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Abstract: In eukaryotic cells, protein-coding sequences constitute a relatively small part of the genome. The rest of
the genome is transcribed to non-coding RNAs (ncRNAs). Such RNAs form the cornerstone of a regulatory
network that operates in parallel with the protein network. Their biological functions are based primarily
on the ability to pair with and deactivate target messenger RNAs (mRNAs). To clarify the likely role of
ncRNAs in complex genetic networks, we present and comprehensively analyze a kinetic model of one
of the key counterparts of the network architectures. Specifically, the genes transcribed to ncRNAs are
considered to interplay with a hierarchical two-layer set of genes transcribed to mRNAs. The genes form-
ing the bottom layer are regulated from the top and negatively self-regulated. If the former regulation is
positive, the dependence of the RNA populations on the governing parameters is found to be often non-
monotonous. Specifically, the model predicts bistability. If the regulation is negative, the dependence of the
RNA populations on the governing parameters is monotonous. In particular, the population of the mRNAs,
corresponding to the genes forming the bottom layer, is nearly constant.
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1. Introduction

According to the central dogma of molecular biology [1],the information encoded in genes is expressed via theirtranscription (by RNA polymerase), resulting in the syn-thesis of RNAs, and subsequent translation of RNAs or,more specifically, mRNAs to proteins by ribosomes. Thewhole process of gene expression is regulated at every
∗E-mail: zhdanov@catalysis.ru

step. In particular, the gene transcription is often con-trolled by the master regulatory proteins. Such proteinsassociate with DNA and either facilitate or suppress theRNA synthesis.
Detailed description of all the species and processes men-tioned in the paragraph above can be found in commontextbooks [2]. The original experimental studies scrutiniz-ing and/or extending the mechanisms of the mRNA andprotein synthesis are countless (see, e.g., recent reviewsof gene transcription [3–5] and mRNA translation [6–8] orreviews [9–11] focused on the spatio-temporal effects in
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gene expression). Kinetic models describing the mRNA-protein interplay are abundant as well (see the reviewsfocused on stochastic bursts, bistability and oscillationsin simple genetic networks [12–16] and on complex ge-netic networks [17–20]).The paradigm outlined above fully applies to prokaryoteswhose genomes consist of tightly packed sequences tran-scribed to protein-coding RNAs (e.g., to mRNAS). In con-trast, the genomes of the eukaryotic cells contain rela-tively rare protein-coding sequences. During the past fif-teen years, it has been established that the rest of thegenome of the latter cells is transcribed as well to ncR-NAs forming the cornerstone of a regulatory network thatoperates in concert with the protein network (see recentreviews focused on long ncRNAs [21–23] and small ncR-NAs generated by processing long ncRNAs [24–26]). Thenumerous biological functions of ncRNAs in general andespecially of small ncRNAs are based primarily on theirability to pair with target mRNAs and then either to pre-vent translation or to result in rapid degradation of themRNA-ncRNA complex (for the other abilities of smallncRNAs and especially of long ncRNAs, see reviews [21–26]). The important role of ncRNAs has been tracked outin a wide variety of cellular processes. For example, thou-sands of mammalian mRNAs are highly expressed at de-velopmental stages before ncRNAs expression and theirlevels tend to fall as the ncRNAs that target them beginto accumulate [27]. Abnormal levels of ncRNA expressionwere observed in many types of human cancer [28]. Mis-expression of ncRNAs occurs also in many other diseasesincluding diabetes, obesity, heart disease and inflamma-tion [29].Experimentally, the bulk of the data on ncRNAs has beenobtained primarily by using the ncRNA microarray tech-nique [30] allowing the identification of hundreds of ncR-NAs (the shortcoming of this technique is that it doesnot provide any kinetic information). There are also earlyattempts to scrutinize experimentally the ncRNA-relatedchanges in the protein population [31, 32] and the mech-anistic details of genetic switches involving ncRNAs [33].The first kinetic models of gene expression including ncR-NAs focused on the mRNA-ncRNA interplay without theprotein-mediated feedbacks (see Refs. [34–36] and ref-erences therein) or on the simplest schemes taking oneprotein-mediated feedback into account and predictingbistability [37–40] or oscillations [41–43]. With these stud-ies, our understanding of the effect of ncRNAs on complexgenetic networks remains, however, limited. As a newstep in this direction, we present here a comprehensiveanalysis of one of the generic models including two differ-ent channels of the protein-mediated regulation. In anal-ogy with Refs. [34–43], we use mean-field kinetic equa-

tions. Alternatively, the complex genetic mRNA-proteinnetworks are often described by employing the Booleanrules [17, 20]. For the networks including ncRNAs, the useof kinetic equations is more natural.
2. Model
The topology of the genetic networks containing mRNASand proteins can be fairly complex [17–20]. Qualitatively,such networks can be classified as ”autocratic”, ”interme-diate”, and ”democratic” [19]. Focusing on the former class,we notice that in this case there are at least two generalprinciples that allow us to understand what often hap-pens [20]. The first of these principles is that usuallyonly a small fraction of genes has protein-mediated linkswith many other genes, while the majority of genes aresparsely connected. Typically, this small fraction of genesgoverns other genes. In statistical physics, such networksare conventionally described by introducing the so-calledscale-free topology [44]. The second general principle isthat the genetic networks can often be represented as acombination of relatively small standard subgraphs. Oneof the best examples illustrating these two principles isthe hierarchical layered architecture inherent in, e.g., thetranscriptional regulatory networks [45, 46]. The genesforming the bottom layers in the counterparts of such net-works are often negatively self-regulated. The simplestnetwork belonging to this class is a gene governing a fewother genes (Fig. 1a).In our present treatment, we complement the model shownin Fig. 1a by a few genes generating ncRNAs (Fig. 1b), i.e.,we have the top protein-coding gene, n2 protein-codinggenes forming the bottom layer, and n∗ genes transcribedto ncRNAs. To designate the corresponding mRNA andncRNAs, we use the symbols Ri and Rj , respectively. Thereaction scheme we employ includes synthesis and con-ventional degradation of these RNAs,

Genei → Genei + Ri. (1)
Gene∗j → Gene∗j +Rj , (2)

Ri → Ø, (3)
Rj → Ø, (4)

mRNA and ncRNA association resulting in the forma-tion of the mRNA-ncRNA complex (miRNA∗mRNA) andits degradation,
Ri +Rj → Ri ∗ Rj → Ø, (5)
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Figure 1. (a) Simplest two-layer genetic network. Layer 1 contains
only one gene (filled circle). Via the mRNA-protein links,
this gene regulates ten genes (filled circles) forming layer
2. The negative self-regulation of the latter genes is shown
by loops. (b) Scheme (a) complemented by five genes
(filled squares) transcribed to ncRNAs. The dashed lines
indicate the mRNA-ncRNA-mediated connections.

and protein synthesis and degradation,
Ri → Ri + Pi, (6)
Pi → Ø. (7)

In this generic scheme, the formation of ncRNAs partic-ipating in step (5) is considered to occur via a singlelumped step (2). In reality, such ncRNAs (for example,small or micro RNAs) are often produced by cleavageof the ncRNAs obtained via the gene transcription [24–26]. If necessary, one can introduce a few intermediatencRNA conversion substeps between steps (2) and (5).For our present goals, the lumped description is suffi-cient. In addition, each pair of mRNA and ncRNA is as-sumed to be able to associate (5). This assumption isreasonable, because usually each ncRNA has many tar-get mRNAs [31, 32, 35].In general, the rate constants of the steps above differ fordifferent mRNAs, ncRNAs and proteins, and this factorcan easily be incorporated into the calculations (see, e.g.,Ref. [35]). To keep the presentation explicit and to reducethe number of model parameters, we consider here thatall the genes forming layer 2 are kinetically equivalent,

i.e., the mRNA and protein populations corresponding toone gene are the same as for any other gene from thisset. The genes transcribed to ncRNA are considered tobe kinetically equivalent as well. In this case, we canoperate with the mRNA and protein numbers (N1 and NP1)corresponding to gene 1, the mRNA and protein numbers(N2 and NP2) per gene forming layer 2, and the ncRNAnumber (N∗) per gene transcribed to ncRNA. The mean-filed kinetic equations for these numbers are as follows
dN1/dt = w1 − k1N1 − r1n∗N1N∗, (8)

dN2/dt = w2f(NP1)φ(NP2)− k2N2 − r2n∗N2N∗, (9)
dN∗/dt = w∗ − k∗N∗ − r1N1N∗ − r2n2N2N∗, (10)

dNP1/dt = η1N1 − κ1NP1, (11)
dNP2/dt = η2N2 − κ2NP2, (12)

where w1, w2, w∗, η1, and η2 are the rates and rate con-stants of the RNA and protein synthesis, k1, k2, k∗, κ1and κ2 are the degradation rate constants, and r1 and r2are the rate constants of the mRNA-ncRNA association(step (5)).The factors f(NP1) and φ(NP2) are introduced into Eq. (9)to describe the regulation of the mRNA formation by pro-teins. This regulation may be positive or negative. Forthe regulation by P1, we admit both cases,
f(NP1) = [NP1/(K1 +NP1)]m (13)

or
f(NP1) = [K1/(K1 +NP1)]m. (14)

The regulation by P2, as already noted, is usually nega-tive, so
φ(NP2) = [K2/(K2 +NP2)]n, (15)

where m and n are the numbers of regulatory sites, and K1and K2 are the protein association constants. Expressions(13)-(15) imply that the transcription occurs provided allthe regulatory sites are occupied by or free of proteins.The conventional Hill expressions could alternatively beused here without changing the conclusions.Under steady-state conditions, Eq. (10) yields
N∗ = w∗

k∗ + r1N1 + r2n2N2 . (16)
Substituting this expression into Eq. (8) results in

w1 − k1N1 − r1w∗n∗N1
k∗ + r1N1 + r2n2N2 = 0. (17)
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According to this equation, we have
N1 = −ba + (

b2
a2 + c

a

)1/2
, (18)

where a = k1r1, b = (k1k∗ − r1w1 + k1r2n2N2 + r1w∗n∗)/2,and c = k∗w1 + r2w1n2N2. In addition, Eqs. (11) and (12)yield
NP1 = η1N1/κ1 and NP2 = η2N2/κ2. (19)From relations (16), (18) and (19), we can express N1, N∗,

NP1 and NP2 via N2. For the latter variable, Eq. (9) canbe rewritten as
w2f(NP1)φ(NP2) = k2N2 + r2n∗N2N∗. (20)

This equation has been solved numerically taking into ac-count the expression of N∗, NP1 and NP2 in terms of N2.
3. Parameters
In our calculations, the numbers of genes are taken to be
n2 = 10 and n∗ = 5, 10 or 20.To choose biologically reasonable kinetic parameters, wetake into account that the scale of the rate constants ofRNA and protein degradation is often 0.1–1 min−1 andaccordingly use k1 = k2 = k∗ = κ1 = κ2 = 0.1 min−1.The population of each mRNA usually ranges from a fewcopies to a few thousands of copies. The populations ofproteins are often comparable or somewhat larger thanthose of the corresponding mRNAs. We are interestedin relatively abundant RNAs and proteins, i.e., their pop-ulations under favourable conditions should be about orsomewhat lower that 103. To fulfill this prescription withthe degradation rate constants introduced above, we set
w1 = 100 min−1 and η1 = η2 = 0.1 min−1.Protein-regulated transcription is sensitive to changes ofthe protein population if the protein association constantis comparable to the population. To study this case, weset K1 = K2 = 500. For n and m, we usually employ 2and/or 4.The values of the other parameters, w2, w∗ and r, are var-ied to illustrate various situations. Specifically, we vary
w∗ and r in a wide range to show the likely effect of ncR-NAs on the function of the network under consideration.Taking into account that the rate of the mRNA-ncRNAassociation is limited by diffusion, r1 and r2 should belower or about 3 × 10−3 min−1 [35]. In our calculations,we put r1 = r2 ≡ r and vary r over the range from 10−6to 10−3 min−1. w∗ is varied between 1 and 100 min−1. Toshow the results, we normalize r and w∗ to r0 = 10−3 min−1and wmax = 100 min−1, respectively.

Figure 2. RNA populations as a function of r in the absence of reg-
ulation of the genes, forming layer 2, by gene 1 (i.e., for
m = 0): (a) n = 0 and w2 = w∗ = 100 min−1 (in this case,
the model predicts N1 = N2); (b) n = 4, w2 = 500 min−1
and w∗ = 100 min−1. The top, medium and bottom panels
correspond to n∗ = 5, 10 and 20, respectively. For the
other parameters, see Sec. 3.

4. Results of calculations

Our main goal is to scrutinize the effect of ncRNAs onthe function of the two-layer network with two protein-mediated connections including negative self-regulationof the genes forming layer 2 and regulation of these genesby gene 1 (Fig. 1b). For comparison, it is instructive firstto show the dependence of the RNA populations on r
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in the absence of protein-mediated regulation. In thiscase, all the RNA populations monotonically decreasewith increasing r (Fig. 2a). If we take only negative self-regulation into account (Eq. (15)), all the RNA populations
monotonically decrease with increasing r as well (Fig. 2b).Due to the negative feedback, however, the decrease in N2is nearly negligible for n∗ = 5 and fairly slow for n∗ = 10and 20.

Figure 3. RNA populations as a function of r for positive regulation of the genes, forming layer 2, by gene 1: w2 = 2000 min−1, w∗ = 100 min−1
and (a) m = 2 and n = 4, (b) m = n = 2, (c) m = 4 and n = 2. For the other parameters, see Sec. 3.

If the negative self-regulation of the genes forming layer2 (Eq. (15)) is combined with positive regulation of thesegenes by gene 1 (Eq. (13)), the dependence of the RNApopulations on r is often non-monotonic (Fig. 3). First,all the RNA populations monotonically decrease due tothe mRNA-ncRNA association and degradation. With de-creasing N1, NP1 decreases and, due to the regulation ofthe genes forming layer 2, the decrease of N2 becomesfaster (compared to the case without this regulation). Thelatter suppresses the effect of mRNAs on ncRNAs, and N∗starts to increase. The growth of the ncRNA populationfurther suppresses mRNAs. Quantitatively, the interplayof these steps depends on the ratio of m and n and mayresult in bistability provided that the coherent effect of thelatter two factors on the ncRNA population is sufficientlystrong. For n∗ = 5, for example, the decrease of the RNApopulation is monotonic for m = 2 and n = 4 and non-monotonic for m = 4 and n = 2 (Fig. 3c). Sometimes,the change in the reactant populations is stepwise (see,e.g., Fig. 3b) for m = n = 2 and n∗ = 10). This featureindicates bistabilty and hysteresis (saddle-node bifurca-tion). For the model under consideration, the hysteresisis however rather narrow (see, e.g., Fig. 4), and we showonly one branch of the hysteresis in Fig. 3b and in Fig. 6.

Figure 4. Hysteresis in the dependence of the RNA populations on
r. The parameters are as in the case of the medium panel
of Fig. 3b.

If the negative self-regulation of the genes forming layer2 (Eq. (15)) is combined with negative regulation of thesegenes by gene 1 (Eq. (14)), the mRNA population corre-sponding to gene 1 and the ncRNA population monotoni-cally decrease while the population of the mRNAs corre-
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sponding to the genes forming layer 2 is nearly constantor increases slightly with increasing r (Fig. 5). The latteris related to negative self-regulation of the bottom genesand also to the opposite effects of the negative regulationand ncRNAs.The dependence of the RNA populations on r (Figs. 3and 5) is instructive for estimating whether the scale of
r is sufficient in order to observe an appreciable effectof ncRNAs on mRNAs. In experiments, r can hardly bechanged. On the other hand, the rate of the ncRNA syn-thesis, w∗, can easily be changed by internal or externalsignals. To illustrate this situation, we show the depen-

dence of the RNA populations on w∗ for r∗ = 10−3 min−1and also for positive and negative regulation of the genesforming layer 2 by gene 1 (Figs. 6 and 7, respectively).
In the case of positive regulation (Fig. 6), the mRNA pop-ulation decreases while the ncRNA population increaseswith increasing w∗. The decrease of the mRNA popula-tion is related to the increase of the ncRNA populationand also to the regulation of the genes forming layer 2 bygene 1. In the examples presented, the synergy of theseeffects often results in stepwise changes in the RNA pop-ulation.

Figure 5. As Fig. 3 for negative regulation of the genes, forming layer 2, by gene 1.

Figure 6. RNA populations as a function of w∗ for positive regulation of the genes, forming layer 2, by gene 1: r∗ = 10−3 min−1, w2 = 2000 min−1,
and (a) m = 2 and n = 4, (b) m = n = 2, (c) m = 4 and n = 2. For the other parameters, see Sec. 3.
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Figure 7. As Fig. 6 for negative regulation of the genes, forming layer 2, by gene 1.

Figure 8. Hysteresis in the dependence of the RNA populations on
n∗ for r∗ = 10−3, w2 = 2000 min−1, w∗ = 100 min−1, m = 2
and n = 4. For the other parameters, see Sec. 3.

In the case of negative regulation (Fig. 7), the mRNA pop-ulation corresponding to gene 1 monotonically decreases,the ncRNA population increases, while the mRNA popula-tion corresponding to the genes forming layer 2 is nearlyconstant or slightly increases with increasing w∗. Thesefeatures can be explained in analogy with those shown inFig. 5.Concluding the presentation of the results, we may noticethat the stepwise changes in the RNA and protein popu-lations like those obtained by varying r or w∗ (Figs. 3b, 4

and 6) can also be observed if one chooses other govern-ing parameters. For example, Fig. 8 shows the hysteresisin the dependence of the RNA populations on n∗.
5. Conclusion
We have shown in detail the effect of ncRNAs on the func-tion of the two-layer network with two protein-mediatedconnections including the regulation of the bottom layerfrom the top and its negative self-regulation. ncRNAs areconsidered to associate with mRNAs and facilitate themRNA degradation. Basically, ncRNAs play a role of aglobal negative regulator. With ncRNAs, the results de-pend on a multitude of parameters including first of all thetype and relative strength (m and n) of the regulation andself-regulation of the genes forming the bottom layer.If the regulation the genes forming the bottom layer isnegative, the dependence of the RNA populations on thegoverning parameters is monotonic. In particular, the pop-ulation of the mRNAs, corresponding to the genes forminglayer 2, is usually nearly constant. If the regulation ispositive, the dependence of the RNA populations on thegoverning parameters is found to be often non-monotonic.Specifically, the model predicts bistability. The corre-sponding hysteresis is narrow. The latter feature maybe beneficial for the function of cells because it makes itpossible to realize a nearly perfect (without appreciableretardation) switch from one regime of the gene expres-sion to another regime by changing (e.g. by signals) oneof the governing parameters back and forth.The mechanism of the bistability found here is novel com-
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pared to those discussed earlier [37–40]. In particular, thekey factor behind bistability in the earlier models is ei-ther negative protein-mediated regulation of the ncRNAsynthesis [37] or positive self-regulation of the mRNA syn-thesis [40]. The present model does not contain such in-gredients.Despite the likely bistability, the kinetics predicted by ourpresent model are relatively simple. This seems to be oneof the features of ”autocratic” networks. The kinetics of”democratic” networks are expected to be more complex.
The understanding of the mechanisms of bistability in thegenetic networks including ncRNAs may have practicalimplications because, as already noted in the introduction,the appreciable changes of the ncRNA population havebeen tracked in a wide variety of cellular processes.The important point is that all ingredients of our model(for example, the layered hierarchy of genes, mRNA-ncRNA interplay via association, a large number of ncRNAtarcgets, etc.) are validated in numerous experiments.For this reason, our model and the results obtained aregeneric.Finally, we may notice that our analysis is based onthe mean-field kinetic equations. In our examples, themean-field approximation is expected to hold, because themRNA and/or ncRNA populations are usually apprecia-ble. With decreasing the RNA population, the stochasticeffects may be significant especially in the bistable re-gions. In particular, one can observe bursts in the RNAand protein populations. The analysis of such bursts is be-yond our present goals. Concerning our methodology, wemay also notice (cf. the end of Sec. 1) that the complex ge-netic networks are often described by using Boolean net-works [17, 20, 44] (for the discussion of the transition fromdifferential equations to Boolean networks, see Ref. [49]).In our case, the changes of the RNA and protein popu-lations are often gradual, and accordingly the function ofthe network under consideration can hardly be adequatelyreduced to the Boolean rules.
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