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Abstract: We study the motion of a magnetised, highly conductive fluid within the framework of Newtonian gravity. Our
analysis examines whether and under what conditions magnetohydrodynamic flows can be represented
as hydrodynamic ones and then as Newtonian-type gravitational motions. In the latter case we define
a generalised effective density and an effective Poisson-type potential, which include the magnetic input
and determine the dynamics of the magnetised system. Introducing the dynamical equivalence of the
aforementioned two representations, we use it to test mass measurements based on purely gravitational
motions. We also provide the generalised Raychaudhuri equation corresponding to the aforementioned
effective potential and discuss its implications for the kinematics of the fluid.

PACS (2008): 02; 47

Keywords: mathematical physics • magnetohydrodynamics
© Versita Sp. z o.o.

1. Introduction

The widespread presence of magnetic fields in the uni-verse has been repeatedly verified [1–3]. Despite this,however, the role and the implications of magnetism arevery often bypassed. The main reasons are the perceivedweakness of cosmic magnetic fields and the fact that theyintroduce extra complexities to any given astrophysical orcosmological problem. Magnetism modifies the behaviourof matter in complicated ways and its effects are known toplay an important role in solar physics, accretion disc en-vironments, turbulent motions, and neutron stars as wellas the interstellar medium [4–6]. In addition, it is very
∗E-mail: spyrou@astro.auth.gr

likely that large-scale magnetic fields could have affectedthe evolution of protogalactic collapse and therefore theformation of the large-scale structure observed in our uni-verse today [7–10].Here, following [11, 12], we consider the magnetohy-drodynamic (MHD) motion of a highly conducting, self-gravitating fluid within the framework of Newtonian the-ory. We first show that, under certain conditions, theMHD flow of the matter (Sec. 2) can be represented asa simple hydrodynamical flow (Sec. 3) and subsequentlyas a purely gravitational, Newtonian-type motion of anidealised ‘virtual’ medium (Sec. 4). Introducing the dy-namical equivalence of these two motion representations,we can then relate the internal physical characteristics ofthe aforementioned two fluids in a straightforward way.The result is an algebraic relation between the densitiesof the virtual and the physical fluids, which also depends
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on the magnetic field properties (Sec. 5). The aim is to usethese general relations to test the accuracy of mass mea-surements based on purely gravitational motions and ex-amine whether ignoring non-gravitational forces can leadto appreciable differences in the estimated mass.
2. Newtonian MHD flows
Consider a highly conductive perfect fluid with mass-density ρ and isotropic pressure p and allow for the pres-ence of a magnetic field Bα .1 Assuming a gravitational po-tential U , the Newtonian motion of the fluid is describedby the following set of equations (e.g. see [13–15])

ρ̇ ≡ ∂tρ+ vα∂αρ =− ρ∂αvα , (1)
v̇a ≡ ∂tvα + vβ∂βvα =∂αU − 1

ρ∂αp

− 14πρεαβµBβcurlBµ, (2)
∂2U =− 4πGρ, (3)

where G is the gravitational constant, vα is the velocityof the medium, ∂t = ∂/∂t, ∂α = ∂/∂xα and ∂2 = ∂α∂α bydefinition. Also, overdots indicate convective derivativesalong the flow (i.e. ˙≡ ∂t + vα∂α ) and curlBα ≡ εαβµ∂βBµ ,where εαβµ is the 3-dimensional Levi-Civita tensor. Asusual, indices are raised and lowered by means of the 3-dimensional Kronecker symbol δαβ . Finally, the magneticfield obeys the induction equation
Ḃa ≡ ∂tBα + vβ∂βBα = −Bα∂βvβ + Bβ∂βvα (4)

and satisfies the condition
∂αBα = 0. (5)

Eq. (2) describes the flow of the magnetised medium. Thefirst term on the right-hand side is due to purely gravi-tational effects, the second represents the contribution ofthe fluid’s pressure gradients and the third is the magneticLorentz force. This term decomposes as
εαβµBβcurlBµ = 12∂αB2 − Bβ∂βBα , (6)

with B2 = BαBα . The first term on the right-hand side ofthe above equation corresponds to the isotropic magneticpressure and the second to the field’s tension.
1 Greek indices take values between 1 and 3. Repeated
indices indicate summation.

3. MHD flows as hydrodynamic mo-
tions
Neglecting momentarily the tension stress in Eq. (6), whilekeeping the isotropic magnetic pressure, reduces Euler’sEqs. (2) to

v̇α = ∂αU −
1
ρ∂a

(
p+ 18πB2) . (7)

Then we can describe the non-gravitational/non-inertialmotion of the fluid as coming from an effective pres-sure, which is given by the quantity in the parenthe-ses. The question is whether one can set the tensionpart of the Lorentz force equal to zero, while keepingits pressure component finite. To demonstrate that thisis possible align the B-field along, say, the x1-axis of aCartesian reference frame, such that Bα = (B1, 0, 0) and
B2 = BαBα = (B1)2. This is always possible without anyloss of generality. If in addition B1 = B1(t, x2, x3), we have

Bβ∂βBα = B1∂1B1 = 12∂1B2 = 0, (8)
while

12∂2B2 6= 0 and 12∂3B2 6= 0. (9)
This example shows that, at least in principle, there can bemagnetic configurations with Bβ∂βBα = 0 and ∂αB2 6= 0.In that case expression (2) reduces to

∂tvα + vβ∂βvα = ∂αU −
1
ρ∂α

(
p+ 18πB2) (10)

and the magnetised fluid has an effective isotropic pres-sure given by
P = p+ 18πB2. (11)

Moreover, to describe the MHD flow we no longer needEq. (2). Instead, we can use a considerably simpler equa-tion of hydrodynamic form such as (10). The simplestflow that can sustain such a tension-free magnetic fieldis one where there is only homogeneous volume expan-sion/contraction, while both the vorticity and the shearvanish. In that case ∂αvα is a nonzero function of timeonly, while ∂[βvα ] = 0 = ∂〈βvα〉. Then, ∂βvα = (∂µvµ/3)δαβand the magnetic induction equation (see expression (4))
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reduces to2
Ḃa = −23 (∂βvβ)Bα . (13)

The above guarantees that once the tension-free condi-tions Bα = (B1, 0, 0) and B1 = B1(t, x2, x3) have beenimposed initially they remain so throughout the system’sevolution.Generally, the magnetic field will contribute to both thepressure and the tension parts of the Lorentz force. There-fore, the next question is whether there exist conditionssuch that the latter can be represented by the gradient ofa scalar. This happens when the Lorentz force is curl-free,which translates into the constraint
curl (Bβ∂βBα) = εαβµ∂β(Bν∂νBµ) = 0. (14)

We may probe the above condition further by splitting thegradient of the magnetic field into its irreducible partsaccording to the decomposition
∂βBα = ∂〈βBα〉 + ∂[βBα ]. (15)

Note that in the ideal-MHD limit, the magnetic field issolenoidal and the trace of ∂βBα vanishes identically (seeEq. (5)). Also, ∂〈βBα〉 describes anisotropies in the dis-tribution of the B-field gradient and may be seen as themagnetic analogue of the kinematic shear. On the otherhand, ∂[αBβ] = εαβµcurlBµ and corresponds to the vorticity.Substituting decomposition (15) into (14), using the MHDcondition (5) and employing some lengthy but straightfor-ward algebra, we can split the left-hand side of Eq. (14)into its irreducible parts and recast that expression into
curlBβ∂〈βBα〉 − Bβ∂βcurlBα = 0. (16)

Note that when Bβ∂βcurlBα = 0, the magnetic curl doesnot change along the direction of the field lines, which
2 Round brackets indicate symmetrisation, square an-
tisymmetrisation and angled ones denote the symmet-
ric and trace-free part of second rank tensors. Then,
∂〈βvα〉 = ∂(βvα) − (∂µvµ/3)δαβ by definition. Recall also
that the second-rank tensor ∂βvα splits as

∂βvα = ∂(βvα) +∂[βvα ] = 13 (∂µvµ)δαβ +∂〈βvα〉+∂[βvα ], (12)
where ∂αvα , ∂〈βvα〉 and ∂[βvα ] represent volume expan-
sion/contraction, the shear and the vorticity, respectively
defined as Θ = ∂αvα , σab = ∂〈βvα〉 and ωab = ∂[βvα ].

implies that the latter are circular. Magnetic configura-tions that satisfy constraint (16) – or equivalently (14)–have curl-free Lorentz force, which then can be repre-sented by the gradient of a scalar. Also, any B-field thatcomplies with the tension-free condition (8) obviously con-forms with (14), (16) as well.Finally, consider a B-field that satisfies condition (14)and therefore has a curl-free Lorentz force. The latter isthen represented by the gradient of a scalar. Moreover,the magnetised system can be represented by an effective(virtual) fluid with effective pressure (P), such that
∂aP = ∂ap+ 14π εαβµBβcurlBµ

= ∂ap+ 18π (∂αB2 − 2Bβ∂βBα) . (17)
To solve for P, introduce the tensorial quantity Rαβ with

3Rαβ = Pδαβ − pδαβ −
18π (B2δαβ − 2BαBβ) , (18)

and ∂βRαβ = 0 because of (17). Taking the trace of theabove we arrive at
P = p+ pm + R, (19)

where pm = B2/24π is the isotropic magnetic pressureand R = Rαα . Thus, the magnetic contribution to Eq. (2)is equivalent to that of a “virtual” perfect fluid with aneffective magnetic pressure equal to the sum pm+R . Giventhat pm is the isotropic magnetic pressure, R should berelated to the anisotropic pressure of the field. Indeed,the gradient of (19) gives
∂αR = 14π ∂βπαβ , (20)

with παβ = (B2/3)δαβ − BαBβ describing the standardanisotropic magnetic pressure.
4. MHD flows as Newtonian gravita-
tional motions
According to standard thermodynamics, for an isolated hy-drodynamic system, the first thermodynamic axiom reads

dQ = dΠ + p d( 1
ρ

)
, (21)

where Q and Π are the specific thermal content and thespecific internal energy of a fluid element, respectively.
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In the previous section we examined the conditions underwhich the MHD flow of a highly conductive magnetisedperfect fluid corresponds to the hydrodynamic motion ofa virtual fluid with effective isotropic pressure P = p +
pm + R . Here, we assume that for the physical systemin question (i.e. fluid plus magnetic field), expression (21)takes the form

dQ = dπ+ Pd( 1
ρ

)
, (22)

with π representing the (effective) specific thermal en-ergy of the magnetised medium and P given by Eq. (19).Then, imposing isentropicity (and therefore adiabaticity –
i.e. dQ = 0 – see also [16]), we may combine (21) and (22)to obtain the relation

1
ρ∂αP = ∂α

(
π+ P

ρ

)
, (23)

between the thermodynamical variables of the virtual fluid.Note that both fluids have been assigned the same volumeand π is the effective specific internal energy of the virtualmedium.Following this result, we can recast the equations of mo-tion of the magnetised fluid (see (2)) into the Newtonianform
v̇α = ∂αŨ, (24)

with
Ũ = U − π− P

ρ . (25)
So, as long as the isentropic condition (23) holds, theNewtonian MHD flow of a highly conductive magnetisedperfect fluid can be represented by the “purely gravita-tional”, Poisson-type motion of a virtual medium underthe modified potential (see Eq. (25)). This effective poten-tial can then be used to introduce an effective density ofthe virtual fluid via a Poisson-type equation of the form

∂2Ũ = −4πGρ̃, (26)
where ρ̃ is the ‘virtual’ density of the virtual fluid thatcorresponds to the geodesic flow.3 In the next section wewill express ρ̃ in terms of the quantities of the originalmagnetised fluid.
3 It should be noted that the virtual fluid does not nec-
essarily satisfy the continuity equation. In particular,
∂tρ̃+ ∂α (ρ̃vα ) 6= 0, unless further constraints are imposed
on the magnetised medium. Nevertheless, mass continuity
and adiabaticity are independent requirements within the
framework of the Newtonian theory [16].

5. Relation between physical and
virtual densities
Substituting (25) into Eq. (26) and then using (3) and (23),we arrive at

ρ̃ = ρ+ 14πG∂α
( 1
ρ∂αP

)
. (27)

This relation depends entirely on the physical propertiesof the magnetised fluid, which are encoded in the gradi-ent of the scalar quantity P, given by (19). Inserting thelatter into the above and employing some straightforwardalgebra leads to
ρ̃ = ρ− 14πGρ

( 1
ρ∂

αρ∂αp− ∂2p
)

− 116π2Gρ
(
∂βBα∂αBβ −

12∂2B2)
− 116π2Gρ2 ∂αρ

(12∂αB2 − Bβ∂βBα
)
. (28)

In the absence of a B-field the above reduces to the ex-pression relating the density of a physical, hydrodynami-cally moving, Newtonian fluid to that of its virtual coun-terpart with a purely Newtonian motion [11, 12]. In partic-ular, the second term on the right-hand side of the aboveis due to the fluid pressure, while the last two primarilyconvey the magnetic field contribution.The induced density due to the fluid component is
ρi(P) = − 14πGρ

( 1
ρ∂

αρ∂αp− ∂2p
)
, (29)

while its magnetic counterpart is defined by
ρi(B) = − 116π2Gρ

(
∂βBα∂αBβ −

12∂2B2)
− 116π2Gρ2 (∂αρ)(12∂αB2 − Bβ∂βBα

)
. (30)

According to Eq. (28), treating a Newtonian MHD flow asa purely Keplerian motion means that the actual densityof the system is related to the virtual one that producesthe generalised geodesic flow by
ρ̃ = ρ+ ρi(P) + ρi(B). (31)

The above relation between the virtual and the actualdensities implies that astrophysical mass-energy mea-surements that are based on purely gravitational motions
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will generally overestimate or underestimate the availableamount of matter, depending on the overall sign of thelast two terms in right-hand side of (31).4 In particular,we have ρ > ρ̃, when ρi(P) + ρi(B) < 0, and ρ < ρ̃, when
ρi(P) + ρi(B) > 0.As a simple example, consider a magnetic field alignedalong the x1-axis of a Cartesian coordinate frame with
Bα = (B1, 0, 0) and B1 = B1(t, x2, x3). Following Sec. 3,the Lorentz force associated with this field has zero ten-sion component (i.e. Bβ∂βBα = 0). It is also straightfor-ward to show that ∂βBα∂αBβ = (∂1B1)2 = 0. Therefore, forthe aforementioned magnetic configuration expression (30)reads

ρi(B) = 132π2Gρ
(
∂2B2 − 1

ρ∂
αρ∂αB2) , (32)

where B2 = (B1)2. Let us now focus specifically on theeffects of the magnetic pressure and ignore those of thematter. In other words, assume (mainly for illustrationpurposes) that ∂αp ' 0 ' ∂αρ, referring the reader to [11,12] for a discussion on the role of nonzero pressure anddensity gradients. Following (32), in the pure-magneticcase we have
ρi(B) = 132π2Gρ∂2B2 (33)

and the sign of the magnetically induced effective densitycoincides with that of the Laplacian ∂2B2. Positive valuesfor the latter indicate an increase in the pressure of the B-field, while negative ones correspond to a decrease. In anexpanding magnetised fluid, for example, the field lines arepushed apart and therefore the magnetic pressure drops.This makes ρi(B) negative and consequently ensures that
ρ > ρ̃ (see Eq. (31)). In the opposite case the situation isreversed.To obtain a qualitative estimate of the magnetic effect onthe total density recall that ∂2B2 ∼ B2/λ2

B , where λB isthe scale of the magnetised region. Then, substituting (33)into Eq. (31), while ignoring ρi(P), we arrive at
ρ̃ = ρ

[1± 132π2G
(
B
λBρ

)2]
, (34)

with the plus/minus sign corresponding to a posi-tive/negative Laplacian (see above). Following expres-sion (34), the magnetic presence will have a appreciable
4 Astrophysical mass estimates typically assume purely
gravitational motions, combined with Doppler spectral-
shift measurements. Any hydrodynamical (or MHD) ef-
fects that may be present are generally ignored.

impact on the total density (and therefore on the availablematter) of the region in question if the parameter
α = B232π2Gλ2

Bρ2 , (35)
in Eq. (34) is of order unity or larger. Whether this hap-pens or not depends on the specifics of the situation andon the strength of the B-field in particular. For example,the mean density within an area of 1 pc around the galac-tic centre is approximately 3×105 M�/pc3. In that case the
α-parameter exceeds unity provided the magnetic field isof the order of 1 G or stronger. Further out, in a region of10 pc size, the mean density drops down to 3×103 M�/pc3.There, we require magnetic fields stronger than roughly10−1 G, if we are to achieve values greater than unity forthe α-parameter.One additional point to be made is that ρ̃ could also beseen as the total effective density of the magnetised sys-tem. Then, expression (31) allows for positive, negativeor zero effective density, depending on the balance of thequantities on the right-hand side. In that case, taking thedivergence of (24), switching the order of the time andspatial derivatives and using (26) leads to

Θ̇ = −4πGρ̃− 13Θ2 − 2(σ 2 − ω2), (36)
where the scalar Θ = ∂ava describes relative changes inthe volume of the total fluid. The latter contracts when Θis negative and expands in the opposite case.5 Expres-sion (36) is the effective Raychaudhuri equation of ourmagnetised medium. Positive variables on the right-handside of (36) lead to gravitational contraction and poten-tially collapse. Negative terms, on the other hand, resistthe contraction and might lead to expansion. Therefore,matter fields with positive density cause collapse. In ourcase the total effective density of the system is not neces-sarily positive (see (31)). This means that, under certainconditions, the fluid may experience expansion instead ofcontraction. Note that an analogous result can be ob-tained by taking the divergence of Eq. (24) and then sub-stituting the generalised potential from (26) – see [17–19]for further details and discussion.
5 By definition, σ 2 = σαβσαβ/2 and ω2 = ωαβωαβ/2, which
means that the former represents the magnitude of the
kinematic shear and the latter that of the vorticity. These
kinematic quantities are related to spatial variations in
the velocity field and are defined by σab = ∂〈bua〉 and
ωab = ∂[bua] – see also footnote 2.
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6. Discussion
Magnetic fields are standard features of almost all as-trophysical environments and their presence is known toaffect their evolution in complicated ways. In the presentarticle we have considered the implications of the pres-ence of a magnetic field for the mass-energy estimates ofsuch astrophysical systems. We are motivated by the factthat almost all mass measurements made are based onthe assumption of idealized purely Newtonian-type grav-itational motions, although this is only approximately trueat best. To find out what ignoring the actual MHD mo-tions means for the accuracy of an obtained mass-energyestimate, we have employed a rather simple theoreticalargument which extends the work of [11, 12] to magne-tised environments. We have shown, in particular, thatthe MHD flow of the actual physical fluid can be repre-sented as a purely gravitational motion of a virtual mediumunder a different, generalised gravitational potential. Byimplementing the dynamical equivalence of these two mo-tions we were able to evaluate and compare the mass-energy densities in each case directly. In this framework,any difference found indicates a misevaluation, namely,an overestimation or an underestimation, of the availablemass-density due to the assumption of purely Newtonian-type gravitational motions.We have also written the effective Raychaudhuri equation,which describes the average kinematics of the fluid, interms of the aforementioned generalised potential. Thisallows us to see qualitatively the effects of the virtualdensity on the volume expansion or contraction of the fluid.Given that the virtual density is not a priori positive, itseffect on the average kinematical behaviour of the fluiddepends on the magnetic presence as well as the internalproperties of the medium.
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