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Abstract: The analytic structure of the non-relativistic unitary and non-unitary S-matrix is investigated for the cases of
the unknown interactions with the unknown motion equations inside a sphere of radius a, surrounded by the
centrifugal and rapidly decreasing (exponentially or by the Yukawian law or by the more rapidly decreasing)
potentials. The one-channel case and special examples of many-channel cases are considered. Some
kinds of symmetry conditions are imposed. The Schroedinger equation for r > a for the particle motion and
the condition of the completeness of the correspondent wave functions are assumed. The connection of the
obtained results with the usual (temporal) causality is examined. Finally a scientific program is presented
as a clear continuation and extension of the obtained results.
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1. Introduction

A lot of papers and monographs on non-relativistic quan-tum collision theory are dedicated to the analysis of thesolutions of the Schroedinger equation and of the analyt-ical properties of the correspondent S-matrix for variouspotentials of different forms, extended in all the three-dimensional space with a radial coordinate along the axis(0,∞). Only a rather small number of papers are con-centrated on the study of the analytical properties ofthe S-matrix with the minimal number of assumptions on
∗E-mail: Olkhovsky@mail.ru

the interaction properties at small distances (practicallynone, with the exception of very general physical andmathematical principles, such as certain symmetry prop-erties, causality or the condition of the completeness ofthe wave functions at the external interaction range, andalso the possibility of the S-matrix analytic continuationat the complex plane of the kinetic energies or of thewave numbers). This approach arises from the old ideaof Heisenberg [1, 2] (see also [3, 6–8] and precedent ref-erences therein) on the unique fundamental quantity (the
S-matrix) which will be sufficient for the predictions ofmany observable quantities based only on general phys-ical and mathematical principles. However, up to nowthere is no manual, or practically even any paper, for ar-bitrary or unknown interactions inside a sphere of small
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radius, with reliably established properties of the S-matrixor scattering amplitude. There are though a lot of pa-pers and manuals for various known potentials along thewhole radial axis, beginning from 0, for the Shroedingerequation, strong-interaction, great-unification, or super-great-unification interaction dynamical models, with vari-ous submicroscopic assumptions for the π-meson conden-sate or quark-gluon plasma etc. One can hope that accu-mulations and reviews of all possible results of rare publi-cations on the general analytic properties of the S-matrixfor various kinds of arbitrary or unknown interactions atsmall distances (central, non-central, P-violating, CP−or T -violating interactions and so on), up to the viola-tions of the unitarity of the S-matrix, will be very usefulfor forthcoming research in quantum mechanics (both non-relativistic and relativistic), quantum field theory, quantumgravity etc.Now we shall outline the main results of [7, part II] for theunitary S-matrix, since this will be an initial base for thefurther review of the results of papers [9–16]. Namely in[7, part II] the analytical expression of the function Sl(k)was obtained, which defines the relation between the am-plitudes of ingoing and outgoing l-waves for the elasticscattering of non-relativistic particles without spin (with
l = 0) for arbitrary interaction, localized inside the sphereof radius a, starting from the unitary condition

Sl(k)S∗l (k∗) = 1, (1)
the symmetry condition

Sl(k)Sl(−k) = 1 (2)
or

S∗l (k)Sl(−k∗) = 1 (3)
and the particular “causality” condition (if the ingoing
wave packet is normalized so, that at t = −∞ it rep-
resents one particle, then the total probability of finding
the particle in any successive time moment (for instance,
t = 0) outside the interaction sphere cannot be more
than 1). Strictly speaking, this condition is not the usualcausality but the conservation of the total probability. In[17, 18] it was shown that it does directly follow from theorthogonality of the eigen functions of a self-adjoint oper-ator, describing the motion and interaction of the collidingparticles.Then, the following had also been assumed: the existenceof the analytic continuation of Sl(k) into the complex planeof k and the condition of the quadratic integrability ofthe weight functions of the wave packets, which in turnensured the uniform convergence (at the range r > a) of

the integrals over momentum in the Fourier-expansionsof the wave packets. Finally the following expression for
S0(k) was obtained:
S0(k) = exp(−2ikα)∏

λ

kλ − k
kλ + k

∏
s

(ks − k)(k∗s + k)(k∗s − k)(ks + k) , (4)
where α 6 a, kλ are zeros on the imaginary axis (whichare simple on the lower semi-axis), ks are the zeros in theupper half-plane D+, the products ∏

λ
and ∏

s
convergeon the real axis k . In [19] it was shown that zeros ks onthe lower and upper imaginary semi-axes and zeros kscorrespond to bound, virtual (anti-bound) and resonancestates, respectively.If the interaction is described by a local central potential

V (r), independent from k , and the conditions
∞∫

0
drrn |V (r)| <∞, n = 1, 2, (5)

and
V (r) ≡ 0 for r > a, (6)

are fulfilled, the expression (4) is also valid for arbitraryvalues of l, with α = a and the product over λ contains afinite number of poles on the upper imaginary semi-axis.But if only condition (5) is fulfilled, then expression (4)is, generally speaking, invalid and one does often use thefollowing expression
Sl(k) = fl−(k)

fl+(k) , (7)
where f0±(k) = f0±(k, 0) for l = 0 and

fl±(k) = k l exp(±ilπ/2)(2l− 1)!! lim
r→0 rlfl±(k, r)

for l > 0, fl±(k, r) is the solution of the radial Schroedingerequation or of the equivalent integral equation
fl±(k, r) = ±i exp(±ilπ/2)krh(1,2)

l (kr)
− 2µ

~2k
∞∫

0
dr′gl(k; r, r′)V (r′)fl±(k, r′), (8)

with the boundary condition
lim
r→∞

fl±(k, r) exp(∓ikr) = 1, (9)
14



Vladislav S. Olkhovsky

where
gl(k; r, r′) = ikrr′2 [

h(1)
l (kr′)h(2)

l (kr)− h(1)
l (kr)h(2)

l (kr′)] ,
and h(1,2)

l (kr) = jl(kr) ± inl(kr) are the Hankel sphericalfunctions of the first and the second kind, respectively(jl(kr), nl(kr) are the Bessel and the Neiman sphericalfunction, respectively). At such conditions the function
Sl(k) can have, besides the singularities described by (4),additional singularities, corresponding to the singularitiesof fl±(k, r).The author’s (partly with his collaborators) papers [9–16]present the results of that approach, published graduallyduring 1961- 2006 (mainly in the Russia and Ukraine), andcan evidently be continued in the future. In the final sec-tion of this paper a scientific program is presented whichconnects the remaining tasks, problems and also the grad-ually revealed perspective, unexpected previously - of howthe rigorous mathematical method or approach can help toreveal quite concrete and sometimes paradoxical physicalphenomena.
2. The properties of the non-unitary
one-channel S-matrix for the un-
known interactions surrounded by the
centrifugal barrier and a potential,
which is decreasing more rapidly then
any exponential function
Now, following [10], we consider a generalized case whenthe interaction and motion equation inside the sphere ofradius a are unknown as before, but at r > a contains thecentrifugal barrier ~2l(l+ 1)/r2 and a potential V (r), andthere is not only a scattering but also a partial particleabsorption or generation. For convenience let us intro-duce new interaction characteristics - a complex “interac-tion constant” γ. We agree conventionally that its realpart Re γ will characterize that interaction part whichcauses by itself only scattering without particle absorp-tion or generating. And we agree to set up the negative(positive) value of Im γ in correspondence with that inter-action part, the absence of which causes the absence ofthe particle absorption (generating). If we further connectthe particle absorption and generating with the simpledecreasing or increasing of the flux of the scattered parti-cles in comparison with the flux of bombarding particles,assuming the conservation of their impulse and other char-acteristics, then it will be natural to impose the followingconditions: 0 < |Sl(γ, k)|2 6 1, (10a)

1 6 |Sl(γ∗, k)|2 <∞, (10b)
with =γ < 0, for real positive k . Since the conditions(10a) and (10b) are evidently insufficient for the study ofthe analytic properties of Sl(γ, k), let us introduce, gen-eralizing (1)-(3), the new symmetry properties (typical forcentral interactions)

Sl(γ, k)Sl(γ,−k) = 1, (2a)
Sl(γ∗, k)Sl(γ∗,−k) = 1, (3a)

and the generalized “unitarity” condition
Sl(γ, k)S∗l (γ∗, k∗) = 1, (1a)

thus selecting for any interaction with constant γ(=γ, 0)the “conjugate” interaction with the complex conjugateconstant γ∗.One can easily check that the conditions (1a), (2a), (3a)and (10a), (10b) are automatically fulfilled in the casewhen the interaction can be described by the complexpotential which satisfies the condition (5) [19, 20]. Inthat case the values γ and γ∗ are not only conventionalbut also factual parameters of the potential V (γ, r) =
<[γV1(r)] + i=[γV2(r)].Instead of the “causality” condition from [7, part II], weshall use the condition of completeness for the wave func-tions outside the sphere of unknown interaction, factuallyassuming in this region (i.e. for r > a) the possibilityof describing the colliding particles by the Schroedingerequation with a self-adjoint Hamiltonian:

2
π

∞∫
0
k2dkR (+)

l (γ, k, r)R (+)∗
l (γ, k, r′)

+∑
n
Rnl(γ, knl, r)Rnl(γ, knl, r′) = δ(r − r′)

r2 ,

(11)

where
R (+)
l (γ, k, r) = i2kr [fl−(k, r) exp(ilπ/2)

−Sl(γ, k)fl+(k, r) exp(−ilπ/2)],
Rnl = 1√2πBnl(γ, knl)fl+(knl, k)/r,

functions fl±(k, r) are defined by Eq. (8); =knl > 0 andconsequently the functions Rnl are integrable togetherwith their squares (at least, at the range a 6 r < ∞);all the information on the interaction inside the spherewith radius r < a is contained in the functions Sl(γ, k)
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and the constants Bnl(γ, knl). Let us note that we (tacitly)assume that Rnl(γ, knl, r) = R•nl(γ•, k•nl, r) in (11).Eq. (11) represents a generalization of the completenessrelation for the eigen functions of the most simple classesof the non-Hermitian Hamiltonians [19] for the cases whenall the eigen values knl are simple (non-multiple) and aresituated outside the real axis k . When γ = <γ the func-tions Rnl simply describe the bounded states of the system.For the complex values of γ they have the same boundaryconditions as the bound states, and their properties forthe non-singular potentials with the negative imaginarypart are partially described in [21].In order to be sure that Sl(γ, k) can have the analyticcontinuation into the complex plane of k , one has to im-pose some limitations on the potential tails at the rangeof r > a. In correspondence with the study of the po-tential scattering in [19–22], we can try, at least, to limitourselves by the cases when at the range r > a, besidesthe centrifugal barrier, there is present a potential whichsatisfies the following condition
∞∫

0
drr |V (r)| exp(br) <∞, (12)

at least, for sufficiently large b.Using the properties
f∗l+(k•, r) = fl+(−k, r) = fl−(k, r) (13)

for real k and relations (1a), (2a) and (3a) for Sl(γ, k), onecan transform (11) into the form
1
rr′

∫
C

dkfl+(k, r)fl−(k, r′)
− (−1)l

rr′

∫
C

dkSl(γ, k)fl+(k, r)fl+(k, r′)
+ 1
rr′
∑
n

(Bnl)2fl+(knl, r)fl+(knl, r′) = 2πδ(r − r′)
r2 ,

(14)

where the integration trajectory C goes along the realaxis k from −∞ to ∞, bypassing the point k = 0 where
fl± have the pole of the l−th order by a semi-circle ofthe infinitesimal small radius, located in the upper semi-space.We shall limit ourselves by the case when fl±(k, r) behavesas exp(±ikr) in all the complex plane at |k| → ∞. Then,shifting the integration contour into D+, enclosing all the

singularities and utilizing equalities∫
Γ+

dkfl+(k, r)fl−(k, r) = ∫
Γ+

dkeik(r−r′)

= ∞∫
−∞

dkeik(r−r′) = 2πδ(r − r′), (15)
∫
Γ+

dkSl(γ, k)fl+(k, r)fl+(k, r′) = ∫
Γ+

dkSl(γ, k)eik(r+r′),
(16)we obtain ∑

n

∮
km

dkfl+(k, r)fl−(k, r′)+
∑
p

∮
γp

dkfl+(k, r)fl−(k, r′)−
(−1)l∑

j

∮
kj

dkSl(γ, k)fl+(k, r)fl+(k, r′)−
(−1)l∑

q

∮
γq

dkSl(γ, k)fl+(k, r)fl+(k, r′)−
(−1)l∑

n
(Bnl)2fl+(knl, r)fnl(knl, r′) = 0,

(17)

where ∫
Γ+ is the integral over the infinitely large semi-circle above the real axis, ∮

kn
is the integral over an in-

finitesimal circle around an isolated singular point, ∮
γp

is
the integral over a contour which envelops a non-isolatedsingularity (for instance, over the edges of the cut con-ducted for a branch point). Since all these contours areindependent, equality (17) is equivalent to the followingsystem of equalities:

(−1)l ∮
kn

dkSl(γ, k)fl+(k, r)fl+(k, r′)
= (Bnl)2fl+(knl, r)fl+(knl, r′), (18)

(−1)l ∮
kn

dkSl(γ, k)fl+(k, r)fl+(k, r′)
= ∮

kn

dkfl+(k, r)fl−(k, r′), (19)

(−1)l ∮
γp

dkSl(γ, k)fl+(k, r)fl+(k, r′)
= ∮

γp

dkfl+(k, r)fl−(k, r′), (20)
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∫
Γ
dkSl(γ, k)eik(r+r′) = 0. (21)

A simple analysis of eq. (18) shows that Sl(γ, k) has thepoles of the first order on the positive imaginary semi-axis (which at γ = <γ correspond to bound states) withresidues (−1)l+1i (Bnl)22π . Re-writing eq. (19) in the form
∮
kn

dkfl+(k, r)fl+(k, r′) [ fl−(k, r′)fl+(k, r′) − (−1)lSl(γ, k)] = 0,
(19a)after simple reasoning one can easily conclude that

Sl(γ, k) has to have additional isolated singularities D+,coincident with those isolated singularities of fl−(k, r) inthe upper semi-space near which
lim

k→kmn
fl−(k, r) = lim

k→kmn
Dm(k)fl+(k, r), (22)

where the function Dm(k) does not depend on r and has anisolated singular point km. Similarly one can study non-isolated singularities of Sl(γ, k) coming from analysis ofEq. (20).In the simplest case when outside the sphere of radius
a there is only a centrifugal potential, functions fl±(k ,r)have the form

fl±(k, r) = (±i) exp(±ilπ/2)krh(1,2)
l (kr). (8a)

Since functions h(1,2)
l (kr) are analytical in the whole com-plex plane k , with the exception of points k = 0 and ∞,

then we can choose at |k| → ∞

(±i) exp(±ilπ/2)krh(1,2)
l (kr) →

|k|→∞
exp(±ikr) (9a)

in the whole complex plane k , and so, in correspondencewith Eq. (18)-(21), the function exp(2ikα)Sl(γ, k), α 6 a,is regular everywhere in the whole D+, except for the iso-lated singularities knl which for γ = <γ are localized onthe positive imaginary semi-axis. In this last case, we canfind the product expansion of type (4), where points kλare the zeros knl on the lower imaginary semi-axis, corre-sponding to bound states, and also the zeros on the up-per imaginary semi-axis, which define virtual (anti-bound)states and correspond to the poles situated between thepoles knl and kn+1, following an approach that was out-lined in [12, 13, 17, 18].For the complex values of γ the final result for Sl(γ, k)can be also represented in analytical form. Consideringthat the zeros (poles) of Sl(γ, k) in the first and the secondquadrants do in consequence of the symmetry conditions(2a) correspond to the poles (zeros) in the third and theforth quadrants, mirror-like symmetrical to them relativeto the direct lines =k = <k and =k = −<k , respectively,we can find the product expansion of Sl(γ, k), followingan approach that was outlined in [14, 16]. Its derivationis performed in Appendix A, and the final forms obtainedare:

Sl(γ, k) = exp(−2iαk)∏
n

knl + k
knl − k

∏
λ

kλ − k
kλ + k

∏
s

ks − k
ks + k

∏
s′

ks′ − k
ks′ + k , (23a)

Sl(γ∗, k) = exp(−2iαk)∏
n

k•nl + k
k•nl − k

∏
λ

k•λ − k
kλ + k

∏
s

k•s − k
k•s + k

∏
s′

k•s′ − k
k•s′ + k , (23b)

which generalizes (4), taking conditions (1a)-(3a) into ac-count. Here knl are the poles in the lower half-space
D−, kλ are the zeros in D+, ks and ks′ are the zeros in thefirst and the second quadrants, respectively. The results(23a), (23b) had first been explicitly obtained in [10] andhad not been analyzed before even for the simple interac-tions described by the complex potentials.
The simplified assumptions written above on the eigen val-ues knl in the completeness condition (11) factually bringto an insignificant limitation of the interaction class. The

absence of values knl on the real axis k , i.e. the absence ofpoles and zeros (spectral points) of Sl(γ, k) and Sl(γ∗, k)corresponding to them (as well as the absence of values of
ks and ks′ ) does simply signify the rejection cases of thetotal absorption of bombarding particles and also the re-jection of the infinite increasing of the new-particle birthfor the physical values of k > 0. The condition of the ab-sence of the eigen values knl with the multiplicity of morethan 1 does not apparently bring to the essential limitationof the interaction class: Really, if one naturally assumes
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that a smooth change of the interaction parameter γ canbring to the smooth shift of the values knl, and so the ar-bitrarily small change of the parameter γ will bring to acertain small divergence of the various trajectories knl(γ)from the point of the knl coincidence with the increasingof the multiplicity. In [12, 13] it was shown (with the helpof another method) that expressions (23a), (23b) are validfor local potentials inside r 6 a with a hard (infinite) coreof radius r0 < a, for non-local separable potentials of thetype v(r)v(r′) with 0 < r, r′ < a, for non-local separablepotentials with a hard(infinite) core of radius r0 < a. Andexpressions (23a), (23b) were generalized for local com-plex potentials with multiple zeros - knl, kλ and ks. In thelast case of (23a), (23b) there will be present factors ofthe type ( knl+kknl−k

)αnl ( kλ−k
kλ+k

)αλ ( ks−k
ks+k

)αs , where αnl, αλ and
αs are the multiplicities of zeros - knl, kλ and ks, respec-tively.If at the external region, when r > a, there are the cen-trifugal barrier and a potential, which is decreasing morerapidly then any exponential function, then the results(23a), (23b) remain valid since in this case the functions
fl±(k, r) are analytical everywhere (see Appendix C), be-sides points k = 0 and ∞, and at the limit |k| → ∞ theytend to exp(±ikr).
3. The properties of the non-unitary
one-channel S-matrix for the un-
known interactions surrounded by the
centrifugal barrier and a potential, the
tail of which is decreasing like an ex-
ponential function or an exponential
function multiplied by a polynomial
If at the external region, where r > a, there are the cen-trifugal barrier and an exponential potential of the type
V = V0 exp(−br), V0, b > 0, then the functions fl±(k, r)have the simple poles in points k = ∓i b2m (m = 1, 2, . . .)and at the limit |k| → ∞ they tend to exp(±ikr). Sim-ilar results can be obtained for the Eckart, Hulthén andWoods-Saxon potentials [17, 18]. And if at the externalregion (with r > a) there are the centrifugal barrier and apotential of the type V = V0Pn(r) exp(−br), where Pn(r)is an nth-order polynomial and b > 0, then the function
fl±(−k, r) has poles of an order not higher than n + 1 atthe points ∓ib/2,∓ib,∓3ib/2, . . ., and it is analytic at allother points of the complex plane.Moreover, in Appendix B the following theorem is proved:For f0(−k, r) to have poles of order not higher than (n1+1)at the points ib1/2, ib1, 3ib1/2, . . ., not higher than (n2+1)at the points ib2/2, ib2, 3ib2/2, . . ., not higher than (nm+1)

at the points ibm/2, ibm, 3ibm/2, . . ., it is necessary andsufficient that the corresponding potential would have aterm ∑
nm
Pnm (r) exp(−bmr). (This theorem had first beenproved in [9]). Then, in Appendix C, adopting from [16]and [19] the appropriate integral equation, which allowsthe computation of fl(−k, r) from f0(−k, r), it is shown thatin this case fl(−k, r) has the same isolate singular pointsas f0(−k, r).Thus, coming from [23–26], one will also in this case obtainthe results (23a), (23b), where in ∏

m
one must include thefactors, corresponding to “redundant” poles i2bm′ (m′ =1, 2, . . .) of the first order at the presence of an exponentialpotential tail V = V0 exp(−br), and the factors of the type∏

m′′

(
km′′−k
km′′+k

)n corresponding to multiple “redundant” poles
i2bm′′ (m′′ = 1, 2, . . .) at the presence of the potentialtail of the type V0∑

n
Pn(r) exp(−br).

4. The properties of the non-unitary
one-channel S-matrix for the un-
known interactions surrounded by the
centrifugal barrier and a potential,
which is decreasing like a Yukawa po-
tential
If at the external region, where r > a, there are the cen-trifugal barrier and a central Yukawa potential of the type
V = V0[(br)−1 exp(−br)], V0, b−1 ∼ a, we can considerthe analytic properties of fl±(k, r), following [16]. Firstly,according to Ref. [19], for the case l = 0, one has
f0±(k, r) = 1 + ∞∫

b

db′S±(b′, k) exp(−b′r) exp(±ikr),
(24)where S±(b′, k) is the solution of the equation

b(b∓ 2ik)S±(b, k) = ρ+ ∞∫
b

db′ρS ± (b′, k), (25)
where ρ = 2µV0/~2b3 < 0 and µ is the reduced mass. Thesolution of eq. (25) can be written as
S±(b, k) = ρ

{
b(b∓ 2ik) [1∓ iρ2k ln(1∓ 2ik

b )]−1} (26)
and from Eq. (24) one obtains
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f0±(k, r) =
1 + ρ

[1∓ iρ2k ln(1∓ 2ik
b

)]−1 ∞∫
b

db′ exp(−b′r)
b′(b′ ∓ 2ik)

 exp(±ikr) . (24a)

In Eq. (26) there is a logarithmic singularity of f0± (k, r)at the point k = kγ = ib/2. We consider the analyticproperties of the factor
A− = [1 + iρ2k ln(1 + 2ik

b

)]−1
. (27)

It is easy to verify that for complex values of k both Re
k and Im k are nonzero, the factor A−1

− has no zeros, and
A− therefore has no poles. The same result is obtainedfor real k . Further, we set k = ix, where x is real, andrewrite Eq. (27) in the form

A− = [1 + ρ2x ln(1− 2x
b

)]−1
.

In the case 2x/b > 1, the factor A−1
− has no zeros becausethe logarithm is complex and A− therefore has no poles.In the case 0 6 2x/b < 1 for ρ < 0, as in the case ofthe long-range part of the nuclear forces, A− again hasno poles. Finally, in the case 2x/b 6 0, poles can exist,but they must be located in the lower half of the complex

k plane D−.In conclusion, we note that the factor A− contains noadditional singularities in D+ except a branch point at
kγ = ib/2.The treatment can be extended to higher angular momenta
l > 0. The same logarithmic singularity at the point k =
kγ = ib/2 also appears in fl−(k, r). To show this, thefollowing integral equation, which allows the computationof fl−(k, r) from f0−(k, r), can be used:

fl−(k, r) = f0−(k, r) + l(l+ 1) ∞∫
r

dr′G(k; r, r′)(r′)−2fl−(k, r′), (28)
where r > a and the Green’s function G(k; r, r′) has the form [21]

G(k; r, r′) = (2ik)−1[f0−(k, r)f0+(k, r′)− f0−(k, r′)f0+(k, r)]. (29)

Because the function Φ(k, r) is regular everywhere, theGreen’s function in Eq. (29) has no singularity at the point
kγ . The solution fl−(k, r) of Eq. (28) for any value of lcontains the same logarithmic singularity as the function
f0−(k, r) at the point kγ = ib/2.We now consider Eq. (20) near the logarithmic singulari-ties of fl−(k, r) in D+. The contour γp can be chosen in theform shown in Fig. 1. It consists of the almost closed circle
γacc around kγ = ib/2, with the small radius ε ≡ (ε/b)band the two infinite lines γedge along the edges of thecut with a much smaller distance between them given by(ε/b)δb, δ > 2, i.e. γp = γacc +γedge. We let γ12 denote thesegment joining the lowest points 1 and 2 of the two lines,according to Fig. 1. Letting γc denote the closed contourformed by the almost closed circle and the segment, wecan write the identity γacc∫

γacc = ∮
γc
−
∫
γ12 →

ε→0
∮
γc
. (30)

for the integrals in Eq. (20).

Figure 1. A form of contour γq.

19



On the analytic properties of the S-matrix for the unknown interactions surrounded by centrifugal and rapidly decreasing potentials

Because the length of γ12 is (ε/b)δb, the integrals over
γ12 and over γedge vanish as O(εδ−2) for ε→ 0. Therefore,only the contour integral over the closed circle γc centeredat the point kγ remains.

We consider the integral over γc in detail. The value ofthe integral is determined by the behavior of the integrandas the radius of the circle tends to zero. Therefore, weconsider the limit

lim
k→kγ

[1 + iρ2k ln(1 + 2ik
b

)]−1 ∫ ∞
b

exp(ik − b′)r
b′(b′ + 2ik) db′ (31)

the small radius ε ≡ (ε/b)b and the two infinite lines γedge along the edges of the cut with a much smaller distancebetween them given by (ε/b)δb, δ > 2, i.e. γp = γacc + γedge. We let γ12 denote the segment joining the lowest points 1and 2 of the two lines, according to Fig. 1.It is easy to show that the integral over the variable b′ in eq. (31) has a logarithmic divergence at kγ that cancels whenthe corresponding factor vanishes, and the function f0−(k, r) therefore has no pole at kγ . Explicitly evaluating the limitof (30) shows that in the vicinity of kγ , the function f0−(k, r) can be written as (see Appendix D)
f0−(k, r)→ W (k, r) + [1 + iρ2k ln(1 + 2ik

b

)]−1
U(k, r), (32)

where the functions W and U are analytic functions of k at the point kγ and inside the small closed circle γc . Eq. (20)can therefore be rewritten as ∮
γc
dkS0(k)f0+(k, r)f0+(k, r′) = ∮

γc
dkf0+(k, r)f0−(k, r′)

= ∮
γc
dkW (k, r)f0+(k, r′) + [1 + iρ2k ln(1 + 2ik

b

)]−1 ∮
γc
dkU(k, r)f0+(k, r′). (33)

Because each integral on the right-hand side vanishes,we can conclude that∮
γc
dkS0(k)f0+(k, r)f0+(k, r′) = 0. (34)

It hence follows that S0(k) can contain at most a singularfactor of the type
F = [1− iρ2k ln (1− 2ik

b
)][1 + iρ2k ln (1 + 2ik

b
)] (35)

connected with the analogous logarithmic branch pointsat k = kγ . Of course, there may be no such factor, or
S0(k) may contain other factors which have a logarithmicbranch point but vanish at kγ .We consider a few special cases where this factor actuallyoccurs.If the interaction inside the sphere r 6 a is such that thescattering wave function in the external part (r > a) canbe written in the form

Ψext = f0−(k, r)− S0(k)f0+(k, r) (36)

and vanishes at some point r = r0 > a, then
S0(k) = f0−(k, r0)

f0+(k, r0) . (37)
It follows that S0 must contain at most a factor F givenby Eq. (35).Another possibility occurs for a wide class of potentials[1, 2], namely when the interaction inside the sphere r 6 ais such that the following continuity relations hold true

Ψint ≡ const · Φ(k, a) = f0−(k, a)− S0(k)f0+(k, a),
dΨint
dr

∣∣∣∣
r=a ≡ constdΦ(k, r)

dr

∣∣∣∣
r=a = df0−(k, r)

dr

∣∣∣∣
r=a

−S0 df0+(k, r)
dr

∣∣∣∣
r=a.

(38)

In Eq. (38) the function Φ(k, r) is the regular solution ofthe radial Schroedinger equation inside the sphere r 6 awith the boundary condition Φ(k, 0) = 0. This functionis determined only by the interaction inside the sphere
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Figure 2. A disposition of the poles and the cut.

r 6 a. Eq. (38) determine the const (constant) and thecorresponding S-matrix
S0(k) = φ(k, a) df0−(k,a)

da − f0−(k, a) dφ(k,a)
da

f0+(k, a) dφ(k,a)
da − φ(k, a) df0+(k,a)

da

, (39)

i.e. then S0(k) must also then contain factor (35).According to (C, 1)-(C, 2), the same result is also obtainedfor Sl(k) with l >0.Using the same approach, we can study a more generalcase where there is a covering of the cut (see Fig. 2) by thepoles (corresponding to bound states and/or “redundant”poles that appear when the potentials decrease exponen-tially). In this case it sufficient to use equalities like (30):
∫
γaccc (kn) = ∮

kn
−
∫
γ12 lim

ε→0
∮
kn

and simply repeat the reasoning proceeding (36). It isthen easy to prove that for all these singularities, Eq. (22)continues to hold, and the results obtained previously con-cerning the singularities of Sl(k) in D+ also continue tohold.Finally, the analytic continuation of the functions Sl(k) tothe lower half-plane D− can be found as usual based onsymmetry condition (2a), (3a) and the known general the-orem about the analytic continuation. Thus, considering(23a), (23b) and (35), we finally obtain

Sl(γ, k) = exp(−2iαk)F (k)∏
n

knl + k
knl − k

∏
λ

kλ − k
kλ + k

∏
s

ks − k
ks + k

∏
s′

ks′ − k
ks′ + k , (40a)

Sl(γ∗, k) = exp(−2iαk)F (k)∏
n

k•nl + k
k•nl − k

∏
λ

k•λ − k
kλ + k

∏
s

k•s − k
k•s + k

∏
s′

k•s′ − k
k•s′ + k . (40b)

Conditions (10a, 10b) impose certain limitations on thedistribution of zeros in D+. We consider the followingexample as an illustration. Let in expression (23a) or (40a)for Sl(γ, k) the factor (v−k)(v ′−k)(v+k)(v ′+k) essentially dominate and,hence,
Sl(γ, k) ≈ (ν − k)(ν′ − k)(ν + k)(ν′ + k) , (41)

according to (10a), ν = α + iβ, ν′ = −α + β′, α > 0, β >0, β′ > β. Then the partial cross sections of scattering,absorption and both processes together are respectivelyequal to
σ (l)
scatt = π

k2 (2l+ 1) |1− Sl|2
≈ 4π
k2 (2l+ 1) (Γscatt/2)2(E − Er)2 + Γ2/4 , (42)

σ (l)
absorp = π

k2 (2l+ 1) [1− |Sl|2]
≈ 4π
k2 (2l+ 1) (Γscatt/2)(Γabsorp/2)(E − Er)2 + Γ2/4 ,

(43)

σ (l)
tot = σ (l)

scatt + σ (l)
absorp

≈ 4π
k2 (2l+ 1) (Γscatt/2)(Γ/2)(E − Er)2 + Γ2/4 , (44)

where Γscatt = 4µ
~2 k(β + β′), Γabsorp = 4µ

~2 α(β′ − β),Γ = Γscatt + Γabsorp. The formulae (42)-(44) generalizethe known results obtained in the model description ofnuclear reactions (see, for instance [27]).
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5. The properties of the non-unitary
S-matrix for the unknown non-central
and parity-violating interactions sur-
rounded by the centrifugal barrier and
a potential, the tails of which are de-
creasing as described in Sections 2-4
We shall study this problem, following [14]. Let us sup-pose that the interaction between two colliding particlesis such that the S-matrix is diagonal, as regards the to-tal momentum j , does not depend on the total-momentumprojection onto an arbitrary axis, and contains both di-agonal and non-diagonal elements regarding the orbitalmomentum l with the mixed neighboring values l, l′ = j±λof equal (λ = 1) or opposite (λ = 12 ) parities. Particularly,there is a mixture of values l, l′ = l ± 1 (in the case of atensor interaction admixture) or there is no mixture at all(l = l′ = j, λ = 0), and there is a mixture l, l′ = j+ 12 in thecase of a parity-violating interaction like υ(r)~̂σ ~̂p+ ~̂σ ~̂pυ(r),where r is the relative distance between two particles, ~̂σis the Pauli pseudo-vector matrix, ~̂p is the momentum op-erator for the relative motion of a nucleon and a nucleuswith spin 0. Of course, in the case of central interactionsalways l = l′ = j and λ = 0.Thus, we consider the unknown non-central or parity-violating interaction inside the sphere r < a surroundedby the centrifugal barrier and a central potential, whichis decreasing more rapidly then any exponential function
V (r). Supposing that there is not only the scattering butalso the absorption or the creation of particles, it is natu-ral as usual to put, generalizing (10a, 10b), the followingconditions for the elements Sjll′ of the S-matrix:

0 <∑
l′

∣∣∣Sjll′ (γ, k)∣∣∣2 6 1, (45a)
1 >

∑
l′

∣∣∣Sjll′ (γ, k)∣∣∣2 <∞, (45b)
and, generalizing (1a)-(3a), the extended “unitarity” con-dition ∑

l

Sjl1l(γ, k)Sj•ll2 (γ•, k•) = δl1l2 (46)
and symmetry condition

Sj•ll′ (γ•, k•) = (−1)l+l′Sjll′ (γ,−k) (47)

(as regards the axis Im k), and also the condition of Sjll′symmetry regarding the lower indices:
Sjll′ (γ, k) = Sjl′′l(γ, k). (48)One can easily check that the conditions (42)-(45) areautomatically fulfilled in the case of central complex po-tential (5).A system state for r > a can be described by the wavefunctions

R j•
ll′ (γ, k, r) = i2kr [δll′ fl′−(k, r) exp(il′π/2)

−Sjll′ (γ, k)fl′+(k, r) exp(−il′π/2)] (49)
in the continuous spectrum and

R j(n)
l (γ, knl, r) = (2π)−1/2Bl(γ, knl)fl+(knl, r)r−1 (50)

in the discrete part of the spectrum.Generalizing the completeness relation (11) for the un-known non-central or parity-violating interaction insidethe sphere r < a surrounded by the centrifugal barrierand a central potential, which is decreasing more rapidlythen any exponential function V (r), we can write
2
π
∑
l

∞∫
0
k2dkR j(+)

l′l (γ, k, r)R j(+)•
l′′l (γ, k, r′)

+∑
n
R j(n)
l′ (γ, knj,r)R j(n)

l′′ (γ•, knj , r′)
= δ(r − r′)

r2 δl′l′′ .

(51)

Relation (51) is a generalization of the completeness con-dition for eigen functions of a class of non-hermitianHamiltonians [22, 23] for which all eigen values are simple(not multiple) and are situated outside the axis <k .As usual in order that one be sure of the possibility ofanalytic continuation of Sjll′ (γ, k) in the complex plane k ,one needs to put the limitation (12) in the external region(r > a).Using the properties (49) for real k and conditions (46)-(48), one can rewrite (51) in the form
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1
rr′

∫
C

dkfl′−(k, r)fl′′+(k, r′)δl′l′′ − exp[−i(l′ + l′′)π/2]
rr′

∫
C

dkSjl′l′′ (γ, k)fl′+(k, r)fl′′+(k, r′)
+ 1
rr′
∑
n
Bl′ (γ, knj )Bl′′ (γ, knj )fl′+(knj , r)fl′′+(knj , r′) = 2πδ(r − r′)

r2 δl′l′′ ,
(52)

where the integration path C goes along the axis <k from −∞ to ∞, passing near the point k = 0 (here fl±(k, r) havepoles of l-th order) along a semi-circle of infinitely small radius in D+.We shall limit ourselves by the case when fl±(k, r) behaves as exp(±ikr) in all the complex plane at |k| → ∞. Then,shifting the integration contour into D+, enclosing all the singularities by closed singularities (as near to them as welike) and using equalities
∫
Γ+

dkfl−(k, r)fl+(k, r′) = ∫
Γ+

dkeik(r′−r) = ∞∫
−∞

dkeik(r′−r) = 2πδ(r − r′), (53)
∫
Γ+

dkSjl′l′′ (γ, k)fl′+(k, r)fl′′+(k, r′) = ∫
Γ+

dkSjl′l′′ (γ, k)eik(r+r′), (54)
we obtain

δll′
∑
m

∮
km

dkfl−(k, r)fl′+(k, r′) + δll′
∑
p

∮
kp

dkfl−(k, r)fl′+(k, r)
− exp [−i(l+ l′)π/2][∑

ν

∮
kν

dkSjll′ (γ, k)fl+(k, r)fl′+(k, r′)
+∑

q

∮
γq

dkSjll′ (γ, k)fl+(k, r)fl′+(k, r′) + ∫
Γ+

dkSjll′ (γ, k)fl+(k, r)fl′+(k, r′)]
+∑

n
Bl(γ, knj )Bl′ (γ, knj )fl+(knj , r)fl′′+(knj , r′) = 0,

(55)

where ∫
Γ+ is the integral over the infinitely large semi-circle above the real axis, ∮

kn
is the integral over an in-

finitesimal circle around an isolated singular point, ∮
γp

is
the integral over a contour which envelops a non-isolatedsingularity (for instance, over the edges of the cut con-ducted for a branch point). Since all these contours areindependent, equality (55) is equivalent to the followingsystem of equalities:

exp[−i(l+ l′)π/2] ∮
knj

dkSjll′′ (γ, k)fl+(k, r)fl′+(k, r′)
= BlBl′ fl+(knj , r)fl′+(knj , r′), (56)

exp[−i(l+ l′)π/2]∮
kν

dkSjll′′ (γ, k)fl+(k, r)fl′+(k, r′)
= ∮

kν

dkfl−(k, r)fl′′+(k, r′)δll′ , (57)

exp[−i(l+ l′)π/2]∮
γp

dkSjll′ (γ, k)fl+(k, r)fl′+(k, r′)
= ∮

γp

dkfl+(k, r)fl′−(k, r′)δl′l, (58)
∫
Γ
dkSjll′ (γ, k)eik(r+r′) = 0. (59)

Quite similar to the previous cases of the central un-known interactions inside the sphere r 6 a, it followsfrom Eq. (56) that all the elements Sjll′ (γ, k) have in D+poles of the first order (for γ = <γ they are situated onthe half-axis =k > 0 and correspond to the bound states)with the residues
exp[−i(l+ l′)π/2](2πi)−1BlBl′ .

It follows directly from Eq. (57) that the diagonal elements
Sjll(γ, k) must have in D+ additional isolated singularities
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which coincide with those isolated singularities fl−(k, r)in D+, near which Eq. (22) is also valid, with the function
Dm(k) which also does not depend on r and has an isolatesingular point km. Similarly, it follows from Eq. (58) thatthe diagonal elements Sjll(γ, k) must have in D+ branchpoints and non-isolated singularities which coincide withthe appropriate singularities of fl−(k, r) in D+.As for the unknown central interactions inside the smallsphere of radius a, we consider several cases of potentialtails in the external region with r > a.When there is only a centrifugal barrier there, thenEq. (8a) and (9a) are valid and according to Eq. (47)-(50) all the functions S̃jll′ (γ, k) = Sjll′′ (γ, k) exp(2ika) areregular and limited everywhere in D+ except the isolatedpoints. No poles can appear on the half-axis <r becauseof the conditions (47)-(48) and also because of the finitevalues of R j(+)

l′l (γ, k, r) at the point k = 0.It is easy to conclude from the finite value of R j(+)
l′l (γ, k, r)for k → 0 by recalling the known behavior of fl±(k, r) andof h(1,2)

l (kr) = jl(kr)± inl(kr) at the point k → 0 that
Sjll′ (γ, k) →k→0 δll′ [1 +O(k l>+1)] + [1− δll′ ]O(k l>+1), (60)

where l> is the larger of the two numbers l and l′.One can determine the analytic continuation of the func-tions Sjll′ (γ, k) in D− as usual on the basis of the symme-try condition (47) and the general theorem on the analyticcontinuation.Solving system (46) with the use of (47) and (48) relativelyto Sjll′ (γ,−k), we obtain
Sjll(γ,−k) = Sjl′l′ (γ, k)/dj (γ, k),
Sjll′ (γ,−k) = −Sjll′ (γ, k)/dj (γ, k) (61)

(with l 6= l′ and dj (γ, k) = Sjll(γ, k)Sjl′l′ (γ, k)− [Sjll′ (γ, k)]2),from which we can see that in D− all the elements Sjll′ (γ, k)have the same poles knj (on the half-axis Im k < 0), ks(in the 4-th quadrant), ks′ (in the 3-rd quadrant), whichcorrespond to the zeros of the function dj in D+, and alsothe zeros - knj , which correspond to the poles knj in D+.Besides that, every diagonal element Sjll′ (γ, k) can haveadditional poles on the half-axis <k < 0 (kµ), in the 4-th quadrant (kσ ) and in the 3-rd quadrant (kσ ′ ), whichcorrespond to the zeros - kµ , - kσ and - kσ ′ of two functions
Sjll(γ, k) and Sjll′ (γ, k) in D+. Moreover, one can concludefrom the formulae (48) that the zeros kp (on the axis =k),
kr (on the axis <k), kt (in the 1-st and 4-th quadrant) and
kt′ (in the 2-nd and 3-rd quadrant) of the diagonal element
Sjll(γ, k) correspond to the zeros - kp, - kr , - kt and - kt′of the second diagonal element Sjl′l′ (γ, k), l′ 6= l, and alsothat the zeros of the non-diagonal element Sjll′ (γ, k), l′ 6=
l, can appear only in pairs ±kπ (on the half-axis =k),
±kρ (on the half-axis <k), ±kt (in the rest of the complexplane). Evidently, the last assertion is true for those zeroswhich are not general zeros of all the elements Sjll′ (γ, k).

In the considered case, Sjll′ (γ, k) cannot have any singularpoints in D− besides poles, since there will be a singularpoint - kx of Sjl′l(γ, k) in D+ for every singular point kx of
Sjl′l′ (γ, k) in D− because of (61), but this is in contradictionwith our previous result on the analyticity of Sjl′l′ (γ, k)in D+. Thus all the elements Sjl′l′ (γ, k) are meromorphicfunctions and consequently they can be represented in theform of a ratio of two integer analytic functions:

S̃jll′ (γ, k) = All′ (γ, k) exp[gll′ (k)]∏
n

1 + k/knl1− k/knl · ∏
m,s,s′,p,r,t,t′

(1− k/kp)(1− k/kr)(1− k/kt)(1− k/kt′ )(1− k/km)(1− k/ks)(1− k/ks′ ) , (62)
where All′ = δll′ + (1 − δll′ )Ck l>+1, C = i=C is a constant, the topology of the poles knj , km, ks, ks′ and of the zeros -
knj , kp, kr , kt , kt′ was specified before, gll′ (k) = ull′ (k) + iθll′ (k).The real function ull′ (k) must be non-positive in D+ because of the analyticity of S̃jll′ (γ, k) (and, consequently, theconvergence of the infinite products of (62) in D+) and must be non-negative in D− owing to (61). Then the “Cauchy-Riemann conditions” 0 > ∂ull′ /∂=k = −∂θll′ /∂k (=k = 0)must be satisfied on the real axis. From these conditions one can conclude that the function θll′ (k) is monotonicallyincreasing and reaches a real value not more than once. Then gll′ (k) = ull′ (k) + iθll′ (k) reaches any imaginary valuenot more than once, and hence must be a linear function: gll′ (k) = 2iβll′ (k) + γll′ (k). Evidently βll′ (k) > 0 and, since
Sjl′l′ (γ, 0) = δll′ , γll′ = 0. Thus, considering that βll′ = (βll+βl′l′ )/2 owing to (61), we obtain the following final expression

Sjll′ (γ, k) = All′ (γ, k) exp[−i(αl + αl′ )]∏
n

1 + k/knl1− k/knl · ∏
m,s,s′,p,r,t,t′

(1− k/kp)(1− k/kr)(1− k/kt)(1− k/kt′ )(1− k/km)(1− k/ks)(1− k/ks′ ) , (63)
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where αl = a− βl 6 a. Considering (63) and on the basis of (46), (47), we can write
Sjll′ (γ•, k) = All′ (γ•, k) exp[−i(αl + αl′ )]∏

n

1 + k/k•nl1− k/k•nl · ∏
m,s,s′,p,r,t,t′

(1− k/k•p)(1− k/k•r )(1− k/k•t )(1− k/k•t′ )(1− k/k•m)(1− k/k•s )(1− k/k•s′ ) . (63a)
In the case of γ = <γ, the zeros appear in the pairs ±kr and ks′ = −k∗s , kt′ = −k∗t because of the symmetry condition(47) and then

Sjll′ (Re γ, k) = All′ exp[−i(αl + αl′ )]∏
n

1 + k/knl1− k/knl · ∏
m,s,s′,p,r,t,t′

(1− k/kp)(1− k/kr)2(1− k/kt)(1− k/k•t )(1− k/km)(1− k/ks)(1− k/k•s ) . (64)
It may appear a possible physical phenomenon of the sharp enhancement of Sjll′ (γ, k)(l′ 6= l) in comparison with Sjll(γ, k)near an isolated resonance, noted in [14, 15] and described in Appendix E.When l = l′, λ = 0 (particularly, γ = γc),

kp = −km, kt = −ks, kt′ = −ks′ ,
the zeros kr are absent and then

Sl(γc, k) ≡ Slll(γc, k) = exp[−2iαlk ]∏
n

1 + k/knl1− k/knl · ∏m,s,s′ (1− k/kp)(1− k/kr)(1− k/kt)(1− k/kt′ )(1− k/km)(1− k/ks)(1− k/ks′ ) , (65)
that corresponds to results [10]. In the particular case in which l = l′ = j and γ = γc we have also ks′ = −k∗s and hence

Sl(<γc, k) = exp[−i2αlk ]∏
n

1 + k/knl1− k/knl ·∏m,s (1 + k/km)(1 + k/ks)(1− k/k•s )(1− k/km)(1− k/ks)(1 + k/k•s ) , (66)
that corresponds to the results [19].
If for r > a there is a centrifugal barrier and a potentialdecreasing more rapidly than any exponential function, re-sults (63) and (63a) are valid because in that case fl±(k, r)are also analytic in all the plane k except the points k = 0and k = ∞ and for |k| → ∞ have the limit exp[±ikr] inall directions.If for r > a there is also an exponential potential ofthe type V = V0 exp(−br), V0, b > 0, then the functions
fl±(k, r) have the simple poles in points k = ∓i b2m (m =1, 2, . . .) and at the limit |k| → ∞ they tend to exp(±ikr).Similar results can be obtained for the Eckart, Hulthénand Woods-Saxon potentials [19]. On the basis of (47)-(50) we also obtain in this case results (63), (63a), wherein ∏

n
the factor ∏

ν

(1 + k/κν)(1− k/κν)
(κν = ibν/2 (ν = 1, 2, . . .) being the “redundant” poleswhich do not correspond to bound states) must be included

for the diagonal elements Sjll(γ, k).
And if at the external region (with r > a) there arethe centrifugal barrier and a potential of the type V =
V0Pn(r) exp(−br), where Pn(r) is an nth-order poly-nomial and b > 0, then the function fl±(−k, r) haspoles of an order not higher than n + 1 at the points
∓ib/2,∓ib,∓3ib/2, . . . , and it is analytic at all otherpoints of the complex plane. Thus, coming from (18)-(21), one will also in this case obtain the results (23a,23b), where in ∏

m
one must include the factors, corre-sponding to “redundant” poles i2bm′ (m′ = 1, 2, . . .) ofthe first order at the presence of an exponential poten-tial tail V = V0 exp(−br), and the factors of the type∏

m′′

(
km′′−k
km′′+k

)n corresponding to multiple “redundant” poles
i2bm′′ (m′′ = 1, 2, . . .) at the presence of the potentialtail of the type V0∑

n
Pn(r) exp(−br). In this case the fac-tor with the “redundant” poles in the diagonal elements
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Sjll(γ, k), the number and the degree of which depend onthe type of the potential, also appears [10, 19].If at the external region, where r > a, there are the cen-trifugal barrier and a central Yukawa potential of the type
V = V0[(br)−1 exp(−br)], V0, b−1 ∼ a, then the functions
fl−(k, r) must have the factor [1 + iρ2k ln (1 + 2ik

b
)]−1 andthe diagonal elements Sjll(γ, k) must have the factor F (k)with the logarithmic branch point at kγ = ib/2 [16].

6. The properties of the non-unitary
multi-channel S-matrix for the un-
known interactions surrounded by the
centrifugal barrier and a potential,
which is decreasing more rapidly then
any exponential function
Following [11, 15], we consider an idealized case when thestructure of colliding particles is described by an infinitediscrete set of non-degenerate energy levels εn and wave

functions φn(ξ) of bound states with zero (or “frozen”) spin.Let the conditions of the ortho-normalization∫
dξφm(ξ)φn(ξ) = δmn (m,n = 0, 1, 2, . . .) (67)

and completeness
∞∑
n=0 φn(ξ)φn(ξ ′) = δ(ξ − ξ ′) (68)

(ξ is a totality of the internal particle coordinates) befulfilled.We assume that the central interaction between collid-ing particles inside the sphere of radius a is unknownas before, but at r > a contains the centrifugal barrier
~2l(l + 1)/r2 and a central potential V (r), which is de-creasing more rapidly then any exponential function, andthere is not only a scattering but also a partial particleabsorption or generation. We describe the state of thetotal system in the external region (r > a) by the function

R (+)
nl (E, r, ξ) = ∞∑

m=0
i2r
√

µ
~2km

[
fl−(kn, r) exp(ilπ/2)δmn − S(mn)

l (γ, E)fl+(km, r) exp(−ilπ/2)]φm(ξ) (69)

in the region of the continuum part of the energy spectrum
E = εn + ~2k2

n2µ , (70)
i.e. for k2

n > 0 (n = 0, 1, 2, . . .; ε0 < ε1 < ε2 <...), andfunctions
Rνl(Eνl, r, ξ) = 1√2π

∞∑
n=0 B

(n)
νl (γ, k (n)

νl )fl+(k (n)
νl , r)r−1φn(ξ)(71)in the region of the discrete part of the energy spectrum

Eνl = εn + ~2 [k (n)
νl

]2
2µ , (72)

i.e. for [k (n)
νl

]2
< 0, n = 0, 1, 2, . . . (γ is a complex pa-rameter which characterizes the scattering (<γ) and theabsorption or generation (=γ) of particles during their in-teraction), if we consider that∑

m
and∑

n
do uniformly con-verge.

If γ = <γ and E > ε0, the elements S(mn)
l (γ, E) ≡

S(mn)
l (γ, k0, k1, . . .) must satisfy the conditions of the uni-

tarity
N−1∑
n=0 S

(mn)
l (γ, E)S(nm′)•

l (γ, E) = δmm′ (73)
with εN−1 6 E 6 εN , 0 6 m,m′ 6 N − 1, N = 1, 2, . . .(N − 1 being the number of the last open channel) whichfollows from the law of the conservation of the particlenumber (see, for instance, [17, 18, 27, 28]), of the symmetry
regarding the indexes of the open channels

S(mn)T
l (γ, E) = S(mn)

l (γ, E) = S(nm)
l (γ, E) (74)

and of the symmetry regarding the wave numbers

S̃(mn)•
l (γ, k0, k1, . . .) = S̃(mn)

l (γ,−k•0 ,−k•1 , . . .), (75)
where

S̃(mn)
l =√km

kn
S(mn)
l (76)
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for E > εN−1 (m,m′ 6 N − 1), or, considering that
eiπkn = { eiπkn = −kn, if the n-th channel is open,

kn, if the n-th channel is closed,
S(mn)•
l (γ, k0, k1, . . .) = S(mn)

l (γ,−k0,−k1, . . . ,−kN−1, kN , kN+1, . . .). (75a)
Relations (74)-(75a) follow from the principle of the reversibility of time (T-invariance) in the external region (r > a).Since the values kn (n = 0, 1, 2, . . .), on which the elements S(mm′)

l depend, relative to (75)-(75a), represent irrational(radical) functions of one independent variable (for instance, km), we shall study the elements S(mm′)
l on the Riemannsurface, which can be obtained, making the cuts on the infinite number of km-planes from points +√ 2µ

~2 (εn − εm) tillpoints −√ 2µ
~2 (εn − εm), respectively, symmetrically relative to the imaginary axis (because of the symmetry condition(75)), and connecting these planes along the cuts. Let us draw these cuts in such a manner as is shown in Fig. 3.Considering that it follows from the usual physical boundary conditions imposed on the asymptotic of functions (69) that

Figure 3. The physical km-plane with cuts between the channel thresholds ±xmm+n = ±
√ 2µ

~2 (εm+n − εm), n = 0, 1, 2, . . .; ±ymm−ν =
±
√ 2µ

~2 (εm − εm−ν ), m > ν,m, ν = 0, 1, 2, . . . and the contour D′.

kn > 0 when E > εn,
=kn > 0 when E < εn,

(77)
we choose as the physical sheet of the Riemann surface those km-planes on which

sign<kn = sign<km, sign=kn = sign=km (n = 0, 1, 2, . . .). (78)
Generalizing relations (73)-(76) for the case γ 6= <γ and complex values of k0, k1, . . ., we can write

N−1∑
n=0 S̃

(mn)
l (γ, k0, k1, . . .)knS̃(m′n)

l (γ,−k0,−k1, ...− kN−1, kN , kN+1, . . .) = δmm′km, 0 6 m,m′ 6 N − 1, N = 1, 2, . . .; (79)
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S(mn)T
l (γ, k0, k1, . . .) = S(mn)

l (γ, k0, k1, . . .) = S(nm)
l (γ, k0, k1, . . .) (80)

and
S̃(mn)•
l (γ•, k•0 , k•1 , . . .) = S̃(mn)

l (γ,−k0,−k1, . . . ,−kN−1, kN , kN+1, . . .), 0 6 m,n 6 N − 1, N = 1, 2, . . .. (81)
The completeness condition of the system wave functions in the region r > a can be written in the form

2
π

∞∑
n=0

∞∫
εn

dER (+)
nl (γ, E; r, ξ)R (+)•

nl (γ, E; r′, ξ ′) +∑
ν
Rνl(γ, Eνl; r, ξ)Rνl(χ, Eνl; r′, ξ ′) = δ(r − r′)

r2 δ(ξ − ξ ′). (82)
Substituting Eq. (69) and (71) for R (+)

nl and Rνl, respectively, in (82), multiplying (82) by φm′ (ξ)φm(ξ ′′), assuming m′ 6 mfor certainness, integrating over dξ and dξ ′ with the utilization of (67) and (68), changing variables with utilization of(70) and (75) and utilizing the properties (13) for fl±(km, r) on the real axis km, we obtain after simple transformations,fulfilled along the upper edge of the cut on the real axis, that
∫
C ′

dkmfl−(km, r)fl+(km, r′)δm′′m − (−1)l ∫
C ′

dkm
km
km′

S̃(m′m)
l (γ, k0, k1, . . .)fl+(km′ , r)fl+(km, r′)

+(1− δm0) m∑
N=1

√ 2µ
~2 (εN−εm )∫

√ 2µ
~2 (εN−1−εm)

dkm
N−1∑
n=0 S̃

(m′n)
l (γ, k0, k1, . . .)S̃(mn)

l (γ,−k0, . . . ,−kN−1, kN , kN+1, . . .) knkm′
·fl+(km′ , r)f•l+(km, r′)− (−1)l 0∫

√ 2µ
~2 (εm′−εm)

dkm
km
km′

S̃(m′m)
l (γ,−k•0 ,−k•1 , . . .)f•l+(km′ , r)fl−(km, r′)

+∑
ν
B(m′)
νl (γ, k (m′)

νl )B(m)
νl (γ, k (m)

νl )fl+(k (m′)
νl , r)fl+(k (m)

νl , r′) = δmm′2πδ(r − r′),

(83)

where the contour C ′ is the total real axis km except the point km = 0. Shifting in (83) the integration contour C ′ into
D+, enveloping all singularities and, in particular, the cut along the imaginary axis with the contour D′ depicted inFig. 3, utilizing Eq. (79)-(80) and also taking into account the independence of the contours Γ+ and D′,

∫
Γ+

dkmfl+(km, r)fl−(km, r′) = ∫
Γ+

dkm exp[ikm(r − r′)] = ∞∫
−∞

dkm exp[ikm(r − r′′) = 2πδ(r − r′)],
∫
D′

dkmfl+(km, r)fl−(km, r′) ≡ 0
and ∫

Γ+
dkmS̃(m′m)

l (γ, k0, k1, . . .)fl+(km′ , r)fl+(km, r′) = ∞∫
−∞

dkmS̃(m′m)
l (γ, k0, k1, . . .) exp[i(km′r + kmr′)],

after some principally simple but somewhat fine transformations with regard to the independence of con-tours around isolate and non-isolate singular points of S(m′m)
l and fl−(km, r), and the analyticity of

S(m′m)
l (γ, k0, k1, . . .), S(m′m)

l (γ,−k•0 ,−k•1 , . . .), fl+(km′ , r) and fl+(km, r′′) on the edges of the cut D′ (see also [15] and Ap-pendix G), we obtain the following system of the equalities:
(−1)l ∮

k(m)
νl

dkm
km
km′

S̃(m′m)
l (γ, k0, k1, . . .)fl+(km′′ , r)fl+(km, r′) = B(m′)

νl (γ, k (m′)
νl )B(m)

νl (γ, k (m)
νl )fl+(k (m′)

νl , r)fl+(k (m)
νl , r′), (84)
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(−1)l ∮
k(m)
µ

dkm
km
km′

S̃(m′m)
l (γ, k0, k1, . . .)fl+(km′′ , r)fl+(km, r′) = δm′m

∮
k(m)
µ

fl−(k ,mr)fl+(km, r′), (85)
(−1)l ∮

γ(m)
p

dkm
km
km′

S̃(m′m)
l (γ, k0, k1, . . .)fl+(km′′ , r)fl+(km, r′) = δm′m

∮
γ(m)
p

fl−(k ,mr)fl+(km, r′), (86)
∫
Γ+

dkmS̃(m′m)
l (γ,k0, k1, . . .) exp[i(km′r + kmr′)] = 0, (87)

(1− δm′o)[(−1)lS̃(m′m)
l (γ, k0, k1, . . .)− (−1)lS̃(m′m)

l (γ,−k0, . . . ,−kN−1, kN , kN+1, . . .) + (−1 + δm0)
·
N−1∑
n=0 S̃

(m′n)
l (γ, k0, k1, . . .)S̃(mn)

l (γ,−k0, . . . ,−kN−1, kN , kN+1, . . .) knkm
] = 0, (88)

(1− δm′m)[(−1)lS̃(m′m)
l (γ, k0, k1, . . .) + (−1 + δm0) · N−1∑

n=0 S̃
(m′n)
l (γ, k0, k1, . . .)S̃(mn)

l (γ,−k0, . . . ,−kN−1, kN , kN+1, . . .) knkm
] = 0,

m 6= 0, N = m′ + 1, . . . , m,(89)
∫
D′

dkmfl+(km, r)fl−(km, r′) ≡ 0, (90)
where ∮

kµ
,
∮
γµ
,
∫
D′

and ∫Γ signify the integration along the
contours around the isolate singular points, non-isolatesingular point, along the cut on the imaginary axis from√ 2µ

~2 (ε0 − εm) till 0 and along Γ+, respectively.It follows from (84)-(89) that all the elements S(m′m)
l areanalytic functions of km in D+ of the physical plane of km,except the poles k (m)

νl , isolated singular points k (m)
µ , non-isolated singularities γ(m)

p , the essentially singular point in
∞ and the range of the cut inside the contour D′. It thenfollows from (84) that all the elements S(m′m)

l have the samepoles of the first order with residues (−1)l+1 km′
km

i2πB(m′)
νl B

(m)
νl(for γ = <γ they are located on the imaginary axis abovethe contour D′ and correspond to the bound states). Andfinally it follows from (85) and (86) that all the diagonalelements S(mm)

l have in D+ the same isolated and non-isolated singularities which coincide with the respectivesingularities of fl−(km, r). But the non-diagonal elements
S(m′m)
l (m′ 6= m) do not have such singularities. It is clearfrom (87) that the functions exp[i(αmkm+αm′km′ )]S(m′m)

l with
αm+αm′ 6 2a have no essential singular point in km =∞,and from which one can assume that S(m′m)

l have essen-tially singular points of the type exp[−i(αmkm + αm′km′ )]with αm + αm′ 6 2a. Relations (88) and (89) are obtainedfirst in [11, 15]. Their analytic continuations form the rangeof physical values of the wave numbers for close channelsonto the all Riemann surface impose, as (79)-(81), addi-tional strong limitations on the analytic structure of S(m′m)
l .

Eq. (90) is a trivial identity because fl−(km, r) has nosingularity in D+ on the interval from 0 till √ 2µ
~2 (εm − ε0)on the imaginary axis (otherwise fl−(k0, r) must have thesame singularity in the interval from −√ 2µ

~2 (εm − ε0) till√ 2µ
~2 (εm − ε0) which is impossible for the chosen potentialtails).Being quite similar to the behavior of S(γ, k) for k → 0in the one-channel case (see Appendix A), one can easyobtain

S(mm)
l (γ, k0, k1, . . .) →

km→0 1 + O(kqm),
q > l+ 1, (91)

S(m′m)
l (γ, k0, k1, . . .) →

km→0 O(kq′m ),
m′ 6= m, q′ > l+ 1/2, (92)

coming from the finiteness of the functions (69) on thephysical boundary at km → 0.These results generalize relations, obtained in the modelstudy (see, for instance, [25]), and also confirm the knownspecificity of scattering cross sections near thresholds ofinelastic scattering.The analytic continuations of S(m′m)
l into all D− of unphys-ical km−planes can be obtained with the help of Rel. (79),(88) and (89). Besides non-isolated singularities and cutsobtained by substituting km by −km in ranges, limited by

γp, there the elements S(m′m)
l can also contain the poles.For instance, in the case of N = 1 the zeros ks of the

n-th order of S(00)
l in D+ of the physical plane k0 mustcorrespond to the poles −ks of the n-th order of the same
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function according to Rel. (79) in D− of such unphysicalplane of k0 which is characterized by the condition

sign<kn 6= sign<k0,sign=kn 6= sign=k0, (93)(n = 1, 2, . . .).

Similarly, according to Rel. (89), the same zeros ks (alsoin the case of N = 1) must correspond to the poles −ksof the n-th order of S(0m)
l in D− of the unphysical plane of

k0, defined by the condition (93), if points ks are not thezeros of S(0m)
l (m = 1, 2, . . .). Then, according to Rel. (88)the same zeros ks (again also in the case of N = 1) mustcorrespond to the poles −ks of the n-th order of all otherelements S(m′m)
l (m > m′ = 1, 2, . . .). It is not principallydifficult to also examine the case when points ks are zerosof one of the elements S(0m)

l with m 6= 0. And similar studycan be fulfilled for any finite number of open channels.The results obtained here are completely valid in a moregeneral case when one uses the elements S(mn)
JΠ , instead

S(mn)
l , with J and Π being quantum numbers of total mo-mentum and parity of the system and n being a set ofquantum numbers {εn, In, sn, ln, αn}, corresponding to en-ergy levels (εn), spins (In and sn) of the bombarding andthe target particles(nuclei), orbital momentum of their rel-ative motion (ln) and other discrete quantum numbers (αn).And in this case the wave functions of the system are beingexpanded not over a set of φm(ξ) but over a set of φ(JMΠ)

m (ξ)which represent the results of the vector sum of the wavefunctions of the internal motion of a target nucleus andof joint eigen functions of the operators l̂2n and l̂n,z ; M isthe quantum number of the projection of the system totalmomentum.We note that Eq. (79), (88) and (89) also provide the pos-sibility to fulfill analytic continuation for S(m′m)
l or S(mn)

JΠfrom D− of the physical plane till D+ of the unphysicalplanes of the Riemann surface and the inverse. However,it is impossible to establish the analytic behavior of theelements of the S-matrix on these parts of the Riemannsurface on the basis of only those relations.In the general case one cannot obtain the explicit ana-lytic expression for S(mm)
l or S(mn)

JΠ on the Riemann surface.Making some simplifications (neglecting the thresholdparticularities, of bound and virtual states, presence of thesame resonance poles in all the elements of the S−matrixetc), one can usually use one of three parametrizations,described in the following section.

7. Three typical general representa-
tions of the multi-channelS-matrix for
the unknown interactions inside the
sphere r > a
In the study of resonance nuclear reactions (usually low-energy and partially medium-energy, but sometimes evenhigh-energy nuclear reactions) usually three parametriza-tions of the S-matrix in the energy representation are used[15]:

Ŝ(α) = Ŝ(α)0 − i∑
λ

ĝ(α)
λ × ĝ

(α)
λ

E − E (α)
λ + iΓ(α)

λ /2 ,
Ŝ(α)0 = Ŝ(α)T0 ,

Γ(α)
λ = n∑

k−1 Γλ,k ≡ N−1
λ

n∑
k−1 |gλ,k |

2,
Nλ > 1

(94)

(n is the number of channels),
Ŝ(α) = (1− iK̂ (α))−1(1 + iK̂ (α)),
K̂ (α) = K̂ (α)0 + Λ(α)∑

µ=1
γ̂(α)
µ × γ̂(α)

µ

E − E(α)
µ

,

K̂ (α)0 = K̂ (α)T0 ,

(95)

Ŝ(α) = Û (α)∏
ν

(1− iΓ(α)
ν P̂(α)

ν

E − E (α)
ν + iΓ(ε)

ν /2
)
Û (α)T ,

Û (α)Û (α)∗ = 1,
P̂(α)
ν = P̂(α)∗

ν = P̂(α)2
ν ,Trace P̂(α)

ν = 1.
(96)

Index α in (94)-(96) signifies the set of quantum numbersof conserved quantities (usually α={J,Π}, where J and Πare the quantum numbers of the total momentum (spin)and parity of the system).In all these three parametrizations, resonances are de-scribed by the general poles of all elements of the S-matrix. According to the causality these poles must belocated in the lower half-plane of the complex plane E (inorder to describe the decays of the resonance states).The first parametrization (94) is the T-invariant Mittag-Leffler expansion of the meromorphic functions, possess-ing only simple poles. Usually Ŝ(α)0 and ĝ(α)
λ assumed tobe smooth functions of the energy or are approximated byconstants, as E (α)

λ and Γ(α)
λ . Although resonance parame-ters ĝ(α)

λ (which are complex), E (α)
λ and Γ(α)

λ (both are real)have a simple physical sense only for isolated resonancesand the application of (94) meets a lot of difficulties at the
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range of overlapped resonances, the representation (94) isused rather often (see, for instance [31–35].The second parametrization (95), being unitary and alsoT-invariant, is found in the R-matrix theory of nuclearreactions [36], in the shell model approach to nuclear re-actions [37] and in some later investigations [34, 35, 37–39]. Parameters E (α)
λ and γ̂(α)

µ also have a simple physicalsense only in the approximation of isolated resonanceswhen E(α)
µ
∼= E (α)

λ , (γ(α)
µ,i )2 ∼= Γ(α)

µ,i /2, where Γ(α)
µ,i and γ(α)

µ,i arethe i-th partial width and the amplitude of the i-th partialwidth of the µ-th resonance, respectively.The third parametrization (96) was obtained in [40], com-ing from the general principles of unitarity, meromorphyand T-invariance of the S-matrix. With this, in [40] itwas noted that there is a practical difficulty of the explicitconsideration of T-invariance in the general case that pro-jectors P̂(α)
ν are non-symmetric and non-commuting witheach other. This parametrization is mostly convenient foroverlapping and strongly overlapping resonances (see, forinstance, [41–43]) and was utilized for revealing the timeresonances (explosions) of compounds clots and nuclei inhigh-energy nuclear reactions at the range of stronglyoverlapping energy resonances [44]. It was shown in [45]that when the projectors P̂(α)

ν do not depend on the valuesof any other resonance parameters (E (α)
λ and Γ(ε)

ν ), then
Ŝ(α) = Ŝ(α)T . Really, in that case one can rewrite theresonance part Ŝ(α)

res ≡
Λ(α)∏
ν=1 (1− iΓ(α)

ν P(α)
ν

E−E(α)
ν +iΓ(α)

ν /2 ) from the ex-
pression (96) for Ŝ(α) in the form of a sum

Ŝ(α)
res = 1− i∑

ν

Γ(α)
ν P(α)

ν

E − E (α)
ν + iΓ(α)

ν /2
−
∑
ν′>ν

Γ(α)
ν Γ(α)

ν′ P̂
(α)
ν P̂(α)

ν′(E − E (α)
ν + iΓ(α)

ν /2)(E − E (α)
ν′ + iΓ(α)

ν′ /2) + . . .
(97)

which can be transformed to the Mittag-Leffler expansion:
Ŝ(α)
res = 1− i∑

ν

iG(α)
ν

E − E (α)
ν + iΓ(α)

ν /2 ,
G(α)
ν = Γ(α)

ν P(α)
ν − i

∑
ν′>ν

Γ(α)
ν Γ(α)

ν′ P̂
(α)
ν P̂(α)

ν′

E (α)
ν − E (α)

ν′ + i(Γ(α)
ν − Γ(α)

ν′ )/2
−i
∑
ν′′<ν

Γ(α)
ν Γ(α)

ν′′ P̂
(α)
ν P̂(α)

ν′′

E (α)
ν − E (α)

ν′′ + i(Γ(α)
ν − Γ(α)

ν′′ )/2 + . . .

(97a)Taking into account (97a) and the T-invariance of the ex-pression (96) for Ŝ(α), one can write
Ŝ(α)
res = Ŝ(α)T

res (98)

and then one can further rewrite (98) in the following form(see the last ref. from [35]):
G(α)
ν = G(α)T

ν ν = 1, 2, . . .,Λ(α). (99)
Relations (99) are in general too bulky as correlationsbetween the matrices P̂(α)

ν with different ν. But if the P̂(α)
νdo not depend on the values of E (α)

λ and Γ(ε)
ν , then therelations

P̂(α)
ν = P̂(α)T

ν , (100)
P̂(α)
ν P̂(α)

ν′ = P̂(α)
ν′ P̂

(α)
ν , ν, ν′ = 1, 2, . . .,Λ(α) (101)

(i.e. the matrices P̂(α)
ν will be symmetric and commute witheach other) are the direct consequences of (99). By theway, such simplification (the independence of P̂(α)

ν fromany other resonance parameters) is justified at least whenΛ(α) and the number N of open channels are very large.It then follows from the properties of (100) and P̂(α)
ν =

P̂(α)∗
ν = P̂(α)2

ν , Trace P̂(α)
ν = 1 (from (96)) that the P̂(α)

ν arereal, i.e.
P̂(α)
ν = P̂(α)•

ν . (102)
8. Connection of analytic properties
of the S-matrix with duration of the
partial-wave scattering and the usual
(temporal) causality condition
Let us clarify how results obtained on analytic proper-ties of the S-matrix agree with the causality. Following[15, 46–48], we define the mean duration of the l-partial-wave scattering as the difference between mean time mo-ments averaged over outgoing and ingoing wave-packerdurations through the sphere surface with radius r > aaccording to

〈τl(γ, r)〉 =
∞∫
−∞

dttjl,out
∞∫
−∞

dtjl,out
−

∞∫
−∞

dttjl,in
∞∫
−∞

dtjl,in
, (103)

where jl,in and jl,out are the probability flux densities, cor-responding to wave packets
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rφl,in(r, t) = ∞∫
0
dkA(k)[(i/2) exp(ilπ/2)]fl−(k, r) exp(−iEt/~) (104a)

and
rφl,out(γ, r, t) = ∞∫

0
dkA(k)[(i/2) exp(ilπ/2)]fl+(k, r)Sl(γ, k) exp(−iEt/~), (104b)

respectively.Integrating over dt in (103) with help of the simple technique of Fourier-Laplace transformations similar to that madein [15, 46–48], we obtain the following final expression:
〈τl(γ, r)〉 =

∞∫
0 dk |A(k)Sl(γ, k)fl+(k, r)|2 ~(∂ argASlfl+/∂E)

∞∫
0 dk |ASlfl+|

2 −

∞∫
0 dk |A(k)fl−(k, r)|2 ~(∂ argAfl−/∂E)

∞∫
0 dk |Afl−|

2 . (103a)
We note that, unlike the physical radial wave packet

φ(+)
l (γ, r, t) = φl,in(r, t)− φl,out(γ, r, t), (104a)

which is finite at the limit k → ∞, functions fl±(k, r) have the pole of the l-th order, and so for the finiteness of wavepackets (104a) and (104b) it is necessary that wave-packet amplitudes A(k) would have zero at point k = 0, at least ofthe l-th order, or would be zero in the finite interval (0, κ), κ > 0. With such limitations for A(k), it is natural to try toclear up at what conditions the orthodox causality is fulfilled, for one formulate it thus must be true that: for any square
integrable function A(k), with only the above-mentioned limitation, the mean duration 〈τ(γ, r)〉 of the l-partial-wave
scattering for sufficiently large r > a cannot be negative, i.e.

〈τl(γ, r)〉 > 0. (105)
Following [15], it is not difficult to check that in the case of unitary Sl(γ, k) for the fulfillment of the condition (105) it isnecessary and sufficient that eq.

τl(γ, r) = ~
∂ argSl(γ, k)[fl+(k, r)/fl−(k, r)]

∂E > 0 (106)
were fulfilled. Really, in this case according to (103a)

〈τl(γ, r)〉 =
[∞∫

0 dk |A(k)fl+(k, r)|2 τl(γ, r)][∞∫
0 dk |A(k)fl+(k, r)|2]

and also in view of non-negative values of k and
|A(k)fl+(k, r)|2 the validity of (105) follows directly andnecessarily from (106). And inversely, if one assumes thevalidity of (105), but in the vicinity of a certain point k0the relation τl(γ, r) < 0 is valid for r > a, then, choos-

ing A(k) identically equal to 0 out of this vicinity, oneshall violate the condition (105) which contradicts the ini-tial assumption and therefore proves the sufficiency of ourtheorem.
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Let us study first the validity of the condition (106) in thecase when out of the interaction sphere there is only thecentrifugal tail. Then
τl(γ, r) = ~

∂ argSl(γ, k)[h(1)
l (k, r)/h(2)

l (k, r)]
∂E= ~

∂ argSl
∂E + 2~

(∂nl/∂k)jl − (∂jl/∂k)nl(jl)2 + (nl)2= ~
∂ argSl
∂E + 2r/v[krjl(kr)]2 + [krnl(kr)]2 ,

(107)

since [dnl(x)/dk ]jl(x) − [djl(x)/dx]nl(x) = x−2. Here v =
~k/µ. Utilizing (32) for the calculation of ∂ argSl

∂E , we obtain
~
∂ argSl
∂E = −2α

v + 1
v
∑
λ

2χλ
k2 + χ2

λ

+1
v
∑
s

4Im ks(k2 + |ks|2)(|ks|2 − k2)2 + (2kIm ks)2 ,
(108)

where χλ = −ikλ. Since α 6 a, the sum ∑
s

is alwayspositive, the quantity [krjl(kr)]2 +[krnl(kr)]2 is finite when
k > 0 and r > a and tends to 1 when r →∞, and

∑
s

2χλ
k2 + χ2

λ
>

2
χ1

when χ1 corresponds to the first bound state (rememberingthat there is at least one pole, corresponding to zero on thepositive imaginary semi-axis between every two adjacentzeros kλ, located in the order of increasing |kλ| on thenegative imaginary semi-axis), then the condition (106) isfulfilled for sufficiently large values of r when
r[krjl(kr)]2 + [krnl(kr)]2 > a+ 1

χ1 .

τ0(γ, k, r) > 0 (106a)
(in the case that out of the interaction sphere there isonly the centrifugal tail) for l= 0 and r > a+ 1/χ1 this isconcordant with the Goebel-Carplus-Ruderman inequality(see, for instance [49]). For l 6= 0, k 6= 0 and r > a thequantity Ql = {[krjl(kr)]2+[krnl(kr)]2}−1 is positive, finite,tends to 0 as (kr)l when kr → 0, and monotonically grows,approaching to 1, with increasing kr. In this last case

τl(γ, k, r) > 0 for r > Rl(k), (106b)
where Rl(k) is the largest real solution of equation
rQl(kr) = a+ 1/χ1l.

Let us consider what contribution for the time delay (108)would give for every separate factor of representing type(66) for Sl(γ, k). The factor exp[−i2αlk ], which is typ-ical for the hard repulsive barrier of radius αl, causesthe negative time delay −αl/v . The factor 1+k/knl1−k/knl with
χnl = knl/i > 0, correspondent to a bound state, causesthe negative time delay −2χnl/v [k2 + χ2

nl]. A similar neg-ative time delay will be caused by the factor with a “re-dundant” pole. The factor 1+k/kml1−k/kml with χml = kml/i < 0,correspondent to a virtual (anti-bound) state, causes apositive time delay. For small k (k → 0) both formulas(for bound and anti-bound states) are particular cases ofthe following expression for time delay - A/v [1 + k2A2],where A is the scattering length. The factor (1+k/ks)(1−k/k•s )(1−k/ks)(1+k/k•s )with Im ks > 0, correspondent to a resonance state, causesthe positive timer delay 1
v ·

4Im ks(k2+|ks |2)(|ks|2−k2)2+(2kIm ks)2 . For everycorresponding factor the signs of the correspondent scat-tering l−th partial time delays (see Appendix F) will bethe same, differing from those time delays studied hereof the l−partial-wave scattering by the reduction with afactor of two in absolute value.In the more general case when at the external region r >
a, besides the centrifugal barrier, there is a potential,decreasing more rapidly than any exponential function,

τl = ~
∂ argSl(γ, k)[fl+(k, r)/fl−(k, r)]

∂E= ~
∂ argSl
∂E + 2r

v + 2
v=

∂φl+/∂k
φl) ,

where φl+(k, r) = exp(−ikr)fl+(k, r).Taking into account that the expression 2<i ∂φl+/∂kφl+ tendsto 0 when r → ∞, and utilizing the result (108), one canalso easily show that also in this case the inequality (105)is valid for sufficiently large values of r.Finally, in the case when fl−(k, r) has in D+ singular-ities of the type (22) for the potentials with decreasingexponential law, it is convenient to introduce the func-tion S̃l(γ, k, r) = Sl(γ, k) φl+(k,r)
φl−(k,r) instead of Sl(γ, k). Then,rewriting Eq. (18) and (19) in the forms:

(−1)l ∮
knl

S̃l(γ, k, r′)φl−(k, r′)φl+(k, r′) fl+(k, r)fl−(k, r′)dk
= (Bnl)2fl+(k, r)fl+(k, r′), (18a)

(−1)l ∮
km

S̃l(γ, k, r′)φl−(k, r′) exp(ikr′)fl+(k, r)dk
= ∮

km

fl+(k, r)fl−(k, r′), (19c)
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one can easily conclude that the function S̃l(γ, k, r) haspoles of the first order on the upper imaginary semi-axiswhich correspond to the bound states with the residues
(−1)l+1i (Bnl)22π φl+(knl, r′)

φl−(knl, r′)
and, unlike Sl(γ, k, r), it has no “redundant” poles. If onechooses sufficiently large finite values of r′, for which atthe fixed l the relation φl+(knl,r′)

φl−(knl,r′) will have the same signindependent from knl (it can always be obtained, because
φl±(knl, r)→ 1 when r →∞, if knl does not coincide witha “redundant” pole; but if such coincidence occurs, thecorrespondent residue will be 0, since the correspondentpole vanishes!). Then the direct calculation of the quantity

τl(γ, r) = ~
∂ arg S̃l(γ, k, r)

∂E + 2r
v

relative to the scheme (107)-(108) will show the validityof (106) for sufficiently large r in this case also.The same procedure (8a)-(9a) etc can also be repeatedfor the case of the presence in the external region r >
a of a potential tail of the Yukawa type because of thecoincidence of the logarithmic divergence at points kγ =
ib/2 of the factor F (k) in the expression (40a) for Sl(γ, k, r)and of the term [1 + iρ2k ln (1 + 2ik

b
)]−1 in the expression(24a) for the function fl−(k, r) and hence its vanishing in

S̃l(γ, k, r).The case with the non-unitary Sl(γ, k, r) appears to besomewhat more complicated. Let us rewrite (103a) in the

following form:
〈τl(γ, r)〉 = 〈~

∂ argSl(γ, k)fl+(k, r)
∂E

〉
1+〈~

∂ arg fl−(k, r)
∂E

〉
2 +〈~

∂ argA(k)
∂E

〉
1

−
〈

~
∂ argA(k)

∂E

〉
2 ,

103b

where 〈· · · 〉1 and 〈· · · 〉2 signify the average in the mo-mentum space with the weights |ASlfl+|2 and |Afl−|2, rel-atively, then choose without the limitation of the gener-ality such an A(k) in order that the quantity ~∂ argA/∂Ewould be limited (such a choice of A(k) does physicallysignify that the mean time moment of the incoming-waveentrance into the sphere of radius r around the scatterer,which is equal to −(〈[v |fl−|2]−1〉1 + 〈~∂ argA/∂E〉1, wouldbe finite). Then, since the two last terms in (103b) are fi-nite, and the quantities 〈~∂ arg fl±/∂E〉1,2 are positive andproportional to r for sufficiently large r, one can affirmthat 〈τl(γ, r)〉 > 0 at least at the range r � a.Thus, the completeness condition of type (11) togetherwith the conditions of symmetry and generalized unitarityof Sl(γ, k) guarantee the fulfillment of the causality (105)for sufficiently large values of r but, in general, do notensure the fulfillment of the micro-causality for r > a(mainly because of the influence of the centrifugal barrierand partially because of the distortion of the wave-packetform during scattering).In the case of non-central or parity-violating interactionsthe relation

~
∂ argSjl′l
∂E = 2

v

[
−α −

∑
n

2Im knj (k2 + ∣∣knj ∣∣2)[∣∣knj ∣∣2 − k2]2 + [2kIm knj ]2 −
∑
m

χm
k2 + χ2

m
+∑

p

χp
k2 + χ2

p

+∑
t,t′

Im kt,t′(Re kt,t′ − k)2 + (Im kt,t′ )2 −∑s,s′ Im ks,s′(Re ks,s′ − k)2 + (Im ks,s′ )2
] (109)

must be valid instead of (108) for Sjl′l. Here Im knj > 0, χm = −ikm < 0, Im ks,s′ < 0, and χp, Im kt,t′ can be not onlypositive but also negative and, moreover, the number of points with χp, Im kt , Im kt′ can be infinite. Therefore, a causalitycondition like (106a) and (106b) demands certain restrictions for the topology of zeros and poles of Sjl′l, namely
−
∑
m

χm
k2 + χ2

m
+∑

p

χp
k2 + χ2

p
+∑

t,t′

Im kt,t′(Re kt,t′ − k)2 + (Im kt,t′ )2 −∑s,s′ Im ks,s′(Re ks,s′ − k)2 + (Im ks,s′ )2 > 0. (110)
Now we pass to the durations of many-channel scattering. According to the Simonius approach (96), we use for thescattering l−th partial time delay the expression (F, 5) from Appendix F:

〈∆τ (JΠ)
ji (E)〉 =

〈∣∣∣T (JΠ)
ji (γ, k)∣∣∣2 ∂ argT (JΠ)

ji (γ, k)/∂E〉〈∣∣∣T (JΠ)
ji (γ, k)∣∣∣2〉 ,
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where in a simplified form |A(k)|2 → Cδ(E − Ē),
T (JΠ)
ji (γ, k) = [δji − S(JΠ)

ji (γ, k)]B (B and C are unessen-tial constants). Near an isolated resonance, distortedby a non-resonance background, from (F, 5) we obtain,according to Appendix F, the result (F, 6). From (F, 6)it is obvious that if 0 < <(S̃(JΠ)
ji − δ−1

ji 2β(JΠ)
ji ) < 1 and∆τ̃ (JΠ)

ji = 0, then 0 < <γ(JΠ) < Γ(JΠ)
r and hence thequantity ∆τ (JΠ)

ji (E) appears to be negative in the energyinterval ∼ <γ(JΠ) near energy E (JΠ)
r + =γ(JΠ)/2. When0 < <((S̃(JΠ)

ji − δji)−12β(JΠ)
ji ) � 1, the minimal delaytime can obtain the value −2~/<γ(JΠ) < 0. Thus, when

<γ(JΠ) → 0+, the interference of the resonance and thebackground scattering can bring to arbitrarily large value
of the time advance instead of the time delay! Such aparadoxical situation is connected with the presence of thezero E (JΠ)

r − iγ(JΠ)/2, besides the pole E (JΠ)
r − iΓ(JΠ)

r /2, of the
T−matrix in the lower unphysical half-plane of the Rie-mann surface. This phenomenon of delay-advance (i.e. ofthe transition of time delay to time advance near isolatedresonance of many-channel collisions, distorted by thenon-resonance background in the center-of-mass system)was first revealed in [50–52] and was confirmed in [53, 54].Then, later (see, for instance, [53, 54]), such a paradoxi-cal phenomenon was resolved in passing to the laboratorysystem of reference, where, unlike the center-of-mass sys-tem, the compound nucleus moves during the resonancedecay and virtual time advance, caused by the distortionof isolated resonance by the non-resonance background inthe center-of-mass system, is eliminated by correct phaseanalysis with the introduction of an additional phase pa-rameter, describing the space-time shift caused by the realmotion of the decaying compound nucleus in the labora-tory system.
9. Final remarks, conclusions and
perspectives
In the presented review there are the results of almost thecomplete study of the non-relativistic S-matrix analyticstructure for unspecified (or unknown) central, non-central(tensor) and parity-violating T-invariant interactions, lin-ear or non-linear, with unknown physical dynamics and ki-netics, with possible absorption and/or generation of bom-barding particles inside a sphere of small radius r 6 a,surrounded in the external range (a < r < ∞) by a cen-trifugal barrier with the possible presence of decreasingpotential tails (decreasing more rapidly than any expo-nential function, or according to the exponential law, orthe Yukawa law etc) for one-channel and discrete-many-channel scattering. This study was based on some gen-eral mathematical assumptions like the possibility of the

S-matrix analytic continuation into the regions of complexvalues of particle wave numbers or kinetic energies andthe completeness conditions for external wave functions,and on physical principles like the causality and somekinds of symmetry for the S-matrix.It is rather curious how the results of research, based onthe well-known cognitive principle “with the least num-ber of assumptions to obtain the most number of resultsof rather general physical and mathematical character”,can also help to reveal some concrete physical phenom-ena and effects: (a) the enhancement phenomena causedby parity violations, indicated in Appendix E; (b) the phe-nomena of time resonances (explosions), formed from thestrongly overlapping energy resonances of high-energymany-channel nuclear reactions, mentioned in Section 5(see [44]); (c) the paradox delay-advance phenomena inthe center-of mass system at the range of nuclear iso-lated resonances, distorted by the non-resonance back-ground, and such a paradoxical phenomenon was resolvedin passing to the laboratory system of reference, where itwas eliminated by correct phase analysis with the intro-duction of an additional phase parameter, describing thespace-time shift caused by the real motion of the decayingcompound nucleus in the laboratory system (see Section5 and [50, 53, 54]).In the existing publications on the analytic structure ofthe S-matrix and scattering (collision) amplitude the topicof dispersion relations (certain integral relations for thescattering amplitude) often attracts a lot of attention. Agreat number of papers and the majority of manuals onquantum mechanics, even when considering less than veryhigh energy ranges, are dedicated to this topic (see, forinstance, [8, 22, 30, 49, 55–59] with an extensive bibli-ography therein). This topic is studied in detail, bothfor known potential interactions and microscopically un-known interactions. There are also several authors paperson dispersion relations connected with a field of extendingthe dispersion relations to the nuclear optical model andcompound-nucleus processes [60–62]. In the presented re-view I have limited myself to only the less known field ofthe analytic structure of the S-matrix for unknown (in-side a microscopic sphere with r 6 a) interactions andmotion equations, because it had not been reflected tillnow in practically any review or monograph on quantummechanics written in English.An interesting perspective on future investigations followsfrom consideration of all the presented results - a research
program of concrete tasks and problems, and then the con-
tinuation, extension and application of the rigorous study
of the analytic properties of the S-matrix on the basis of
general physical principles and general mathematic as-
sumptions together with a search for the observable phys-

35



On the analytic properties of the S-matrix for the unknown interactions surrounded by centrifugal and rapidly decreasing potentials

ical manifestations of microscopic quantum collisions for
unknown interactions, dynamics and kinetics:

(1) Between the remaining concrete tasks it is possibleto propose (a) the study of enhancement phenomenacaused by violations of T-invariance, quite similar toenhancement phenomena caused by parity violations;(b) the study of the S-matrix analytic structure for un-known interactions, surrounded by a centrifugal bar-rier and a screened Coulomb barrier  the last one isnamely the Yukawa-potential type, differing from theYukawa potential by the positive sign (repulsion in-stead of attraction) and by the scale.
(2) As a possible continuation of the presented approachthere remains open a way for the study of othertypes of many-channel non-relativistic collisions (forinstance, collisions with rearrangement of collidingsystems, with the multiple generation of particles,chain reactions etc), the classes of T-violating inter-actions, including the interactions with microscopicquantum dissipation (quantum friction), various rela-tivistic collisions, collisions in the presence of exter-nal fields, scattering with accompanied processes likebremsstrahlung etc.
(3) A somewhat unexpected perspective also appeared -how the rigorous mathematical method or approachcan help to reveal concrete physical phenomena andeffects (enhancement phenomena caused by parity vi-olations or by T-invariance violations, virtual delay-advance phenomena, time resonances,…).
(4) And finally there are problems that remain regardingthe generalization of the results obtained for the an-alytic properties of the S-matrix in the cases of rela-tivistic quantum mechanics, quantum field theory andquantum gravity.

Appendix A The derivation of the
product expansion for Sl(γ, k) with
the generalized “unitarity condition”(1a) for unknown interactions sur-
rounded by a centrifugal barrier and
potentials decreasing more rapidly
that any exponential function (within
approach outlined in [14, 16])
First, we consider some intermediate products. Taking thebehavior of (20) into account, we can easily see that thefactor exp(2iαk), with α 6 a, is one of the multipliers of
S(γ, k).The product ∏

n

knl + k
knl − k

(A, 1)
contains all the poles of S(γ, k) in D+, has no other sin-gularities or zeros, and satisfies conditions (1a)-(2a). It isbounded for <k > 0 due to the final number of knl (wealso remind that all the eigen values knl are simple (non-multiple) and are situated outside the real axis k) and, if
γ = <γ, it has the absolute value equal to 1 for <k > 0.The product

∏
n

knl + k
knl − k

∏
λ

kλ − k
kλ + k

∏
s

ks − k
ks + k

∏
s′

ks′ − k
ks′ + k (A, 2)

contains all the poles and the zeros of Sl(γ, k) in D+,has no other singularities in D+, satisfies conditions (1a)-(2a), and is regular in D+ in the case of convergence. It isbounded for <k > 0 due to conditions (10a), (10b) and, if
γ = <γ, it has the absolute value equal to 1 for <k > 0.

The function
JlN (k) = S̃(γ, k)[∏

n

knl + k
knl − k

N1∏
λ

kλ − k
kλ + k

N2∏
s

ks − k
ks + k

N3∏
s′

ks′ − k
ks′ + k

]−1
, (A, 3)

with S̃(γ, k) = e2iαkS(γ, k), for finite numbers N = N1 +N2 +N3 is regular and bounded on the real axis k . If the limit
Jl(k) = lim

N→∞
JlN (k)

exists, then it has the same properties, and then
Sl(γ, k) = e−2iαk∏

n

knl + k
knl − k

∏
λ

kλ − k
kλ + k

∏
s

ks − k
ks + k

∏
s′

ks′ − k
ks′ + k . (A, 4)
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To be certain of the validity (correctness) of (A, 4), it is necessary to show that three infinite products in (A, 4) converge.The condition for their absolute convergence is the convergence of the sum
∑
λ

∣∣∣∣kλ − kkλ + k − 1∣∣∣∣+∑
s

∣∣∣∣ks − kks + k − 1∣∣∣∣+∑
s′

∣∣∣∣ks′ − kks′ + k − 1∣∣∣∣ = 2 |k|{∑ 1
|kλ + k| +∑s 1

|ks + k| +∑
ss′

1
|ks′ + k|

} (A, 5)
In turn, convergence of (A, 5) is determined by the convergence of the sum∑

λ

1
|kλ|

+∑
s

1
|ks|

+∑
s′

1
|ks′ |

(A, 6)
because |kλ| → ∞ as λ→∞, |ks| → ∞ as s→∞ and |ks′ | → ∞ as s′ →∞. It is easy to see that sum (A, 6) convergesif the analyticity of the function

J̃l(k) = S̃l(γ, k)∏
n

knl+k
knl−k

(A, 7)
in D+ is taken into account together with the absence of its zeros above the real axis k and if the following theorem isused.
Theorem [23]. Let a function f(z) be bounded and analytic for <z > 0, and let its zeros in the right half-plane z be
r1eθ1 , r2eθ2 , . . .. Then the series

∑∞
n=1 r−1

n cosθn converges.

Because cosθn = |cosθn| > ε, where ε 6= 0, for J̃l(ρ) with ρ = ik , we have
ε
∞∑
n=1 r

−1
n <

∞∑
n=1 r

−1
n cosθn <∞,

which proves that sum (A, 6) converges. Hence, the infinite products in (A, 4) converge uniformly and give a meromorphicfunction with poles −kλ,−ks and −ks′ .Now let consider the behavior of S(γ, k) when k → 0. From the symmetry conditions (2a)-(3a) and the finiteness ofthe wave function R (+)
l (γ, k, r) at point k = 0 (outside the interaction sphere) it almost evidently follows that S(γ, 0)=1.Indeed, for rapidly decreasing potential tails (r > a) of type (5) simple analysis of Eq. (8) shows that the behavior of thefunctions fl±(k, r)/kr at k → 0 is defined by the behavior of h(1,2)

l (kr) = jl(kr)±inl(kr), i.e. by nl(kr) →
k→0− (2l−1)!!(kr)l+1 (to withina constant). So, the behavior of the wave function R (+)

l (γ, k, r) = i2kr [fl−(k, r) exp(ilπ/2)− Sl(γ, k)fl+(k, r) exp(−ilπ/2)] at
k → 0 is defined by the behavior of the expression i2{−ijl(kr)[1 +Sl(γ, k)]− nl(kr)[1−Sl(γ, k)]} from which, taking intoaccount the divergence of nl(kr) at k → 0, it does immediately follow that S(γ, 0)=1 (and this automatically satisfiesthe symmetry conditions (2a)-(3a) at the point k= 0) and also for small k the evaluation S(γ, k) = 1 + o(k l+1) is, atleast, valid.To the function Jl(k), we note that it is not only analytical in D+ but being an entire function without zeros it can bewritten in the form exp(u + iv) where u + iv is an entire function (see, for example, the relevant theorem in [9]). Thereal function u(k) must be negative in D+ due to equality (21) and be positive in D− due to the conditions (4) and (5).Therefore, according to the “Caushy-Riemann” equations the condition

0 = ∂u/∂=k = −∂v/∂k, =k = 0, (A, 8)
must be satisfied over the real axis k . From (A, 8) it follows that the function v(k) increases monotonically and does nottake any real value more than once. Then the function u + iv does not take any imaginary value more than once andconsequently must be a linear function of k:

u+ iv = 2iα1k + α2. (A, 9)Obviously, α1 = 0 and, due to the equality Sl(0) = 1, α2 = 0.Thus, we finally obtain:
Sl(γ, k) = e−2iαk∏

n

knl + k
knl − k

∏
λ

kλ − k
kλ + k

∏
s

ks − k
ks + k

∏
s′

ks′ − k
ks′ + k , (A, 10)

with α = a− α1 6 a, which is just (23a). In a similar way we can obtain (23b).
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Appendix B Necessary and sufficient conditions for the existence of the “re-
dundant” poles (m/2)ib with b > 0, m = 1, 2, . . . , in f0(k, r), and hence also
in S0(k)1
Using the Jost equation

f0(k, r) = exp(ikr) + k−1 ∫ ∞
r

sin k(r′ − r)V (r′)f0(k, r′)dr′ (B, 1)
and solving it formally by the method of successive approximations, we obtain the sum

f0(k, r) = ∞∑
ν=0 f0ν(k, r), (B, 2)

where
f00(k, r) = exp(ikr), (B, 3)

f0ν(k, r) = [exp(ikr)](2ikr)ν ∫ ∞
r
{ exp[2ik(r1− r)]−1}V (r1) . . . ·∫ ∞

rν−1 { exp[−2ik(rν− rν−1)]}V (rν)drν . . . dr1, ν = 1, 2, . . .(B, 4)for the cases when
|V | < M/r2+δ , M <∞ and δ > 0 [24]. (B, 5)

Further, we use the following theorems:
Theorem A [23]. Let F(k,r) be a function of complex variables k and r which is definite and continuous for all values
of k in some domain D and for all values of r over the contour C. Then the function

Φ(k) = ∫
C
F (k, r)dr

is an analytical function of k in the domain D. When the contour C is infinite, the uniform convergency of the integral
is also necessary.

Theorem B [23]. Let all the functions of the series u1(z), u2(z), . . . be analytic functions of z in the domain D and
the sum

∞∑
n=1un(z) be uniformly convergent in every domain D’, inside D. Then the function u(z) = ∞∑

n=1un(z) is an analytic

function of z inside D.

It follows from (B, 4) and theorem A that f0ν(k, r) (ν = 0, 1, 2, . . .) are analytical functions of k in the upper half-plane.If Born series (B, 2) is uniformly convergent, then by theorem B, the function f0(k, r) is analytic in the upper half-plane.Similarly, f0(−k, r) is analytic in the lower half-plane. Moreover, if f0ν(k, r), ν > 1, is analytic in the lower half-plane,then all successive terms are also analytic.And now it is shown that the following theorems holds.
Theorem 3. If f0ν(k, r) (ν > 1) has singular points, then f01(k, r) has to have them also.

1The translation from the Ukrainian publication [9], dedicated to the memory of Yu.V. Tsekhmistrenko - see also [16]
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Indeed, let f01(k, r) be analytic everywhere. Then all successive terms are also analytic everywhere. This contradictionproves theorem 3.We use the analytic structure of f01(k, r) in the upper half-plane. Obviously, the problem can be reduced to studyingthe analytical structure of the integral
I = ∫ ∞

r
[exp(−2ikr′)]V (r′)dr′

because all other terms give functions which are analytic in the whole plane.As shown in [23, 24], in the case of a potential
V (r) = Pn(r) exp(−br), (B, 6)

where Pn(r) is an nth-order polynomial and b > 0, the function f0(−k, r) has poles of an order not higher than n+1 atthe points ib/2, ib, 3ib/2, . . . , and it is analytic at all other points of the complex k-plane.We now show that if f01(−k, r) has a pole of order not higher than n+1 at the point ib/2, then the potential must havea term of type (B, 6). It follows from such assertion that the integral
I1 = ∫ ∞

r
[exp(−2ikr′)]V1(r′)dr′ (B, 7)

with V1 = V − V2 (where term V2 does not give poles), can be represented on the real axis k in the form
I1 ≡

n∑
µ=0

φµ(−2ik, r)(2ik + b)µ , (B, 7a)
where φµ(−2ik, r) is analytic at all the poles and is nonzero at the point ib/2. Further, re-writing I1 in the form

I1 = ∫ ∞
r

[exp(−(2ik + b)r′)][V1(r′) exp(br′)]dr′
and successively integrating by parts, we can transform the right-hand side of identity (B, 7a), into the series:

− exp(−2ikr)V1 − 12ik + b exp(−2ikr)(bV1 + dV1
dr

)
− . . .−

− 1(2ik + b)n exp(−2ikr)(bnV1 + nbn−1 dV1
dr + . . .+ dnV1

drn

)
− . . . ≡

≡
n∑
µ=0

φµ(−2ik, r)(2ik + b)µ
(B, 8)

Comparing the coefficients of equal powers of 2ik + b, we obtain a successive system of the corresponding equalities.Because there is no term containing 1(2ik+b)m , m > n, in the right-hand side of (B, 8), we obtain
bn+1V1 + (n+ 1)bn dV1

dr + (n+ 1)n2 − bn−1 d2V1
dr2 + . . .+ dn+1V1

drn+1 = 0,
whence follows

V = Pn(r) exp(−br) + V2, (B, 9)
where V2 is an arbitrary function which cannot be brought to the form Ps(r) exp(−bsr).The following general theorem can be proved analogously.
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Theorem 4. For f0(−k, r) to have poles of order not higher than (n1 + 1) at the points ib1/2, ib1, 3ib1/2, . . . , not
higher than (n2 + 1) at the points ib2/2, ib2, 3ib2/2, . . . , not higher than (nm + 1) at the points ibm/2, ibm, 3ibm/2, . . . , it
is necessary and sufficient that the corresponding potential would have a term

∑
m,nm

Pnm (r) exp(−bmr).
Obviously, to have essentially singular points, it is necessary and sufficient that the corresponding potential contain aterm X (r) exp(−br), where X (r) is a uniformly convergent infinite series of the type ∞∑

n=0 αnrn not equal to exp(const rα ), 0 <
α <∝.Investigating the behavior of I on the axis k = ib/2 in the case where

V (r) = v(r) exp(−br),
where v(r) is an arbitrary function not having a factor exp (const rα ), α > 1, one can easily conclude that the branchpoints can appear on that axis. One of the simplest cases is the potential [exp(−br) sin(cr)]/rq. For various q >0, thispotential can give branch points of different types at k = ib/2± c/2.If I(r) = v(r) exp(−brα ) and α > 1 is an integer, then I and hence f0(k, r) are analytic functions in the whole plane.Thus, the presence of the factor exp(−br) leads to the function f0(−k, r) becoming non-analytic in the upper half-plane.
Appendix C The generalization of the results of Appendix A for the presence
of the centrifugal barrier with l > 0 outside the unknown interaction
Let it be that at the external region (with r > a) the centrifugal barrier ~2l(l+1)2µr2 , l > 0, and a potential of the type
V = V0Pn(r) exp(−br), where Pn(r) is an nth-order polynomial and b > 0. Adopting from [16, 19], we can write theintegral equation

fl−(k, r) = f0−(k, r) + l(l+ 1) ∞∫
r

G(k; r, r′)(r′)−2fl−(k, r′)dr′, (C, 1)
where r > a and the Green’s function has the form

G(k; r, r′) = (2ik)−1[f0−(k, r)f0+(k, r′)− f0−(k, r′)f0+(k, r)] = [f0+(k, 0)]−1[Φ(k, r)f0+(k, r′)− Φ(k, r′)f0+(k, r)]. (C, 2)
Because the function Φ(k, r) = 12ik [f0−(k, 0)f0+(k, r) − f0+(k, 0)f0−(k, r)] is regular everywhere, the Green’s function inEq. (B, 2) has no singularity for any finite k and Eq. (B, 1) allows the computation of fl−(k, r) from f0−(k, r) in a univalentway. The solution fl−(k, r) of Eq. (B, 1) for any l contains the same isolate singularities at the same points as the function
f0−(k, r). For instance, (1) if for r > a there is a centrifugal barrier and a potential decreasing more rapidly than anyexponential function, in that case fl±(k, r) are analytical in all of the plane k except the points k=0 and k =∞, as well as
f0±(k, r); (2) if the external potential tail contains a term V0 ∑

m,nm
Pnm (r) exp(−bmr), the functions fl±(k, r) for any l > 0 areanalytical in all of the plane k except the points k=0 and k =∞ and also have the poles of order not higher than (n1+1)at the points ib1/2, ib1, 3ib1/2, . . ., not higher than (n2+1) at the points ib2/2, ib2, 3ib2/2, . . ., not higher than (nm+1) atthe points ibm/2, ibm, 3ibm/2, . . .; (3) if the external potential tail contains a term V0[(br)−1 exp(−br)], V0 > 0, b−1 ∼ a,the functions fl±(k, r) for any l > 0 have the logarithmic singularity at the point kγ = ib/2.

Appendix D The derivation of the formula (32)
We rewrite expression (24a) for f0−(k, r) inside the circle γc around the point kγ = ib/2 in the form

f0−(k, r)→ lim
k→kγ

{1 + ρ
[1 + iρ2k ln(1 + 2ik

b

)]−1 ∫ ∞
b

db′ exp(−b′r)
b′(b′ ∓ 2ik)

} exp(±ikr)
= lim

η→0
{1 + ρ

[1 + iρ2k ln(1 + 2ik
b

)]−1 ∫ ∞
0 db̃exp[−(b̃+ b)r](b̃+ η)(b̃+ b)

} exp(−ikr), (D, 1)
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where we introduce the variables b̃ = b′ − b, η = 2ik + b. We then make the following simple transformations of theright-hand part of (D, 1):
f0−(k, r)→ lim

η→0
{1 + ρ

[1 + iρ2k ln(1 + 2ik
b

)]−1 ∫ ∞
0 db̃ exp(−b̃r) exp(2ikr)(b̃+ η)(b̃− 2ik + η)

} exp(−ikr)
= exp(−ikr) + ρ

[1 + iρ2k ln(1 + 2ik
b

)]−1 ∫ ∞
b

db̃ exp(−b̃r)
b̃(b̃− 2ik) exp(ikr)

+ρ [1 + iρ2k ln(1 + 2ik
b

)]−1 lim
η→0
∫ b

0 db̃ exp(−b̃r)(b̃+ η)(b̃− 2ik + η) exp(ikr)
= exp(−ikr) + A−

A+ [f0+(k, r)− exp(ikr)] + ρ
[1 + iρ2k ln(1 + 2ik

b

)]−1 lim
η→0
∫ b

0 db̃ exp(−b̃r)(b̃+ η)(b̃− 2ik + η) exp(ikr),
(D, 2)

where Aµ = [1± iρ2k ln(1± 2ik
b )]−1 and we use definition (24a) for f0+(k, r).We now analyze the last integral J = lim

η→0
∫ b0 db̃ exp(−b̃r)(b̃+η)(b̃−2ik+η) in the last right-hand part of (D, 2), using formulas (3.352.1)and (8.214.1) from [26]:

J = lim
η→0
∫ b

0 db̃ exp(−b̃r)(b̃+ η)(b̃− 2ik + η) = lim
η→0 1

b− η

∫ b

0 db̃ exp(−b̃r) [ 1
b̃+ η

− 1
b̃+ b

]
= lim

η→0
{ 1
b− η exp(ηr)[Ei(−br − ηr)− Ei(−ηr)]− 1

b− η exp(br)[Ei(−2br)− Ei(−br)]}
= lim

η→0 1
b [− ln(ηr) + X (η, r)] ,

(D, 3)

where X (η, r) = ∞∑
k=1 (−br+ηr)k

k·k! −
∞∑
k=1 (−ηr)k

k·k! − exp(br) [ ∞∑
k=1 (−2br)k

k·k! − ∞∑
k=1 (−br)k

k·k!
] is analytic function of η = b+ 2ik at the point

η = 0 and in a small circle |η| < b and the function Ei is defined in [26]. Further we can obviously rewrite (D, 3) as
J = 1

b

{[1 + iρ2k ln(1 + 2ik
b

)] 2ik
ρ + Z (k, r)}, (D, 3a)

where Z (k, r) = X (η, r) − ln(br) − 2ik
ρ is an analytical function of k at the point k = kγ = ib/2 and in a small circle

|k| < b/2.Using (D, 3a), we continue the transformations of (D, 2):
f0−(k, r) lim

k→kγ
exp(−ikr) + A−

A+ [f0+(k, r)− exp(ikr)]
+ρ [1 + iρ2k ln(1 + 2ik

b

)]−1 lim
η→0 exp(ikr) 1b

{[1 + iρ2k ln(1 + 2ik
b

)] 2ik
ρ + Z (k, r)}

= W (k, r) + [1 + iρ2k ln(1 + 2ik
b

)]−1
U(k, r),

(D, 2a)

where W (k, r) = exp(−ikr)+ 2ik
b exp(ikr) and U(k, r) = [1− iρ2k ln(1− 2ik

b )]−1 f0+(k, r)+exp(ikr){ ρbZ (k, r)− [1− iρ2k ln(1−2ik
b )]} are analytic functions of k at the point k = kγ = ib/2 and in a small circle |k| < b/2.

Appendix E A possibility of sharp enhancement ofSjl′l (l′ 6= l) in comparison
with Sjll(γ, k) near an isolated resonance
Let us assume that a factor like

Sjll′ (γ, k) ≈ δll′ (E − E (ll)
t ) + iΓ(l′l)

t /2
E − Es + iΓs/2 , l′, l = 0, 1, (E, 1)
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where E (ll)
t = ~2∣∣∣k(ll)

t
∣∣∣22µ , Es = ~2|ks|22µ , Γ(ll)

t = −2ikIm k (ll)
t , Γ(00)

t = −Γ(11)
t , Γs = 2ikIm ks, plays an essential role in (64) insome energy region. If E (ll)

t ≈ Es, Γ21s + Γ22s = Γ2
s , where Γ21s = (Γ(ll)

t )2, Γ22s = (Γ(l′l)
t )2 for l′ 6= l, (46) is fulfilled and thescattering cross section is

σel ≈
π
k2 (Γs − Γ1s)2/4 + Γ22s/4(E − Es)2 + Γ2

s/4 . (E, 2)
When Γ1s � Γ2s ≈ Γs a sharp enhancement of Sjl′l(l′ 6= l) may happen in comparison with Sjll(γ, k) at the resonance. Inthe extreme case in which Γ1s = 0, a resonance of Sjl′l(l′ 6= l) corresponds to an anti-resonance of Sjll(γ, k). Therefore,the influence of non-central or parity-violating interactions in these resonance regions may be essential even if theirstrength is very small (but, of course, non-zero).
Appendix F The scattering time delay and the scattering l-th partial time de-
lay
Usually one uses the scattering time delay and the scattering l-th partial time delay (see, for instance, [15, 46–48]),which in the typical approximation of neglecting by the influence of distortions caused by the wave-packet form duringthe scattering, are defined by the expressions

〈∆τ(E,Ωfi)〉 = 〈|f(E,Ωfi)|2 ∂ arg f(E,Ωfi)/∂E〉
〈|f(E,Ωfi)|2〉 (F, 1)

and
〈∆τl(E)〉 = 〈|Tl(E)|2 ∂ argTl(E)/∂E〉

〈|Tl(E)|2〉 , (F, 2)
where the scattering amplitude f(E,Ωfi) and functions Tl(E) are connected with the functions Sl(γ, k) by relations

f(E,Ωfi) = 4πµ
−~2 T (E,Ωfi) ≡∑

l

(2ik)−1[Sl(γ, k)− 1]√4π(2l+ 1)Yl0(Ωfi) (F, 3)
(Ωfi being the angle of scattering ~ki → ~kf ) and

Tl(γ, k) = [1− Sl] ~28π1/2iµk , (F, 4)
respectively.In the case of the multi-channel scattering (collisions or reactions), generalizing (F, 2) according to the parametrization(96), we define for the partial time delay in the collision i→ j:

〈∆τ (JΠ)
ji (E)〉 =

〈∣∣∣T (JΠ)
ji (γ, k)∣∣∣2 ∂ argT (JΠ)

ji (γ, k)/∂E〉〈∣∣∣T (JΠ)
ji (γ, k)∣∣∣2〉 . (F, 5)

Using in a simplified form |A(k)|2 → Cδ(E − Ē), T (JΠ)
ji (γ, k) = [δji−S(JΠ)

ji (γ, k)]B (B and C are unessential constants), weobtain near an isolated resonance, distorted by a non-resonance background:
∆τ (JΠ)

ji (E) = ∂ arg[δji − S(JΠ)
ji (γ, k)]/∂E = ∆τ̃ (JΠ)

ji + ~Γ(JΠ)
r /2[(E − E (JΠ)

r )2 + Γ(JΠ)2
r /4]

−~Re γ(JΠ)/2[(E − E (JΠ)
r − Im γ(JΠ)/2)2 + (Re γ(JΠ)/2)2], (F, 6)

where Ŝ(JΠ) = Û (JΠ) [̂I − iΓ(JΠ)
r P̂(JΠ)

r
E−E(JΠ)

r +iΓ(JΠ)
r /2

]
Û (JΠ)T , ∆τ̃ (JΠ)

ji = ~∂ arg[δji− S̃(JΠ)
ji ]/∂E, γ(JΠ) = Γ(JΠ)

r [1+(δji− S̃(JΠ)
ji )−12β(JΠ)

ji ], β̂(JΠ) =
Û (JΠ)P̂(JΠ)

r Û (JΠ)T .
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Appendix G The derivation of formulae (88) and (89)
If we shift the integration contour C ′ in (83) into D+, enveloping all singularities and, in particular, the cutalong the imaginary axis with the contour D′ depicted in Fig. 3, and utilizing Eq. (79)-(81) with regard tothe independence of contours around all the singularities of S(m′m)

l and fl−(km, r), and also the analyticity of
S(m′m)
l (γ, k0, k1, . . .), S(m′m)

l (γ,−k•0 ,−k•1 , . . .), fl+(km′ , r) and fl+(km, r′′) on the edges of the cut D′, we obtain (80)-(87)and also the following two equalities:
m′∑
N=1

√ 2µ
~2 (εN−εm)∫

√ 2µ
~2 (εN−1−εm)

dkm
km
km′

[(−1)lS̃lm′m(γ, k0, k1, . . .)− (−1)lS̃lm′m(γ,−k•0 ,−k•1 , . . .)
+(−1 + δmo) · N−1∑

n−0 S̃
l
m′n(γ, k0, k1, . . .)S̃lmn(γ,−k•0 ,−k•1 , . . .) knkm

]
fl+(km, r)fl+(km, r′) = 0,

(G, 1)

m∑
N=1

√ 2µ
~2 (εN−εm)∫

√ 2µ
~2 (εN−1−εm)

dkm
km
km′

[(−1)lS̃lm′m(γ, k0, k1, . . .)
+(−1 + δmo) · N−1∑

n−0 S̃
l
m′n(γ, k0, k1, . . .)S̃lmn(γ,−k•0 ,−k•1 , . . .) knkm

]
fl+(km′ , r)fl+(km, r′) = 0.

(G, 2)

Passing to analysis of Eq. (G, 1) and (G, 2), we note that if we would initiate not from the contour C ′ but from con-tour C ′ previously shifted in a parallel way from C ′ upwards by the variable interval y (0 < y <
√ 2µ

~2 (εm − εm′ )) or
x (√ 2µ

~2 (εm − εm) < x <
√ 2µ

~2 (εm − ε0)). Then, instead of Eq. (89) and (90), we should obtain the equalities differingfrom them by the substitution of the upper integration limits on y or x respectively. Differentiating such equalities over
y or x, considering the analyticity of the integrands along the integration contours, we obtain equalities (89) and (90).
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