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Abstract: We study a system of periodic Bose-condensed atoms coupled to cavity photons using the input-output
formalism of [14]. We show for the first time that the cavity will either act as a through-pass Lorentzian filter
when the superfluid fraction of the condensate is minimum, or completely reflect the input field when the
superfluid fraction is maximum. We show that by monitoring the ratio between the transmitted field and the
reflected field, one can estimate the superfluid fraction.
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1. Introduction

Experimental implementation of a combination of coldatoms and cavity QED (quantum electrodynamics) hasmade significant progress [1–3]. This is a conceptuallynew regime of cavity QED, in which all atoms occupya single mode of a matter-wave field and couple iden-tically to the cavity light field, sharing a single excitation.It has been shown theoretically that the strong couplingof the condensed atoms to the cavity mode changes theresonance frequency of the cavity [4] and finite cavity re-sponse times lead to damping of the coupled atom-fieldexcitations [5]. The driving field in the cavity can signifi-
∗E-mail: bhattach@mpipks-dresden.mpg.de

cantly enhance the localization and the cooling propertiesof the system [6, 7]. It has been demonstrated that in acavity the atomic back-action on the field introduces atom-field entanglement which modifies the associated quantumphase transition [8]. The light field and the atoms becomestrongly entangled if the latter are in a superfluid state,in which case the photon statistics typically exhibit com-plicated multimodal structures [9]. Because of the strongcoupling of the condensate wave function to the cavitymodes, a band structure of the condensate also leads to aband structure of the intracavity light fields. This in turninfluences the Bloch energies, effective mass, Bogoliubovexcitations and the superfluid fraction of the BEC [10].Scattering of light from different atomic quantum statescreates different quantum states of the scattered light,which can be distinguished by measuring the photonstatistics of the transmitted light. For the Mott insula-
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tor, the number of photons scattered is zero while for thesuperfluid state it is nonzero and proportional to the num-ber of atoms [11–13]. However, one would also be inter-ested in measuring the superfluid fraction of the Bose-Einstein condensate (BEC) which forms the motivation forthe present work. Following the work of Collett and Gar-diner [14], we link the internal scattered light with theexternal input and output field using the boundary condi-tions at the cavity mirrors and show that the output fieldcan be manipulated coherently by the state of the BECand the external pump.
2. Analysis
We consider an elongated cigar-shaped Bose-Einsteincondensate of N two-level 87Rb atoms in the |F = 1〉 statewith mass m and frequency ωa of the |F = 1〉 → |F ′ = 2〉transition of the D2 line of 87Rb, strongly interacting witha quantized single standing wave cavity mode of frequency
ωc . The cavity field is also coupled to external fields inci-dent from the two side mirrors. The internal field is linkedwith the input by identification of the noise with the in-coming field and the output can then be calculated usingthe boundary condition at the cavity mirror. In order tocreate an elongated BEC, the frequency of the harmonictrap along the transverse direction should be much largerthan the one in the axial (along the direction of the opti-cal lattice) direction. The system is also coherently drivenby a laser field with frequency ωp through the cavity mir-ror, with amplitude η. The two-sided cavity has two par-tially transparent mirrors with associated loss coefficient
γ1 and γ2. It is well known that high-Q optical cavitiescan significantly isolate the system from its environment,thus strongly reducing decoherence and ensuring that thelight field remains quantum-mechanical for the durationof the experiment. The harmonic confinement along thedirections perpendicular to the optical lattice is taken tobe large so that the system effectively reduces to one di-mension. This system is modeled by a Jaynes-Cummingstype of Hamiltonian (HJC ) in a rotating wave and dipoleapproximation [8]
HJC = p22m − ~∆aσ+σ− − ~∆câ† â

− i~g(x) [σ+â− σ−â†]− iη (â− â†) , (1)
where ∆a = ωp − ωa and ∆c = ωp − ωc are the largeatom-pump and cavity-pump detuning, respectively and∆c > ∆a. In this work we will consider only the case∆a > 0. Here σ+, σ− are the Pauli matrices. The atom-field coupling is written as g(x) = g0 cos(kx). Here â

is the annihilation operator for a cavity photon and η isthe strength of the external pump. Since the detuning∆a is large, spontaneous emission is negligible and wecan adiabatically eliminate the excited state using theHeisenberg equation of motion σ̇− = i
~

[HJC , σ−]. Thisyields the single particle Hamiltonian

H0 = p22m−~∆câ† â+~U0 cos2(kx) [1 + â† â
]
−iη

(
â− â†

)
.(2)The parameter U0 = g20∆a

is the optical lattice barrierheight per photon and represents the atomic backactionon the field [8]. Here we will always take U0 > 0. Inthis case the condensate is attracted to the nodes of thelight field and hence the lowest bound state is localizedat these positions, which leads to a reduced coupling ofthe condensate to the cavity compared to that of U0 < 0.Along x, the cavity field forms an optical lattice poten-tial of period λ/2 and depth ~U0(â† â+ 1). We now writethe many-body Hamiltonian in a second quantized form,including the two body interaction term [12, 13].

H = ∫ d3xΨ† (~r)H0Ψ(~r)
+ 12 4πas~2

m

∫
d3xΨ† (~r)Ψ† (~r)Ψ(~r)Ψ(~r), (3)

where Ψ(~r) is the field operator for the condensate atoms.Here as is the two body s-wave scattering length. Thecorresponding generalized Bose-Hubbard (BH) Hamilto-nian can be derived by writing Ψ(~r) = ∑
i b̂iw(~r − ~ri),where w(~r − ~ri) is the Wannier function and b̂i is thecorresponding annihilation operator for the bosonic atom.Retaining only the lowest band with nearest-neighbourinteraction, we have

H = E0∑
j
b̂†j b̂j + E

∑
j

(
b̂†j+1b̂j + b̂j+1b̂†j )

+~U0 (â† â+ 1){J0∑
j
b̂†j b̂j + J

∑
j

(
b̂†j+1b̂j + b̂j+1b̂†j )}

− ~∆câ† â− i~η
(
â− â†

)+ U2 ∑
j
b̂†j b̂

†
j b̂j b̂j , (4)

where
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U = 4πas~2
m

∫
d3x|w(~r)|4,

E0 = ∫ d3xw(~r − ~rj )(−~2∇22m
)
w(~r − ~rj ),

E = ∫ d3xw(~r − ~rj )(−~2∇22m
)
w(~r − ~rj±1),

J0 = ∫ d3xw(~r − ~rj ) cos2(kx)w(~r − ~rj ),
J = ∫ d3xw(~r − ~rj ) cos2(kx)w(~r − ~rj±1).

(5)

Here E and J represent the kinetic energy and the poten-tial energy contribution to the atomic tunnelling respec-tively, while E0 and J0 are the on-site contributions fromthe kinetic and potential energies respectively. The gen-eralized BH Hamiltonian derived above is valid only forweak atom-field nonlinearity [15]. The nearest-neighbournon-linear interaction terms are usually very small com-pared to the on-site interaction and are neglected asusual. The on-site energies J0 and E0 are set to zero.We now write down the Heisenberg equation of motionfor the bosonic field operator b̂ as
˙̂bj = −iU0 (1 + â† â

)
J
{
b̂j+1 + b̂j−1}

− iE
~

{
b̂j+1 + b̂j−1}− iUn0

~
b̂j . (6)

In Eq. (6) for the matter field operators b̂j , the first twoterms describe the coupling to neighbouring sites, whilethe last term is the phase of the matter field at the site j .The behaviour of the internal cavity mode is obtained fromthe quantum-Langevin equation which, for a single-modecavity, becomes
˙̂a = −iU0

{
J0∑

j
b̂†j b̂j + J

∑
j

(
b̂†j+1b̂j + b̂j+1b̂†j )} â

+ η+ i∆câ−
γ12 â− γ22 â+√γ1âin +√γ2b̂in. (7)

In Eq. (7) for the electromagnetic field â, the first term inparentheses is the phase shift of the light mode due tonon-resonant dispersion, while the second term in paren-theses is the phase shift due to tunnelling to neighbouringsites. Here âin and b̂in are the external input fields inci-dent from the two mirrors. Eqs. (6) and (7) represent a setof coupled equations describing the dynamics of the com-pound system formed by the condensate and the optical

cavity. We will work in the bad cavity limit, where typi-cally, γ1 and γ2 are the fastest timescales (this means thatthe cavity decay rates are much larger than the oscillationfrequency of bound atoms in the optical lattice of the cav-ity). In this limit, the intracavity field adiabatically followsthe condensate wavefunction, and hence we can put ˙̂a = 0.We treat the BEC within the mean-field framework (largeatom numbers) and assume the tight binding approxima-tion where we replace b̂j by φj and look for solutions inthe form of Bloch waves
φj = uk exp(ikjd) exp(−iµt

~

)
. (8)

Here µ is the chemical potential, d is the periodicity ofthe lattice and 1
I
∑

j b̂
†
j b̂j = |uk |2 = n0 (atomic numberdensity) and I is the total number of lattice sites. Also∑

j n0 = N (total number of atoms). In frequency spacewe obtain from Eqs. (6) and (7)
ã(ω) = η+√γ1ãin(ω) +√γ2b̃in(ω)

γ12 + γ22 − i (∆c + ω− 2JNU0 cos(kd)). (9)
Where,

ã(ω) = 1√2π
∫ ∞
−∞

eiωtâ(t)dt. (10)
Expressing the light operators in terms of the atomic pa-rameters N, J and cos(kd) in Eq. (9) is a central resulthere. The dependence of the light operators on the atomicparameters reflects the entanglement between the lightand the matter during the light-matter interaction. Theoptical lattice potential is related to ã† (ω)ã(ω) and an in-spection of Eq. (9) reveals that at ω+∆c−2JNU0 cos(kd) =0, the lattice height is maximum [10]. An increase inthe lattice height implies the tendency of the condensateatoms to be more localized within the wells, and hence aloss of superfluidity of the atoms. The fields âin and b̂inare also related to their frequency components in a similarmanner. Interestingly, we find that due to the atomic back-action, the quantum state of the cavity field varies alongthe Brillioun zone. The cavity photons develop a bandstructure due to the strong coupling with the condensate,analogous to photonic band-gap materials. The concept ofphotonic band gaps in optical lattices has been known forquite some time [16]. The cavity photons are created byscattering through the atoms which are coherently drivenby the pump. Interestingly, the average photon number〈
â† â

〉 measures the light transmission spectra and is dif-ferent for the Mott insulator (MI) and the superfluid phase(SF) [11].
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The relationship between the input and output modes maybe found from using the boundary conditions at each mir-ror,
ãout(ω) + ãin(ω) = √γ1ã(ω), (11)
b̃out(ω) + b̃in(ω) = √γ2ã(ω). (12)

We find,

ãout(ω) = η√γ1 +(γ12 − γ22 + i∆) ãin(ω) +√γ1γ2b̃in(ω)
γ12 + γ22 − i∆′

.

(13)Where ∆′ = ∆c + ω − 2JNU0 cos(kd). If the two mirrorsare the same, γ1 = γ2 = γ and near resonance ∆′ ≈ 0.The resonance point is one where the superfluid fractionis minimum [10].
ãout(ω) ≈ √γη+ γb̃in(ω)

{γ − i∆′} . (14)
This shows that the cavity now behaves like a shiftedthrough-pass Lorentzian filter. The input field will be com-pletely reflected if ∆′ � γ (when the atoms are in the deepsuperfluid regime), ãout(ω) ≈ −ãin(ω). The state of theBEC together with the cavity parameters, control the out-put field of the cavity. The parameter ∆c− 2JNU0 cos(kd)controls the superfluid fraction [10]. By monitoring the ra-tio between the transmitted field and the reflected field,one can estimate the superfluid fraction. This is the mainresult of this paper.
3. Conclusion
In order to monitor the superfluidity, one can performtransmission spectroscopy with the scattered light by di-rect readout of the number of photons coming out of thecavity. The transmission of the scattered light is moni-tored as a function of ∆. Photon loss can be minimizedby using high-Q cavities and thus ensuring that the lightfield remains quantum-mechanical for the duration of theexperiment. Recent experiments [17] showed that in a ringcavity, even at large detunings from the atomic resonance,a strong coupling between the atoms and the cavity fieldcan be achieved. In conclusion, we have studied a sys-tem of periodic Bose-condensed atoms coupled to cavityphotons using the input-output formalism of [14]. We haveshown that the cavity will either act as a through-pass

Lorentzian filter when the superfluid fraction is minimum,or completely reflect the input field when the superfluidfraction is maximum.
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