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Abstract: In this paper we propose the time-dependent Hamiltonian form of human biomechanics, as a sequel to
our previous work in time-dependent Lagrangian biomechanics [1]. This is the time-dependent general-
ization of an ‘ordinary’ autonomous human biomechanics, in which total mechanical + biochemical energy
is not conserved. In our view, this time-dependent energetic approach is much more realistic than the
autonomous one. Starting with the Covariant Force Law, we first develop autonomous Hamiltonian biome-
chanics. Then we extend it using a powerful geometrical machinery consisting of fibre bundles and jet
manifolds associated to the biomechanical configuration manifold. We derive time-dependent, dissipative,
Hamiltonian equations and the fitness evolution equation for the general time-dependent human biome-
chanical system.
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1. Introduction

Most of dynamics in contemporary human biomechanicsis autonomous (see [2–11]). This approach works fine formost individual movement simulations and predictions, inwhich the total human energy dissipations are insignifi-cant. However, if we analyze a 100 m-dash sprinting mo-tion, which is in case of top athletes finished under 10 s,we can recognize a significant slow-down after about 70m
∗E-mail: tijana.ivancevic@alumni.adelaide.edu.au

in all athletes – despite of their strong intention to finishand win the race, which is an obvious sign of the total en-ergy dissipation. This can be seen, for example, in a cur-rent record-braking speed-distance curve of Usain Bolt,the world-record holder with 9.69 s, or in a former record-braking speed–distance curve of Carl Lewis, the formerworld-record holder (and 9 time Olympic gold medalist)with 9.86 s (see Fig. 1). In other words, the total mechan-
ical energy of a sprinter cannot be conserved even for 10 s.So, if we want to develop a realistic model of intensive hu-man motion that is longer than 7–8 s, we necessarily needto use the more advanced formalism of time-dependentmechanics.
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Figure 1. Sprint speed–distance curve of Carl Lewis for 100m-dash.
Bottom line L: Carl Lewis’ result (9.86s). Top line M:
theoretical-model curve, as an exponential solution of the
linear first-order differential equation: Mdv/dx + Bv = E
(with mass M, damping B, input E and output v), with an
initial condition: v(0) = 0 (adapted from [11]). Also, vm de-
notes maximal speed of the model curve, while a is the
initial running acceleration. The L-curve maximum occurs
at 73 m, after which there is a wavy decline in speed.

In this paper, as a sequel to our previous work in time-dependent Lagrangian biomechanics [1], we use the co-variant force law in conjunction with the modern geometricformalism of jet manifolds to develop general Hamiltonianapproach to time-dependent human biomechanics in which
total mechanical energy is not conserved.Before we get into specific techniques of (time-dependent)Hamiltonian biomechanics, we remark here the three es-sential differences between a human (loco)motion systemand a humanoid robot (or a mechanical multi-body systemin general):

1. Human joints are more flexible than robot joints(see Fig. 2);
2. Human (or animal) muscular actuators are morecomplex then any robot actuators; they have theirown excitation-contraction dynamics (defined inSec. 4.3 below);
3. In a human (loco)motion system, total mechanicalenergy is not conserved but dissipated.

2. The covariant force law
Autonomous Hamiltonian biomechanics (as well as au-tonomous Lagrangian biomechanics), based on the pos-

tulate of conservation of the total mechanical energy, canbe derived from the covariant force law [2–5], which in‘plain English’ states:
Force 1–form = Mass distribution×Acceleration vector-field,
and formally reads (using Einstein’s summation conventionover repeated indices):

Fi = mijaj . (1)
Here, the force 1–form Fi = Fi(t, q, p) = F ′i (t, q, q̇), (i =1, ..., n) denotes any type of torques and forces acting on ahuman skeleton, including excitation and contraction dy-namics of muscular–actuators [12–14] and rotational dy-namics of hybrid robot actuators, as well as (nonlinear)dissipative joint torques and forces and external stochas-tic perturbation torques and forces [6]. mij is the ma-terial (mass–inertia) metric tensor, which gives the totalmass distribution of the human body, by including all seg-mental masses and their individual inertia tensors. aj isthe total acceleration vector-field, including all segmen-tal vector-fields, defined as the absolute (Bianchi) deriva-tive ˙̄v i of all the segmental angular and linear velocities
v i = ẋi, (i = 1, ..., n), where n is the total number of activedegrees of freedom (DOF) with local coordinates (xi).More formally, this central Law of biomechanics repre-sents the covariant force functor F∗ defined by the com-mutative diagram:

TT ∗M TTM-F∗

6
Fi = ṗi

6

ai = ˙̄v i
T ∗M = {xi, pi} TM = {xi, v i}

M = {xi}
pi

@
@

@
@I

v i = ẋi

�
�
�
��

(2)
Here, M ≡ Mn = {xi, (i = 1, ..., n)} is the biomechanicalconfiguration n−manifold (Fig. 2), that is the set of allactive DOF of the biomechanical system under consider-ation (in general, human skeleton), with local coordinates(xi).The right-hand branch of the fundamental covariant forcefunctor F∗ : TT ∗M −→ TTM depicted in (2) is La-grangian dynamics with its Riemannian geometry. To each
n−dimensional (nD) smooth manifold M there is associ-ated its 2nD velocity phase-space manifold, denoted by
TM and called the tangent bundle of M.
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Figure 2. Biomechanical configuration manifold for a humanoid robot (a) and human (loco)motion system (b), both defined as anthropomorphic
product trees of constrained motion symmetry groups, SO(3) and SE(3), respectively. Each humanoid joint consists of a pair of coupled
segments with only Eulerian rotational degrees of freedom, defined as a constrained SO(3) rotational group. On the other hand, in
each human (synovial) joint, besides gross Eulerian rotational movements, we also have some hidden and restricted translations along
Eulerian/Cartesian (X, Y , Z )−axes. For example, in the knee joint, patella (knee cap) moves for about 7–10 cm from maximal extension
to maximal flexion). Even greater are translational amplitudes in the shoulder joint. In other words, within the realm of rigid body
mechanics, a segment of a human arm or leg is not properly represented as a rigid body fixed at a certain point, but rather as a rigid
body hanging on rope–like ligaments. More generally, the whole skeleton mechanically represents a system of flexibly coupled rigid
bodies, each of them defined by the Euclidean group of (rotational + translational) motions in R3 (see text below for explanation). This
implies more complex kinematics, dynamics and control then in the case of humanoid robots (see [7] for technical details).

The original configuration manifold M is called the baseof TM. There is an onto map π : TM → M, called the
projection. Above each point x ∈ M there is a tangentspace TxM = π−1(x) to M at x, which is called a fibre.The fibre TxM ⊂ TM is the subset of TM, such thatthe total tangent bundle, TM = ⊔

m∈M

TxM, is a disjoint
union of tangent spaces TxM to M for all points x ∈ M.From dynamical perspective, the most important quantityin the tangent bundle concept is the smooth map v : M →
TM, which is an inverse to the projection π, i.e, π ◦ v =IdM , π(v(x)) = x. It is called the velocity vector-field
v i = ẋi.1 Its graph (x, v(x)) represents the cross–section ofthe tangent bundle TM. Velocity vector-fields are cross-sections of the tangent bundle. Biomechanical Lagrangian(that is, kinetic minus potential energy) is a natural energyfunction on the tangent bundle TM. The tangent bundleis itself a smooth manifold. It has its own tangent bundle,
TTM. Cross-sections of the second tangent bundle TTMare the acceleration vector-fields.
The left-hand branch of the fundamental covariant forcefunctor F∗ : TT ∗M −→ TTM depicted in (2) is Hamil-
1 This explains the dynamical term velocity phase–space,
given to the tangent bundle TM of the manifold M.

tonian dynamics with its symplectic geometry. It takesplace in the cotangent bundle T ∗Mrob, defined as follows.A dual notion to the tangent space TxM to a smooth man-ifold M at a point x = (xi) with local is its cotangentspace T ∗xM at the same point x. Similarly to the tan-gent bundle TM, for any smooth nD manifold M, thereis associated its 2nD momentum phase-space manifold,denoted by T ∗M and called the cotangent bundle. T ∗Mis the disjoint union of all its cotangent spaces T ∗xM atall points x ∈ M, i.e., T ∗M = ⊔
x∈M

T ∗xM. Therefore, the
cotangent bundle of an n−manifold M is the vector bun-dle T ∗M = (TM)∗, the (real) dual of the tangent bundle
TM. Momentum 1–forms (or, covector-fields) pi are cross-sections of the cotangent bundle. Biomechanical Hamil-
tonian (that is, kinetic plus potential energy) is a naturalenergy function on the cotangent bundle. The cotangentbundle T ∗M is itself a smooth manifold. It has its own tan-gent bundle, TT ∗M. Cross-sections of the mixed-secondbundle TT ∗M are the force 1–forms Fi = ṗi.There is a unique smooth map from the right-hand branchto the left-hand branch of the diagram (2):

TM 3 (xi, v i) 7→ (xi, pi) ∈ T ∗M.
It is called the Legendre transformation, or fiber derivative(for details see, e.g. [4, 5]).
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Table 1. Most important subgroups of the Euclidean SE(3)–group.

Subgroup Defnition
SO(3), group of rotationsin 3D (a spherical joint) Set of all proper orthogonal3× 3-rotational matrices

SE(2), special Euclidean groupin 2D (all planar motions)
Set of all 3× 3-matrices: cosθ sinθ rx
− sinθ cosθ ry0 0 1


SO(2), group of rotations in 2Dsubgroup of SE(2)–group(a revolute joint)

Set of all proper orthogonal2× 2-rotational matricesincluded in SE(2)-group
R3 , group of translations in 3D(all spatial displacements) Euclidean 3D vector space

The fundamental covariant force functor F∗ : TT ∗M −→
TTM states that the force 1–form Fi = ṗi, defined on themixed tangent–cotangent bundle TT ∗M, causes the accel-eration vector-field ai = ˙̄v i, defined on the second tangentbundle TTM of the configuration manifold M. The corre-sponding contravariant acceleration functor is defined asits inverse map, F∗ : TTM −→ TT ∗M.Representation of human motion is rigorously defined interms of Euclidean SE(3)–groups2 of full rigid–body mo-tion in all main human joints [7]. The configuration man-ifold M for human musculo-skeletal dynamics is definedas a Cartesian product of all included constrained SE(3)groups, M = ∏

j SE(3)j where j labels the active joints.The configuration manifold M is coordinated by local jointcoordinates xi(t), i = 1, ..., n = total number of activeDOF. The corresponding joint velocities ẋi(t) live in the
velocity phase space TM, which is the tangent bundle ofthe configuration manifold M.The velocity phase-space TM has the Riemannian geom-etry with the local metric form:

〈g〉 ≡ ds2 = gijdxidxj , (3)
where gij = gij (m, x) is the material metric tensor definedby the biomechanical system’s mass-inertia matrix and
dxi are differentials of the local joint coordinates xi on M.Besides giving the local distances between the points on
2 Briefly, the Euclidean SE(3)–group is defined as a
semidirect (noncommutative) product (denoted by �) of
3D rotations and 3D translations: SE(3) ≡ SO(3) � R3.
It’s most important subgroups are presented in Tab. 1.

the manifold M, the Riemannian metric form 〈g〉 definesthe system’s kinetic energy:
T = 12gij ẋiẋj ,

giving the Lagrangian equations of the conservative skele-ton motion with Lagrangian L = T − V , with the corre-sponding geodesic form of the free motion:
d
dt Lẋi − Lxi = 0, or ẍi + Γijk ẋj ẋk = 0, (4)

where subscripts denote partial derivatives, while Γijk arethe Christoffel symbols of the affine Levi-Civita connectionof the biomechanical manifold M.The corresponding momentum phase-space P = T ∗M pro-vides a natural symplectic structure that can be definedas follows. As the biomechanical configuration space Mis a smooth n−manifold, we can pick local coordinates
{dx1, ..., dxn} ∈ M. Then {dx1, ..., dxn} defines a basisof the cotangent space T ∗xM, and by writing θ ∈ T ∗xM as
θ = pidxi, we get local coordinates {x1, ..., xn, p1, ..., pn}on T ∗M. We can now define the canonical symplectic form
ω on P = T ∗M as:

ω = dpi ∧ dxi,

where ‘∧’ denotes the wedge or exterior product of exteriordifferential forms.3 This 2−form ω is obviously indepen-dent of the choice of coordinates {x1, ..., xn} and inde-pendent of the base point {x1, ..., xn, p1, ..., pn} ∈ T ∗xM.Therefore, it is locally constant, and so dω = 0.4
3 Recall that an exterior differential form α of order p (or,
a p−form α) on a base manifold X is a section of the
exterior product bundle

p
∧T ∗X −→ X . It has the following

expression in local coordinates on X

α = αλ1...λpdxλ1 ∧ · · · ∧ dxλp (such that |α| = p),
where summation is performed over all ordered collections(λ1, ..., λp). Ωp(X ) is the vector space of p−forms on a
biomechanical manifold X . In particular, the 1–forms are
called the Pfaffian forms.4 The canonical 1−form θ on T ∗M is the unique 1−form
with the property that, for any 1−form β which is a section
of T ∗M we have β∗θ = θ.
Let f : M → M be a diffeomorphism. Then T ∗f preserves
the canonical 1−form θ on T ∗M, i.e., (T ∗f)∗θ = θ. Thus
T ∗f is symplectic diffeomorphism.
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If (P,ω) is a 2nD symplectic manifold then abouteach point x ∈ P there are local coordinates
{x1, ..., xn, p1, ..., pn} such that ω = dpi ∧ dxi. Thesecoordinates are called canonical or symplectic. By theDarboux theorem, ω is constant in this local chart, i.e.,
dω = 0.
3. Autonomous Hamiltonian
biomechanics
We develop autonomous Hamiltonian biomechanics on theconfiguration biomechanical manifold M in three steps,following the standard symplectic geometry prescription(see [2, 4, 5, 8]):
Step A Find a symplectic momentum phase–space (P,ω).A symplectic structure on a smooth manifold M is a non-degenerate closed 2−form ω on M, i.e., for each x ∈ M,
ω(x) is nondegenerate, and dω = 0. The cotangentbundle P = T ∗M is our momentum phase–space. On Pthere is a nondegenerate symplectic 2−form ω is definedin local joint coordinates xi, pi ∈ U , U open in P, as
ω = dxi ∧ dpi. In that case the coordinates xi, pi ∈ Uare called canonical. In a usual procedure the canonical1−form θ is first defined as θ = pidxi, and then thecanonical 2–form ω is defined as ω = −dθ. A symplectic
phase–space manifold is a pair (P,ω).
Step B Find a Hamiltonian vector-field XH on (P,ω).Let (P,ω) be a symplectic manifold. A vector-field X :
P → TP is called Hamiltonian if there is a smooth func-tion F : P −→ R such that iXω = dF (iXω denotes the
interior product or contraction of the vector-field X andthe 2–form ω). X is locally Hamiltonian if iXω is closed.Let the smooth real–valued Hamiltonian function H :
P → R, representing the total biomechanical energy
H(x, p) = T (p) + V (x) (T and V denote kinetic andpotential energy of the system, respectively), be given inlocal canonical coordinates xi, pi ∈ U , U open in P. The
Hamiltonian vector-field XH , condition by iXHω = dH, isactually defined via symplectic matrix J, in a local chart
U , as

XH = J∇H = (∂piH,−∂xiH) , J = ( 0 I
−I 0

)
, (5)

where I denotes the n × n identity matrix and ∇ is thegradient operator.
Step C Find a Hamiltonian phase–flow φt of XH .

Let (P,ω) be a symplectic phase–space manifold and
XH = J∇H a Hamiltonian vector-field corresponding toa smooth real–valued Hamiltonian function H : P → R,on it. If a unique one–parameter group of diffeomorphisms
φt : P → P exists so that d

dt |t=0 φtx = J∇H(x), it is calledthe Hamiltonian phase–flow.A smooth curve t 7→ (
xi(t), pi(t)) on (P,ω) represents an

integral curve of the Hamiltonian vector-field XH = J∇H,if in the local canonical coordinates xi, pi ∈ U , U open in
P, Hamiltonian canonical equations hold:

q̇i = ∂piH, ṗi = −∂qiH. (6)
An integral curve is said to be maximal if it is not a re-striction of an integral curve defined on a larger interval of
R. It follows from the standard theorem on the existenceand uniqueness of the solution of a system of ODEs withsmooth r.h.s, that if the manifold (P,ω) is Hausdorff, thenfor any point x = (xi, pi) ∈ U , U open in P, there exists amaximal integral curve of XH = J∇H, passing for t = 0,through point x. In case XH is complete, i.e., XH is Cp and(P,ω) is compact, the maximal integral curve of XH is theHamiltonian phase–flow φt : U → U .The phase–flow φt is symplectic if ω is constant along
φt , i.e., φ∗tω = ω, (where φ∗tω denotes the pull–back of
ω by φt), if and only if (‘iff’ for short) LXHω = 0 (where
LXHω denotes the Lie derivative of ω upon XH ). Symplec-tic phase–flow φt consists of canonical transformationson (P,ω), i.e., diffeomorphisms in canonical coordinates
xi, pi ∈ U , U open on all (P,ω) which leave ω invariant.In this case the Liouville theorem is valid: φt preservesthe phase volume on (P,ω).The general form of autonomous Hamiltonian biomechan-ics is given by dissipative, driven Hamiltonian equationson T ∗M:

ẋi = ∂H
∂pi

+ ∂R
∂pi

, (7)
ṗi = Fi −

∂H
∂xi + ∂R

∂xi , (8)
xi(0) = xi0, pi(0) = p0

i , (9)
including contravariant Eq. (7) – the velocity vector-field,and covariant Eq. (8) – the force 1–form (field), togetherwith initial joint angles and momenta (9). Here R =
R(x, p) denotes the Raileigh nonlinear (biquadratic) dis-sipation function, and Fi = Fi(t, x, p) are covariant driv-ing torques of equivalent muscular actuators, resemblingmuscular excitation and contraction dynamics in rotationalform. The velocity vector-field (7) and the force 1−form (8)together define the generalized Hamiltonian vector-field
XH ; the Hamiltonian energy function H = H(x, p) is itsgenerating function.

877



Jet spaces in modern Hamiltonian biomechanics

As a Lie group, the biomechanical configuration manifold
M =∏j SE(3)j is Hausdorff. Therefore, for x = (xi, pi) ∈
Up, where Up is an open coordinate chart in T ∗M, thereexists a unique one–parameter group of diffeomorphisms
φt : T ∗M → T ∗M, that is the autonomous Hamiltonian
phase–flow:

φt : T ∗M → T ∗M : (p(0), x(0)) 7→ (p(t), x(t)), (10)(φt ◦ φs = φt+s, φ0 = identity),
given by (7–9) such that

d
dt |t=0 φtx = J∇H(x).

4. Time–dependent Hamiltonian
biomechanics
In this section we develop time-dependent Hamiltonianbiomechanics. For this, we first need to extend our au-tonomous Hamiltonian machinery, using the general con-cepts of bundles, jets and connections.
4.1. Biomechanical bundles and jets
While standard autonomous Lagrangian biomechanics isdeveloped on the configuration manifold X , the time–
dependent biomechanics necessarily includes also the realtime axis R, so we have an extended configuration man-
ifold R × X . Slightly more generally, the fundamen-tal geometrical structure is the so-called configuration
bundle π : X → R. Time-dependent biomechanics isthus formally developed either on the extended config-
uration manifold R × X , or on the configuration bundle
π : X → R, using the concept of jets, which are based onthe idea of higher–order tangency, or higher–order con-tact, at some designated point (i.e., certain anatomicaljoint) on a biomechanical configuration manifold X .In general, tangent and cotangent bundles, TM and T ∗M,of a smooth manifold M, are special cases of a moregeneral geometrical object called fibre bundle, denoted
π : Y → X , where the word fiber V of a map π : Y → Xis the preimage π−1(x) of an element x ∈ X . It is a spacewhich locally looks like a product of two spaces (similarlyas a manifold locally looks like Euclidean space), but maypossess a different global structure. To get a visual intu-ition behind this fundamental geometrical concept, we cansay that a fibre bundle Y is a homeomorphic generaliza-
tion of a product space X×V (see Fig. 3), where X and Vare called the base and the fibre, respectively. π : Y → Xis called the projection, Yx = π−1(x) denotes a fibre over

Figure 3. A sketch of a locally trivial fibre bundle Y ≈ X × V as a
generalization of a product space X ×V ; left – main com-
ponents; right – a few details (see text for explanation).

Figure 4. An intuitive geometrical picture behind the k−jet concept,
based on the idea of a higher–order tangency (or, higher–
order contact).

a point x of the base X , while the map f = π−1 : X → Ydefines the cross–section, producing the graph (x, f(x)) inthe bundle Y (e.g., in case of a tangent bundle, f = ẋrepresents a velocity vector–field).More generally, a biomechanical configuration bundle, π :
Y −→ X , is a locally trivial fibred (or, projection) manifoldover the base X . It is endowed with an atlas of fibredbundle coordinates (xλ, yi), where (xλ) are coordinates of
X .Now, a pair of smooth manifold maps, f1, f2 : M → N (seeFig. 4), are said to be k−tangent (or tangent of order k ,or have a kth order contact) at a point x on a domainmanifold M, denoted by f1 ∼ f2, iff

f1(x) = f2(x) called 0− tangent,
∂xf1(x) = ∂xf2(x), called 1− tangent,
∂xxf1(x) = ∂xxf2(x), called 2− tangent,

... etc. to the order k.
In this way defined k−tangency is an equivalence rela-
tion.A k−jet (or, a jet of order k), denoted by jkx f , of a smoothmap f : M → N at a point x ∈ M (see Fig. 4), is defined
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as an equivalence class of k−tangent maps at x,
jkx f : M → N = {f ′ : f ′ is k − tangent to f at x}.

For example, consider a simple function f : X → Y , x 7→
y = f(x), mapping the X−axis into the Y−axis in R2. Ata chosen point x ∈ X we have:a 0−jet is a graph: (x, f(x));a 1−jet is a triple: (x, f(x), f ′(x));a 2−jet is a quadruple: (x, f(x), f ′(x), f ′′(x)),and so on, up to the order k (where f ′(x) = df(x)

dx , etc).The set of all k−jets from jkx f : X → Y is called the k−jetmanifold Jk (X, Y ).Formally, given a biomechanical bundle Y −→ X , its first–order jet manifold J1Y comprises the set of equivalenceclasses j1x s, x ∈ X , of sections s : X −→ Y so that sections
s and s′ belong to the same class iff

Ts |TxX= Ts′ |TxX .

Intuitively, sections s, s′ ∈ j1x s are identified by their val-ues si(x) = s′i(x) and the values of their partial derivatives
∂µsi(x) = ∂µs′i(x) at the point x of X . There are the nat-ural fibrations [15]
π1 : J1Y 3 j1x s 7→ x ∈ X, π01 : J1Y 3 j1x s 7→ s(x) ∈ Y .
Given bundle coordinates (xλ, yi) of Y , the associated jetmanifold J1Y is endowed with the adapted coordinates

(xλ, yi, yiλ), (yi, yiλ)(j1x s) = (si(x), ∂λsi(x)),
y′iλ = ∂xµ

∂x ′λ
(∂µ + yjµ∂j )y′i.

In particular, given the biomechanical configuration bun-dle M → R over the time axis R, the 1−jet space J1(R,M)is the set of equivalence classes j1t s of sections si : R→ Mof the configuration bundle M → R, which are identifiedby their values si(t), as well as by the values of their par-tial derivatives ∂tsi = ∂tsi(t) at time points t ∈ R. The1–jet manifold J1(R,M) is coordinated by (t, xi, ẋi), that isby (time, coordinates and velocities) at every active humanjoint, so the 1–jets are local joint coordinate maps
j1t s : R→ M, t 7→ (t, xi, ẋi).

The second–order jet manifold J2Y of a bundle Y −→ Xis the subbundle of Ĵ2Y −→ J1Y defined by the coordi-nate conditions yiλµ = yiµλ. It has the local coordinates(xλ, yi, yiλ, yiλ≤µ) together with the transition functions [15]
y′iλµ = ∂xα

∂x ′µ (∂α + yjα∂j + yjνα∂νj )y′iλ.

The second–order jet manifold J2Y of Y comprises theequivalence classes j2x s of sections s of
Y −→ X such that

yiλ(j2x s) = ∂λsi(x), yiλµ(j2x s) = ∂µ∂λsi(x).
In other words, two sections s, s′ ∈ j2x s are identified bytheir values and the values of their first and second–orderderivatives at the point x ∈ X .In particular, given the biomechanical configuration bun-dle M → R over the time axis R, the 2−jet space J2(R,M)is the set of equivalence classes j2t s of sections si : R→ Mof the configuration bundle π : M → R, which are identi-fied by their values si(t), as well as the values of theirfirst and second partial derivatives, ∂tsi = ∂tsi(t) and
∂ttsi = ∂ttsi(t), respectively, at time points t ∈ R. The 2–jet manifold J2(R,M) is coordinated by (t, xi, ẋi, ẍi), thatis by (time, coordinates, velocities and accelerations) atevery active human joint, so the 2–jets are local joint co-ordinate maps5

j2t s : R→ M, t 7→ (t, xi, ẋi, ẍi).
4.2. Nonautonomous dissipative Hamiltonian
dynamics
We can now formulate the time-dependent biomechanicsin which the biomechanical phase space is the Legendremanifold Π (see [15, 16]), endowed with the holonomiccoordinates (t, yi, pi) with the transition functions

p′i = ∂yj

∂y′i
pj .

Π admits the canonical form Λ given by
Λ = dpi ∧ dyi ∧ dt ⊗ ∂t .

We say that a connection
γ = dt ⊗ (∂t + γi∂i + γi∂i) (where ∂i = ∂i = ∂

∂xi ),
on the bundle Π→ X is locally Hamiltonian if the exteriorform γcΛ is closed and Hamiltonian if the form γcΛ is
5 For more technical details on jet spaces with their phys-
ical applications, see [15, 16]).
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exact [15]. A connection γ is locally Hamiltonian iff itobeys the conditions:
∂iγj − ∂jγi = 0, ∂iγj − ∂jγi = 0, ∂jγi + ∂iγj = 0.

Note that every connection Γ = dt ⊗ (∂t + Γi∂i) on thebundle Y −→ X gives rise to the Hamiltonian connectionΓ̃ on Π −→ X , given by
Γ̃ = dt ⊗ (∂t + Γi∂i − ∂jΓipi∂j ).

The corresponding Hamiltonian form HΓ is given by
HΓ = pidyi − piΓidt.

Let H be a dissipative Hamiltonian form on Π, whichreads:
H = pidyi −Hdt = pidyi − piΓidt − H̃Γdt. (11)

We call H and H̃ in the decomposition (11) the Hamilto-
nian and the Hamiltonian function respectively. Let γ bea Hamiltonian connection on Π −→ X associated with theHamiltonian form (11). It satisfies the relations [15, 16]

γcΛ = dpi ∧ dyi + γidyi ∧ dt − γidpi ∧ dt = dH,
γi = ∂iH, γi = −∂iH. (12)

From Eqs. (12) we see that, in the case of biomechanics,one and only one Hamiltonian connection is associatedwith a given Hamiltonian form.Every connection γ on Π −→ X yields the system of first–order differential equations:
ẏi = γi, ṗi = γi. (13)

They are called the evolution equations. If γ is a Hamil-tonian connection associated with the Hamiltonian form
H (11), the evolution Eqs. (13) become the dissipative
time-dependent Hamiltonian equations:

ẏi = ∂iH, ṗi = −∂iH. (14)
In addition, given any scalar function f on Π, we have the
dissipative Hamiltonian evolution equation

dHf = (∂t + ∂iH∂i − ∂iH∂i) f, (15)
relative to the Hamiltonian H. On solutions s of theHamiltonian Eqs. (14), the evolution Eq. (15) is equal tothe total time derivative of the function f :

s∗dHf = d
dt (f ◦ s).

4.3. Time–dependent biomechanics
The dissipative Hamiltonian system (14)–(15) is the ba-sis for our time& fitness-dependent biomechanics. Thescalar function f in (15) on the biomechanical Legendrephase-space manifold Π is now interpreted as an indi-
vidual neuro-muscular fitness function. This fitness func-tion is a ‘determinant’ for the performance of musculardrives for the driven, dissipative Hamiltonian biomechan-ics. These muscular drives, for all active DOF, are given bytime &fitness-dependent Pfaffian form: Fi = Fi(t, y, p, f).In this way, we obtain our final model for time &fitness-dependent Hamiltonian biomechanics:

ẏi = ∂iH,
ṗi = Fi − ∂iH,

dHf = (∂t + ∂iH∂i − ∂iH∂i) f.
Physiologically, the active muscular drives
Fi = Fi(t, y, p, f) consist of [2, 3]):
1. Synovial joint mechanics, giving the first stabilizingeffect to the conservative skeleton dynamics, is describedby the (y, ẏ)–form of the Rayleigh–Van der Pol’s dissipa-
tion function

R = 12 n∑
i=1 (ẏi)2 [α i + βi(yi)2],

where α i and βi denote dissipation parameters. Its partialderivatives give rise to the viscous–damping torques andforces in the joints
F joint
i = ∂R/∂ẏi,

which are linear in ẏi and quadratic in yi.
2. Muscular mechanics, giving the driving torques andforces Fmusc

i = Fmusc
i (t, y, ẏ) with (i = 1, . . . , n) forhuman biomechanics, describes the internal excitationand contraction dynamics of equivalent muscular actua-

tors [12].
(a) The excitation dynamics can be described by an im-pulse force–time relation

F imp
i = F 0

i (1 − e−t/τi ) if stimulation > 0
F imp
i = F 0

i e−t/τi if stimulation = 0,
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where F 0
i denote the maximal isometric muscular torquesand forces, while τi denote the associated time character-istics of particular muscular actuators. This relation rep-resents a solution of the Wilkie’s muscular active–state

element equation [13]
µ̇ + Γ µ = ΓS A, µ(0) = 0, 0 < S < 1,

where µ = µ(t) represents the active state of the muscle, Γdenotes the element gain, A corresponds to the maximumtension the element can develop, and S = S(r) is the ‘de-sired’ active state as a function of the motor unit stimulusrate r. This is the basis for biomechanical force controller.
(b) The contraction dynamics has classically been de-scribed by the Hill’s hyperbolic force–velocity relation [14]

FHill
i = (

F 0
i bi − δijaiẏj

)(
δij ẏj + bi

) ,

where ai and bi denote the Hill’s parameters, correspond-ing to the energy dissipated during the contraction and thephosphagenic energy conversion rate, respectively, while
δij is the Kronecker’s δ−tensor.In this way, human biomechanics describes the excita-tion/contraction dynamics for the ith equivalent muscle–joint actuator, using the simple impulse–hyperbolic prod-uct relation

Fmusc
i (t, y, ẏ) = F imp

i × FHill
i .

Now, for the purpose of biomedical engineering and re-habilitation, human biomechanics has developed the so–called hybrid rotational actuator. It includes, along withmuscular and viscous forces, the D.C. motor drives, as usedin robotics
F robo
k = ik (t)− Jk ÿk (t)− Bk ẏk (t), with

lk ik (t) + Rk ik (t) + Ck ẏk (t) = uk (t),
where k = 1, . . . , n, ik (t) and uk (t) denote currents andvoltages in the rotors of the drives, Rk , lk and Ck are re-sistances, inductances and capacitances in the rotors, re-spectively, while Jk and Bk correspond to inertia momentsand viscous dampings of the drives, respectively.Finally, to make the model more realistic, we need to addsome stochastic torques and forces:

Fstoch
i = Bij [yi(t), t]dW j (t),

where Bij [y(t), t] represents continuous stochastic diffu-
sion fluctuations, and W j (t) is an N−variable Wiener pro-
cess (i.e., generalized Brownian motion) [6], with
dW j (t) = W j (t + dt)−W j (t)(for j = 1, . . . , n = no. of active DOF).

5. Conclusion
In this paper we have proposed the time-dependentHamiltonian form of human biomechanics. Starting withthe Covariant Force Law: Fi = mijaj on the biomechani-cal configuration manifold M, we have first developed theautonomous Hamiltonian biomechanics:

ẋi = ∂H
∂pi

+ ∂R
∂pi

, ṗi = Fi −
∂H
∂xi + ∂R

∂xi ,

on the symplectic phase space that is the cotangent bun-dle TM of M. Then we have introduced powerful geomet-rical machinery consisting of fibre bundles and jet mani-folds associated to the biomechanical manifold M. Usingthe jet formalism, we derived time-dependent, dissipative,Hamiltonian equations:
ẏi = ∂iH, ṗi = Fi − ∂iH,

together with the fitness evolution equation:
dHf = (∂t + ∂iH∂i − ∂iH∂i) f.

for the general time-dependent human biomechanical sys-tem.This is the time-dependent generalization of an ‘ordinary’autonomous human biomechanics, in which total mechan-
ical + biochemical energy is not conserved. In our view,this time-dependent energetic approach is much more re-alistic than the autonomous one, as in living systems en-ergy is never conserved.
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