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Abstract: This paper presents an analytical solution for slow axonal transport in an axon. The governing equations
for slow axonal transport are based on the stop-and-go hypothesis which assumes that organelles alternate
between short periods of rapid movement on microtubules (MTs), short on-track pauses, and prolonged
off-track pauses, when they temporarily disengage from MTs. The model includes six kinetic states for
organelles: two for off-track organelles (anterograde and retrograde), two for running organelles, and two for
pausing organelles. An analytical solution is obtained for a steady-state situation. To obtain the analytical
solution, the governing equations are uncoupled by using a perturbation method. The solution is validated
by comparing it with a high-accuracy numerical solution. Results are presented for neurofilaments (NFs),
which are characterized by small diffusivity, and for tubulin oligomers, which are characterized by large
diffusivity. The difference in transport modes between these two types of organelles in a short axon is
discussed. A comparison between zero-order and first-order approximations makes it possible to obtain
a physical insight into the effects of organelle reversals (when organelles change the type of a molecular
motor they are attached to, an anterograde versus retrograde motor).
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1. Introduction

Neurons are very unique cells in a human body. Their longprocesses, axons, can reach up one meter in length, andoccupy up to 99% of neuron’s volume; this makes transportof organelles in axons extremely challenging [1, 2]. De-spite these challenges, axonal transport is crucial to axonsurvival and functioning; this is because axons contain
∗E-mail: avkuznet@eos.ncsu.edu

little synthetic machinery; new organelles, synthesized inthe cell body, must be continuously transported towarddistal portions of the axon while old and used componentsmust be returned to the cell body for reprocessing.Axonal transport is divided into fast and slow axonal trans-port. Such organelles as mitochondria, membrane-boundorganelles, neurotransmitters, and endosomes are trans-ported by means of fast axonal transport, which occurs ata rate of 0.5 to 10 µm/s [1, 3]. Slow axonal transport (whichis divided into slow-component-a and slow-component-b,depending on the rate) transports cytoskeletal components(NFs, tubulin, and actin) as well as many proteins and cy-
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tosolic enzymes at a rate of 0.01 to 0.001 µm/s [4, 5].There is a general agreement that fast anterograde ax-onal transport is powered by kinesin family molecularmotors while fast retrograde axonal transport is poweredby dynein family motors. It is believed that slow axonaltransport is powered by the same motors that drive fastaxonal transport, the difference in the rates is explainedby the fact that in slow axonal transport rapid instanta-neous transport of organelles (occurring at the rates char-acteristic for kinesin and dynein motors) is intercepted byprolonged pauses [6–8].The stop-and-go hypothesis (Brown et al. [9] and Craciunet al. [10]), originally developed to explain why the aver-age rate of slow axonal transport of NFs is significantlysmaller than the velocities of any known molecular motors,postulates that the difference between fast and slow ax-onal transport is that in slow axonal transport the motiondoes not occur continuously, NFs move along MTs alter-nating between short periods of rapid movement, short on-track pauses, and prolonged off-track pauses, when theytemporarily disengage from MTs. According to [11], dur-ing slow axonal transport NFs spend 92% of their time inthe stationary state due to insufficient coupling to MTs.The time the cargo transported by slow axonal transportspends pausing explains the low average velocity of thistransport mode. Although originally the stop-and-go hy-pothesis was suggested to explain NF transport, there isevidence [5] that it is also applicable to other organelles,including proteins that participate in slow-component-btransport mode.Understanding fast and slow axonal transport is impor-tant, numerous biological data link defects in axonal trans-port with various neurodegenerative diseases, includingAlzheimer’s disease [12] (a minimal hydrodynamic modelthat demonstrates how defects in axonal transport can leadto traffic jams was developed in [13]). In particular, defectsin slow axonal transport of NFs may lead to aggregationof NFs in certain regions in an axon [14]; such aggre-gation has been linked to human motor neuron diseases[15, 16]. The study of NF transport is also important forunderstanding the dynamics of axon elongation for grow-ing axons [17, 18].Kuznetsov et al. [19] extended the theory developed inBrown et al. [9] and Craciun et al. [10] for rapidly diffusiblesoluble proteins while Kuznetsov et al. [20] extended thistheory to account for the effect of protein degradationand investigated the possibility of traffic jam formationin slow axonal transport if MTs at a certain location inthe axon are severed by the action of MT-severing pro-teins. Although there have been some progress in obtain-ing analytical solutions of equations modeling fast axonaltransport [21, 22], to the best of the author’s knowledge,

the analytical solution of equations governing slow axonaltransport has never been attempted. The purpose of thispaper is to utilize a perturbation technique to develop amethod for uncoupling the set of six governing equationsthat the model for this process is composed of, and thenobtain the zero and first order approximations based onthe solutions of the uncoupled equations. This task issignificantly more challenging than that accomplished in[23], where the perturbation technique was used to obtainan analytical solution of equations governing fast axonaltransport; the model now includes six coupled governingequations versus four equations considered in [23].
2. Governing equations

Governing equations utilized in this paper are based onthe model developed in [24]. The model developed in[24] is presented in terms of probability density functions(PDFs). A PDF describes the ratio of the probability offinding an organelle in one of the kinetic states within theinfinitesimal interval [x, x + dx] in the axon to the lengthof this interval dx. There are six PDFs in the model cor-responding to six kinetic states for organelles (see Fig.1). There are two running states in the model (depend-ing on the type of a molecular motors an organelle isattached to, it can either move in the anterograde or ret-rograde direction), two pausing states (one corresponds toan organelle attached to a plus-end motor, and the othercorresponds to an organelle attached to a minus-end mo-tor) and two off-track states (an off-track organelle canbe attached to either a plus-end or a minus-end motor).Another way of interpreting a PDF is look at it as at afunction describing a distribution along the axon lengthof the number density of an ensemble of organelles [24].Indeed, if there are a large number of organelles, and thebehavior of any organelle is independent of the behaviorof other organelles, the concentration of this ensemble oforganelles would follow the PDF of one organelle.Slow axonal transport between the neuron soma (x̃ = 0)and the synapse of the axon (x̃ = L̃) is considered. Di-mensionless equations describing the PDFs characteriz-ing the chance for an organelle to be in one of the sixkinetic states (see Fig. 1) are obtained by modifying Eqs.(15) of [24] by adding diffusion terms in Eqs. (5) and (6)below. Adding a diffusion mode of organelle transport tothe model is in agreement with Miller and Heidemann [25]who suggested that in order to fully explain slow axonaltransport one needs to consider a combination of vari-ous organelle transport modes. This particularly appliesto soluble proteins transported by slow axonal transport,which have a much larger diffusivity than NFs. The intro-
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duction of the diffusion terms in Eqs. (5) and (6) can bealso justified by recent experimental results reported inRao et al. [26]. According to these results, motor proteinsmyosin Va in axons associate with off-track NFs. Sincethese motors move along intermediate filaments that forma loosely connected network in axons, it is possible tomodel the effect of myosin Va on NF transport by a dif-fusion term in the equation for off-track NFs [27]. Basedon the above assumptions, the set of governing equationsdeveloped in [24] is extended as follows:
∂P̃a
∂t̃

= −ṽa
∂P̃a
∂x̃ − γ̃10P̃a + γ̃01P̃a0, (1)

∂P̃r
∂t̃

= −ṽr
∂P̃r
∂x̃ − γ̃10P̃r + γ̃01P̃r0, (2)

∂P̃a0
∂t̃

= − (γ̃01 + γ̃ar) P̃a0 + γ̃10P̃a + γ̃raP̃r0 + γ̃onP̃ap

− γ̃off P̃a0,
(3)

∂P̃r0
∂t̃

= − (γ̃01 + γ̃ra) P̃r0 + γ̃10P̃r + γ̃arP̃a0 + γ̃onP̃rp

− γ̃off P̃r0,
(4)

∂P̃ap
∂t̃

=D̃ap
∂2P̃ap
∂x̃2 + γ̃off P̃a0 − γ̃onP̃ap − γ̃arP̃ap+ γ̃raP̃rp,

(5)
∂P̃rp
∂t̃

= D̃rp
∂2P̃rp
∂x̃2 +γ̃off P̃r0−γ̃onP̃rp−γ̃raP̃rp+γ̃arP̃ap, (6)

where P̃ap and P̃rp are the PDFs describing the chance foran organelle to reside in off-track anterograde and retro-grade states, respectively (P̃ has dimensions 1
µm ); P̃a and

P̃r are the PDFs describing the chance for an organelleto reside in anterogradely and retrogradely moving states,respectively; P̃a0 and P̃r0 are the PDFs describing thechance for an organelle to reside in anterogradely andretrogradely pausing states, respectively; γ̃ij are the firstorder rate constants describing transitions between differ-ent organelle populations (see Fig. 1); D̃ap and D̃rp arethe diffusivities of off-track organelles in the anterogradeand retrograde states, respectively (it is assumed that or-ganelles can diffuse only in the off-track states, when theyare disengaged from MTs); ṽa and ṽr are motor velocitiesin anterograde and retrograde transport, respectively (cal-culated excluding pauses); t̃ is the time; and x̃ is the linearcoordinate along the axon.

Dimensionless parameters are defined in Table 1 below.
Dimensionless parameter Notation Definition
Diffusivity of off-track organellesin the anterograde state Dap

D̃apγ̃01
ṽ2
a

Diffusivity of off-track organellesin the retrograde state Drp
D̃rpγ̃01
ṽ2
a

PDF describing the chance foran organelle to reside in antero-gradely moving state
Pa

P̃aṽa
γ̃01

PDF describing the chance foran organelle to reside in antero-gradely pausing state
Pa0 P̃a0ṽa

γ̃01

PDF describing the chance for anorganelle to reside in off-track an-terograde state
Pap

P̃apṽa
γ̃01

PDF describing the chance for anorganelle to reside in retrogradelymoving state
Pr

P̃r ṽa
γ̃01

PDF describing the chance for anorganelle to reside in retrogradelypausing state
Pr0 P̃r0ṽa

γ̃01

PDF describing the chance for anorganelle to reside in off-track ret-rograde state
Prp

P̃rpṽa
γ̃01

Time t t̃γ̃01Motor velocity in retrograde trans-port vr
ṽr
ṽa

Linear coordinate along the axon x x̃γ̃01
ṽaSmall parameter ε γ̃ra
γ̃01Kinetic constant (see Fig. 1) γ10 γ̃10
γ̃01Kinetic constant (see Fig. 1) γar
γ̃ar
γ̃raKinetic constant (see Fig. 1) γoff
γ̃off
γ̃01Kinetic constant (see Fig. 1) γon
γ̃on
γ̃01

Table 1. Dimensionless parameters used in the model.

A steady-state (or a quasi-steady-state) situation is con-sidered, which may be particularly relevant to a shortgrowing axon. Utilizing the dimensionless parameters de-fined in Table 1, Eqs. (1)-(6) are recast into the following
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dimensionless form (the transient terms are set to zero fora steady-state situation considered in this research):
− ∂Pa

∂x − γ10Pa + Pa0 = 0, (7)
− vr

∂Pr
∂x − γ10Pr + Pr0 = 0, (8)

−(1 + γar)Pa0 +γ10Pa+εPr0 +γonPap−γoffPa0 = 0, (9)
− (1 + γra)Pr0 + γ10Pr + εγarPa0 + γonPrp − γoffPr0 = 0,(10)
Dap

∂2Pap
∂x2 +γoffPa0 −γonPap −εγarPap +εPrp = 0, (11)

Drp
∂2Prp
∂x2 + γoffPr0 − γonPrp − εPrp + εγarPap = 0. (12)

Figure 1. Schematic kinetic diagram showing various organelle pop-
ulations and kinetic processes between them (based on
the kinetic scheme of NF transport suggested in [24]).
Based on parameter estimates presented in [24], the re-
versal rates, γ̃ar and γ̃ra (the rates of changing the type
of a molecular motor a free or pausing organelle is at-
tached to), are smaller than other kinetic rates. On phys-
ical grounds, this is so because switching the type of a
molecular motor requires an elaborate molecular mecha-
nism and occurs infrequently.

Eqs. (7)-(12) are solved subject to the following di-mensionless boundary conditions. At the left-hand sideboundary of the axon (at the neuron soma), x = 0:
Pap = Pap,x=0, (13a)

Prp = Prp,x=0, (13b)
Pa = σ0Pap,x=0. (13c)

In Eq. (13)
Pap,x=0 = P̃ap,x=0ṽa

γ̃01 , Prp,x=0 = P̃rp,x=0ṽa
γ̃01 , (14)

where P̃ap,x=0 and P̃rp,x=0 are values of PDFs for free (off-track) particles with anterograde/retrograde motors at-tached to them, respectively, at x = 0 and σ0 is the degreeof loading of plus-end-oriented organelles at x = 0.At the right-hand side boundary of the axon (at the axonterminal), x = L:
Pap = Pap,x=L, (15a)
Prp = Prp,x=L, (15b)
Pr = σLPrp,x=L. (15c)

In Eq. (15)
Pap,x=L = P̃ap,x=Lṽa

γ̃01 ,

Prp,x=L = P̃rp,x=Lṽa
γ̃01 ,

L = L̃γ̃01
ṽa

,

(16)

where L̃ is the length of the axon; P̃ap,x=L and P̃rp,x=Lare values of PDFs for off-track particles with antero-grade/retrograde motors attached to them, respectively,at x = L; and σL is the degree of loading of plus-end-oriented organelles at x = L.A parameter of interest is the total PDF characterizingthe chance to find an organelle in any of the six kineticstates:
P(x) =Pa(x) + Pr(x) + Pa0(x) + Pr0(x) + Pap(x)+ Prp(x). (17)

The parameter defined by Eq. (17) is the only PDF ac-cessible to experiments because there are currently noexperimental techniques that would allow distinguishingbetween the kinetic states.The PDFs are normalized by the following condition:
L∫

0
P (x)dx = 1, (18)
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which physically means that the probability of finding anorganelle in the axon in one of the six kinetic states is100%. Eq. (18) is used to determine the normalized valuesof PDFs at the boundaries (since the governing equationsand boundary conditions are linear, the integral in Eq.

(18) is proportional to the values of PDFs at the bound-aries).
Eqs. (9) and (10) are then solved explicitly to obtain func-tions Pa0 (x) and Pr0 (x):

Pa0 = ε
(
Prγ10 + Prpγon

)+ Paγ10 (1 + γoff + ε) + Papγon (1 + γoff + ε)(1 + γoff ) (1 + γoff + ε + εγar) , (19)
Pr0 = (1 + γoff ) (Prγ10 + Prpγon

)+ εγar
{(Pa + Pr) γ10 + (Pap + Prp

)
γon
}

(1 + γoff ) (1 + γoff + ε + εγar) . (20)

Using (19) and (20), Pa0 (x) and Pr0 (x) can be eliminatedfrom Eqs. (7), (8), (11), and (12), and the remaining equa-tions form a system of linear ordinary differential equa-tions for Pa (x), Pap (x), Pr (x), and Prp (x).
3. Perturbation solution
For computational results presented in the Figs. 2-6, pa-rameter estimates reported in Jung and Brown [24] are uti-lized. In [24] the use was made of studies of NF transportin a cultured mouse superior cervical ganglion neuron, andthe following estimates of dimensional parameter valueswere obtained: ṽa = 0.51 µm/s, ṽr = −0.52 µm/s (theseare the motor rates excluding pauses), γ̃10 = 0.14 s−1,
γ̃01 = 6.4 × 10−2 s−1, γ̃on = 2.8 × 10−4 s−1, and γ̃off =4.5 × 10−3 s−1. For the development of the perturbationsolution obtained in this paper, the reversal rates, γ̃ar and
γ̃ra, are of crucial importance. γ̃ar physically representsthe probability for a free (off-track) or pausing organellewith an anterograde (kinesin) motor attached to switchthe type of the molecular motor and attach to a retro-grade (dynein) motor (see Fig. 1). Similarly, γ̃ra repre-sents the probability for an off-track or pausing organellewith a retrograde (dynein) motor attached to switch thetype of the molecular motor and attach to an antero-grade (kinesin) motor (see Fig. 1). Based on variousdata sets (for a mouse and for a rat) and different esti-mation methods, Ref. [24] presented various estimates for
γ̃ar (4.2 × 10−6, 3.1 × 10−5, and 5.3 × 10−5 s−1) and for γ̃ra(1.4 × 10−5, 4.7 × 10−5, and 6.9 × 10−5 s−1). This high-lights the difficulty of finding parameter values for modelsthat are based on molecular biology: such systems be-have differently in vivo and in vitro (see, for example, [28]);but even if all measurements are performed in vivo, as inRef. [24], a direct measurement of parameters is usuallyimpossible and parameters are determined by some kindof indirect method; then their values depend on the model

that the method is based upon.Two types of slow axonal cargo are considered, which arecharacterized by different diffusivities, NFs and tubulinoligomers. Based on Galbraith et al. [29], diffusivity of NFpolymers is estimated to be 0.43 µm/s2 while diffusivity oftubulin oligomers is estimated to be 8.6 µm/s2.The selection of dimensionless parameters is guided bythe values presented above [dimensional parameters areconverted into dimensionless by using Table 1]. Computa-tions are carried out for the following dimensionless pa-rameter values: vr = −1.02, γ10 = 2.19, γar = 0.3, γon =4.38 × 10−3, γoff = 7.03 × 10−2, and ε = 6.57 × 10−5.Also, based on [30], the degrees of loading are estimatedas σ0 = σL = 0.1. It is assumed that Dap = Drp = D. ForFigs. 2-5 the value of D̃ for NFs is utilized (0.43 µm/s2).Fig. 6 presents results for both NFs and tubulin oligomers(D̃ = 8.6 µm/s2). The corresponding dimensionless valuesof D for NFs is 0.106 and for tubulin oligomers is 2.12.An important observation can be made from these param-eter vales. The reversal rates, γ̃ar and γ̃ra (the rates ofchanging the type of a molecular motor the free or pausingorganelle is attached to), are significantly smaller than allother kinetic rates. For this reason, the value of parameter
ε is smaller than the value of any dimensionless kineticrate used in the model (according to Table 1, ε is the ra-tio of γ̃ra to γ̃01). This implies that ε can be utilized asa small parameter and then solutions of Eqs. (7)-(12) canbe approximated by the following truncated perturbationseries:

Pa =P(0)
a + εP(1)

a ,
Pr =P(0)

r + εP(1)
r ,

Pap =P(0)
ap + εP(1)

ap,

Prp =P(0)
rp + εP(1)

rp .

(21)
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3.1. Zero-order results
Governing equations for P(0)

a (x) and P(0)
ap (x) are

− ∂P(0)
a

∂x −γ10P(0)
a + γ101 + γoff

P(0)
a + γon1 + γoff

P(0)
ap = 0, (22)

Dap
∂2P(0)

ap

∂x2 + γ10γoff1 + γoff
P(0)
a + γonγoff1 + γoff

P(0)
ap − γonP(0)

ap = 0.(23)Eqs. (22) and (23) must be solved subject to the followingboundary conditions that follow from Eqs. (13a), (13c),and (15a):
At x = 0 : P(0)

ap = Pap,x=0, (24a)
At x = 0 : P(0)

a = σ0Pap,x=0, (24b)
At x = L : P(0)

ap = Pap,x=L. (25)
Eliminating P(0)

a from Eqs. (22) and (23) and integratingwith respect to x results in:
Dap (1 + γoff ) ∂2P(0)

ap

∂x2 +Dapγ10γoff ∂P(0)
ap

∂x − γonP(0)
ap= γonc0.

(26)
The general solution of Eq. (26) is

P(0)
ap = −c0 + c1 exp(µ1x) + c2 exp(µ2x), (27)

where µ1 and µ2 are the roots of
Dap (1 + γoff ) µ2 +Dapγ10γoffµ − γon = 0. (28)

Constants c0, c1, and c2 in Eq. (28) are found from bound-ary conditions given by Eqs. (24a) and (25) and the fol-lowing boundary condition that is obtained by eliminating
P(0)
a (0) from Eq. (24b):

At x = 0 : d2P(0)
ap

dx2 = (γon − γ10γoffσ0)P(0)
ap,x=0

Dap (1 + γoff ) . (29)
Eqs. (24a), (25), and (29) give a system of three linearequations for c0, c1, and c2.Once P(0)

ap is obtained, P(0)
a is found by integrating Eq.(22), as

P(0)
a = − c0γon

γ10γoff + c1γon
µ1 + γoff (γ10 + µ1) exp(µ1x)

+ c2γon
µ2 + γoff (γ10 + µ2) exp(µ2x)

+ c3 exp(− γ10γoff1 + γoff
x
)
,

(30)

where the integration constant c3 is found by substitutingEq. (30) into boundary condition (24b). P(0)
a0 can now befound from the following equation that is obtained fromEq. (19) by setting ε to zero:

P(0)
a0 = Paγ10 + Papγon1 + γoff

. (31)
Governing equations for P(0)

r (x) and P(0)
rp (x) are

−vr
∂P(0)

r

∂x −γ10P(0)
r + γ101 + γoff

P(0)
r + γon1 + γoff

P(0)
rp = 0, (32)

Drp
∂2P(0)

rp

∂x2 + γ10γoff1 + γoff
P(0)
r + γonγoff1 + γoff

P(0)
rp −γonP(0)

rp = 0. (33)
Eqs. (32) and (33) must be solved subject to the followingboundary conditions that follow from Eqs. (13b), (15b),and (15c):

At x = 0 : P(0)
rp = Prp,x=0, (34)

At x = L : P(0)
rp = Prp,x=L, (35a)

At x = L : P(0)
r = σLPrp,x=L. (35b)

Eliminating P(0)
r from Eqs. (32) and (33) and integratingwith respect to x results in:

Drpvr (1 + γoff ) ∂2P(0)
rp

∂x2 +Drpγ10γoff ∂P(0)
rp

∂x
−vrγonP(0)

rp = vrγonc0.
(36)

The general solution of Eq. (36)) is
P(0)
rp = −d0 + d1 exp(λ1x) + d2 exp(λ2x), (37)

where λ1 and λ2 are the roots of
Drpvr (1 + γoff ) λ2 +Drpγ10γoffλ− vrγon = 0. (38)

Constants d0, d1, and d2 in Eq. (38) are found from bound-ary conditions given by Eqs. (34) and (35a) and the fol-lowing boundary condition that is obtained by eliminating
P(0)
r (0) from Eq. (35b):

At x = L : d2P(0)
rp

dx2 = (γon − γ10γoffσL)P(0)
rp,x=L

Drp (1 + γoff ) . (39)
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Eqs. (34), (35a), and (39) give a system of three linearequations for d0, d1, and d2.Once P(0)
rp is obtained, P(0)

r is found by integrating Eq.(32), as
P(0)
r = − d0γon

γ10γoff + d1γon
γ10γoff + vr (1 + γoff ) λ1 exp(λ1x)

+ d2γon
γ10γoff + vr (1 + γoff ) λ2 exp(λ2x)

+ d3 exp{− γ10γoff
vr (1 + γoff )x

}
, (40)

where the integration constant d3 is found by substitutingEq. (40) into boundary condition (35b).
P(0)
r0 can now be found from the following equation that is

obtained from Eq. (20) by setting ε to zero:
P(0)
r0 = Prγ10 + Prpγon1 + γoff

. (41)
3.2. First-order results
Governing equations for P(1)

a (x) and P(1)
ap (x) are

− ∂P(1)
a

∂x − γ10P(1)
a + P(1)

a0 = 0, (42)
Dap

∂2P(1)
ap

∂x2 + γoffP(1)
a0 − γonP(1)

ap = γarP(0)
ap − P(0)

rp , (43)
where

P(1)
a0 = 11 + γoff

[
γ10P(1)

a + γonP(1)
ap
] + 1(1 + γoff )2 [−γ10γarP(0)

a + γ10P(0)
r − γonγarP(0)

ap + γonP(0)
rp
]
. (44)

Eqs. (42) and (43) must be solved subject to the following boundary conditions:
At x = 0 : P(1)

ap = 0, (45a)
At x = 0 : P(1)

a = 0, (45b)
At x = L : P(1)

ap = 0. (46)
Eqs. (42), (43) have been solved subject to boundary conditions (45a), (45b), (46) by a method similar to that developed in[23] using a software package Mathematica [first P(1)

a was eliminated from Eqs. (42) and (43) and the resulting equationwas solved for P(1)
ap; then P(1)

a was found by integrating Eq. (42); finally, P(1)
a0 was determined by using Eq. (44)]. Thesolution procedure is relatively straight forward, but the final result is too lengthy to present here. Instead, the resultis presented in a graphical form in Figs. 2-6 below (Fig. 5 specifically shows plots for the first-order corrections).Governing equations for P(1)

r (x) and P(1)
rp (x) are

− vr
∂P(1)

r

∂x − γ10P(1)
r + P(1)

r0 = 0, (47)
Drp

∂2P(1)
rp

∂x2 + γoffP(1)
r0 − γonP(1)

rp = P(0)
rp − γarP(0)

ap, (48)
where

P(1)
r0 = 11 + γoff

[
γ10P(1)

r + γonP(1)
rp
]+ 1(1 + γoff )2 [γ10γarP(0)

a − γ10P(0)
r + γonγarP(0)

ap − γonP(0)
rp
]
. (49)

Eqs. (47) and (48) must be solved subject to the followingboundary conditions:
At x = 0 : P(1)

rp = 0, (50)
At x = L : P(1)

rp = 0, (51a)
At x = L : P(1)

r = 0. (51b)
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Eqs. (47), (48) have been solved subject to boundary con-ditions (50), (51a), (51b) by first eliminating P(1)
r from Eqs.(47) and (48) and solving the resulting equation for P(1)

rp ;then P(1)
r was found by integrating Eq. (47); finally, P(1)

r0was determined by using Eq. (49). The results are pre-sented in a graphical form in Figs. 2-6 (P(1)
rp , P(1)

r , and P(1)
r0are explicitly shown in Fig. 5b).

4. Results and discussion
In computations, the axon length is assumed to be L̃ =103 µm (1 mm). Ref. [24] considered an axon with thelength of 39 mm, but in the example considered in thispaper a small growing axon is modeled. Another rea-son (in addition to simulating a growing axon) for select-ing a small axon length is to show two different regimesof organelle transport depending on the diffusivity of or-ganelles. In a short axon transport of NFs (that havesmall diffusivity) is mostly molecular-motor-driven whiletransport of tubulin oligomers (that have large diffusivity)is mostly diffusion-driven. In a long axon the transportof any organelle, independent of its diffusivity, would bemostly motor-driven.For Figs. 2-5 and Fig. 6a, the following PDF values atthe boundaries [selected to satisfy the integral condition(18)] are utilized:

Pap,x=0 =0.00365,
Prp,x=0 =0.00365,
Pap,x=L =0,
Prp,x=L =0.

(52)

Pap,x=0 and Prp,x=0 are assumed high because organellesare synthesized at the neuron soma while Pap,x=L and
Prp,x=L are assumed low because transported organellesare being utilized at the growth cone of the axon.Fig. 2a shows a comparison of the zero-order result,
P(0)
ap , the result incorporating the first-order correction,

P(0)
ap + εP(1)

ap , and the high-accuracy numerical solution(which is obtained by using a very small mesh size, itis grid-independent, so that for practical purposes it canbe considered to be exact) for the PDF characterizing an-terograde off-track organelles, Pap. Fig. 2b shows similardistributions for the PDF characterizing retrograde off-track organelles, Prp. There is only one situation whenthe zero order result coincides with the exact solution: thisis when the reversal rates, γ̃ar and γ̃ra, are exactly zero(which means that anterograde and retrograde organellesnever switch). A comparison between the zero-order resultand the high-accuracy numerical solution must thus show

Figure 2. Comparison of the zero-order result, the result incorpo-
rating the first-order correction, and the high-accuracy nu-
merical solution for the PDF characterizing: (a) Antero-
grade off-track organelles, Pap; (b) Retrograde off-track
organelles, Prp.

the effect of the reversals. In Fig. 2a the curve correspond-ing to the zero-order approximating lies above the curvecorresponding to the numerical solution; this means thatthe reversals decrease the value of the PDF characteriz-ing anterograde organelles. Similarly, Fig. 2b shows thatthe reversals increase the value of the PDF characterizingretrograde organelles. This is because in general rever-
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Figure 3. Comparison of the zero-order result, the result incorpo-
rating the first-order correction, and the high-accuracy nu-
merical solution for the PDF characterizing: (a) Antero-
grade running organelles, Pa; (b) Retrograde running or-
ganelles, Pr .

sals decrease the concentration (the PDF) of organellesthat have a high concentration (in this case, anterogradeorganelles) and decrease the concentration (the PDF) oforganelles that have a low concentration (in this case, ret-rograde organelles). Another interesting observation thatcan be made in Figs. 2a, 2b is that although the analyt-ical solutions that incorporate the first-order corrections,

P(0)
ap + εP(1)

ap and P(0)
rp + εP(1)

rp , are much closer to the high-accuracy numerical solution than the zero-order results,
P(0)
ap and P(0)

rp , the first-order solutions slightly overcorrectthe zero-order results. In principle, the second-order cor-rection could be obtained by the developed method, butsecond-order equations are too lengthy so that this wouldbe impractical.Figs. 3a, 3b are similar to Figs. 2a, 2b, they show similarPDFs for running organelles. Fig. 3a shows the PDFsfor anterograde running organelles while Fig. 3b showsthe PDFs for retrograde running organelles. As in Fig. 2,the effect of the reversals is to the first order (the zero-order result neglects the reversals). Fig. 3a shows thatthe reversals decrease the value of the PDF for antero-grade running organelles. Fig. 3b shows that the rever-sals increase the value of the PFD for retrograde runningorganelles.Figs. 4a, 4b are also similar to Figs. 2a, 2b, they showsimilar PDFs for pausing organelles. Fig. 4a shows thePDFs for anterograde pausing organelles while Fig. 4bshows the PDFs for retrograde pausing organelles. Theeffect of the reversals is to decrease the value of the PDFfor anterograde pausing organelles and to increase thevalue of the PDF for retrograde pausing organelles.Fig. 5 shows the first-order corrections to the PDFs foranterograde (Fig. 5a) and retrograde (Fig. 5b) organelles.It is interesting that for anterograde organelles all first-order corrections (for off-track, running, and pausing or-ganelles) are negative. This is explained by the fact thatthe reversals tend to decrease a value of a PDF if thisvalue is high, and anterograde organelles in all kineticstates are characterized by high values of PDFs. For ret-rograde organelles all first-order corrections (again, foroff-track, running, and pausing organelles) are positive,this is because the reversals tend to increase a value ofa PDF if this value is low, and all retrograde organellesare characterized by low values of PDFs.Fig. 6b is computed for tubulin oligomers; the diffusivityof these organelles (8.6 µm2/s) is by a factor of 20 largerthan the diffusivity of NFs. For Fig. 6b, the following PDFvalues at the boundaries [selected to satisfy the integralcondition (18)] are utilized:
Pap,x=0 =0.00696,
Prp,x=0 =0.00696,
Pap,x=L =0,
Prp,x=L =0.

(53)

The PDF distributions are remarkably different from thosedisplayed in Fig. 6a: now transport of organelles is ob-viously diffusion-driven (a linear profile between the end-points), which is explained by a large value of diffusivity
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Figure 4. Comparison of the zero-order result, the result incorpo-
rating the first-order correction, and the high-accuracy nu-
merical solution for the PDF characterizing: (a) Antero-
grade pausing organelles, Pa0; (b) Retrograde pausing or-
ganelles, Pr0.

for tubulin oligomers. For a longer axon, however, eventubulin oligomers would be mostly transported by molecu-lar motors, the diffusion-driven regime is observed in Fig.6b because the axon is very short (just 1 mm). Anotherinteresting observation that can be made by comparingFig. 6a and Fig. 6b is that the accuracy of the perturba-tion solution improves as diffusivity increases; for tubulinoligomers (characterized by high diffusivity) even the zero-

Figure 5. First-order corrections for the PDFs characterizing: (a) An-
terograde off-track, pausing, and running organelles. Note
that for anterograde organelles the first-order correction is
negative; (b) Retrograde off-track, pausing, and running
organelles. Note that for retrograde organelles the first-
order correction is positive.

order solution gives practically the exact result.
5. Conclusions

Utilizing the perturbation technique, an analytical solu-tion for the governing equations modeling slow axonal
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Figure 6. Comparison of the zero-order result, the result incorpo-
rating the first-order correction, and the high-accuracy nu-
merical solution for the total PDF,P = Pa+Pr+Pa0+Pr0+
Pap +Prp, describing the chance of finding an organelle in
any of the six kinetic states, for: (a) NFs (D̃ = 0.43 µm2/s);
(b) Tubulin oligomers (D̃ = 8.6 µm2/s).

transport based on the stop-and-go hypothesis is ob-tained. The zero-order approximation corresponds to thecase when the reversal rates are zero, the first-order ap-proximation accounts for the organelle reversals. A com-parison between these approximations throws some lighton physical effects associated with the organelle rever-sals. It is shown that the reversals decrease the con-

centration (the PDF) of organelles that have a high con-centration and decrease the concentration (the PDF) oforganelles that have a low concentration. It is also foundthat although the first-order results approximate the high-accuracy numerical solution much better than the zero-order results, they slightly overcorrect the numerical so-lution.With respect to the effect of organelle diffusivity, it isdemonstrated that in a short growing axon organelles witha small diffusivity (such as NFs) are transported mostlyby molecular motors while organelles with a large diffusiv-ity are transport mostly by diffusion. However, this is trueonly for a very short axon, in longer axons even organelleswith a large diffusivity would be mostly transported by amotor-driven mode of transport.
References

[1] J.E. Duncan, L.S.B. Goldstein, Plos Genet. 2, 1275(2006)[2] R.V. Barkus et al., Mol. Biol. Cell 19, 274 (2008)[3] L.S.B. Goldstein, Z.H. Yang, Annu. Rev. Neurosci. 23,39 (2000)[4] J.V. Shah, D.W. Cleveland, Curr. Opin. Cell Biol. 14,58 (2002)[5] S. Roy et al., J. Neurosci. 27, 3131 (2007)[6] S. Roy et al., J. Neurosci. 20, 6849 (2000)[7] L. Wang et al., Nat. Cell Biol. 2, 137 (2000)[8] C.H. Xia et al., J. Cell Biol. 161, 55 (2003)[9] A. Brown, L. Wang, P. Jung, Mol. Biol. Cell 16, 4243(2005)[10] G. Craciun, A. Brown, A. Friedman, J. Theor. Biol. 237,316 (2005)[11] N. Trivedi, P. Jung, A. Brown, J. Neurosci. 27, 507(2007)[12] X.W. Zhu, P.I. Moreira, M.A. Smith, G. Perry, TrendsMol. Med. 11, 391 (2005)[13] A.V. Kuznetsov, A.A. Avramenko, Math. Biosci. 218,142 (2009)[14] J. Motil, M. Dubey, W.K.-H. Chan, T.B. Shea, BrainRes. 1164, 125 (2007)[15] J.P. Julien, Cell 104, 581 (2001)[16] S. Sasaki, H. Warita, K. Abe, M. Iwata, Acta Neu-ropathol. 110, 48 (2005)[17] B.P. Graham, K. Lauchlan, D.R. Mclean, J. Comput.Neurosci. 20, 43 (2006)[18] D.R. McLean, B.P. Graham, P. Roy. Soc. Lond. A Mat.460, 2437 (2004)[19] A.V. Kuznetsov, A.A. Avramenko, D.G. Blinov, Int. Com-mun. Heat Mass 36, 293 (2009)[20] A.V. Kuznetsov, A.A. Avramenko, D.G. Blinov, Int. Com-
672



Andrey V. Kuznetsov

mun. Heat Mass 36, 641 (2009)[21] A.V. Kuznetsov, Int. Commun. Heat Mass 35, 881(2008)[22] A.V. Kuznetsov, A.A. Avramenko, P. Roy. Soc. A-Math.Phy. 464, 2867 (2008)[23] A.V. Kuznetsov, Cent. Eur. J. Phys. 9, 146 (2011)[24] P. Jung, A. Brown, Phys. Biol. 6, 046002 (2009)[25] K.E. Miller, S.R. Heidemann, Exp. Cell Res. 314, 1981(2008)

[26] M.V. Rao et al., J. Cell Biol. 159, 279 (2002)[27] A. Friedman, B. Hu, Arch. Ration. Mech. An. 186, 251(2007)[28] G.T. Shubeita et al., Cell 135, 1098 (2008)[29] J.A. Galbraith, T.S. Reese, M.L. Schlief, P.E. Gallant,P. Natl. Acad. Sci. USA 96, 11589 (1999)[30] D.A. Smith, R.M. Simmons, Biophys. J. 80, 45 (2001)

673


	Introduction
	Governing equations
	Perturbation solution
	Results and discussion
	Conclusions
	References



