −0.5, εry = 1; (c) solid line µrx = −0.5, µrz = 1, εry = 0.5, dot line
µrx =0.5, µrz = −1, εry = −0.5; (d) solid line µrx = −2, µrz = 0.5, εry = 1, dot line µrx = 2, µrz = −0.5, εry = −1.

Figure 5. Dependence of sr on θ with d = 2λ and f = 1 GHz; (a) solid line µrx = 2, µrz = 0.5,εry = 1 + i10−2, dot line µrx = −2, µrz = −0.5,
εry = −1.0 + i10−2; (b) solid line µrx = 2, µrz = 0.5, εry = −1 + i10−2, dot line µrx = −2, µrz = −0.5, εry = 1 + i10−2; (c) solid line
µrx = −0.5, µrz = 1, εry = 0.5 + i10−2, dot line µrx = 0.5, µrz = −1, εry = −0.5 + i10−2; (d) solid line µrx = −2, µrz = 0.5, εry = 1 + i10−2,
dot line µrx = 2, µrz = −0.5, εry = −1 + i10−2.
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Secondly, for µrx/µrz < 0 and εryµrx > 0, according toinequality (4), there are no reflective waves, i.e., all thewaves can transmit through the slab.
Thirdly, for µrx/µrz > 0 and εryµrx < 0, in this case, allwaves from region 0 will be totally reflected. If µrx > 0,
µrz > 0 and εry < 0, due to (1/µrz + 1/µrx ) > 0, it willproduce positive the Goos-Hänchen shift. Another case is
µrx < 0, µrz < 0 and εry > 0, due to (1/µrz + 1/µrx ) <0, it will produce the negative Goos-Hänchen shift. InFig. 4b, the solid line is for µrx = 2, µrz = 0.5, εry = −1,and the sign of the Goos-Hänchen shift is positive, thedot line is for µrx = −2, µrz = −0.5, εry = 1, and thesign of the Goos-Hänchen shift is negative. Furthermore,the Goos-Hänchen shift increase with the increasing ofincident angle, which is similar to the case of the isotropicmedia [22, 23].
Fourthly, for µrx/µrz < 0 and εryµrx < 0, the Goos-Hänchen shift is different from the above discussion. If
µrx < 0, µrz and εry must be larger than 0 simultaneously.If |µrz | > |µrx |, it will produce a negative shift, otherwise, apositive shift. Assuming µrx > 0, because µrz and εry mustbe less than 0 simultaneously, the sign of (1/µrz+1/µrx ) isdetermined by absolute value of µrz and µrx . If |µrz | > |µrx |,it will produce a positive shift, otherwise, a negative shift.In Fig. 4c, the solid line is for µrx = −0.5, µrz = 1,
εry = 0.5, and the sign of the Goos-Hänchen shift is neg-ative; dot line is for µrx = 0.5, µrz = −1, εry = −0.5, andthe sign of the Goos-Hänchen shift is positive. When theincident angle is near to the critical angle, there is aninverse sign of the Goos-Hänchen shift due to the sign of
µrz (Fig. 4c), which is consistent with the above theoreticalanalysis. If the absolute value of µrz is larger than that of
µrx , the sign of shift is determined by the sign of µrx . InFig. 4d, the solid line is for µrx = −2, µrz = 0.5, εry = 1,and the Goos-Hänchen shift is positive; the dash line isfor µrx = 2, µrz = −0.5, εry = −1, and the Goos-Hänchenshift is negative.
The lossy of the metamaterial slab also have an influ-ence on the lateral shift for totally reflected waves. Fig. 5shows the Goos-Hänchen shift of reflected waves fromthe weak lossy anisotropic metamaterial slab, where wechoose εry = εry1 + iεry2, and εry1 and εry2 are real. Theother conditions are the same as the cases of the lossless(Fig. 4). Fig. 5 shows the Goos-Hänchen shift for weaklossy metmaterials, where εry2 = 10−2. From Fig. 5, wecan find the weak lossy decrease the Goos-Hänchen shiftcomparing with the cases of the lossless. Furthermore, forthe first case, when the incident angle is near to the criti-cal angle, there appear an inverse Goos-Hänchen shift; forthe forth case, when the incident angle is less than criticalangle, there is also an inverse Goos-Hänchen shift.

4. Conclusion
In conclusion, we have theoretically and numerically in-vestigated the Goos-Hänchen shift from the anisotropicmetamaterial slab. The sign of lateral shift is determinedby the different choices of electromagnetic parameters, theincident angle and thickness of anisotropic slab. At thesame time, the lossy of slab also exert larger influence onthe lateral shift, which is different from the lossless case.Under some conditions, the weak lossy may produce largeGoos-Hänchen shift. This phenomena maybe lead to somepotential applications in optical devices.
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