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Abstract: Group field theories whose Feynman diagrams describe 3d gravity with a varying configuration of Wilson
loop observables and 3d gravity with volume observables at each vertex are defined. The volume observ-
ables are created by the usual spin network grasping operators which require the introduction of vector
fields on the group. We then use this to define group field theories that give a previously defined spin foam
model for fermion fields coupled to gravity, and the simpler “quenched” approximation, by using tensor
fields on the group. The group field theory naturally includes the sum over fermionic loops at each order
of the perturbation theory.
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1. Introduction

Group field theories (GFTs) provide a method for perform-ing a perturbative sum over 2-complexes with weights thatgive a particular spin foam partition function evaluated onthat 2-complex. In this way, GFTs are a proposal for solv-ing the problem of triangulation dependence in spin foammodels and simultaneously provide a method for topologychange [1–3].
An interesting problem in spin foam models for quantumgravity is the inclusion of matter. Current proposals in-clude point particles [4] in three dimensions and “strings”[5] in four dimensions. These are motivated by the descrip-tion of 3d particles as conical defects and result in a spin
∗E-mail: pmxrd1@maths.nottingham.ac.uk

foam model with a deficit angle associated to each edgethrough which the particle propagates. In an appropriatelimit, the 3d amplitudes give a non-commutative field the-ory [6]. The formalism can be extended to include particlesof arbitrary spin. A group field theory for these particleswas described in [7] which reproduced Feynman diagramsfor both gravity and matter. The effective field theory canalso be cast in the form of a GFT [8] by perturbing thestandard GFT for 3d gravity.An alternative approach to adding matter in 3d spin foammodels was given in [9]. The action for 3d gravity witha fermion field was discretised on a triangulation follow-ing usual spin foam techniques. This resulted in modifiedvertex amplitudes for the spin foam model that containan edge in the fundamental representation (representingthe fermion) which then interacts with the geometry via agrasping operator. Unlike the particle model, the fermionmodel requires a sum over all the vacuum loops of the
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spin foam - as in lattice gauge theory. In [9], it was ob-served that the fermion model was not topologically invari-ant since it now contains local degrees of freedom givenby the fermions. A GFT would be one way to resolvethis dependence on the triangulation. In this paper weconstruct this GFT and we will see that it also naturallyincludes the sum over fermionic loops that appear in stan-dard quantum field theory.To arrive at the fermionic GFT, we first consider Wilsonloops and volume operators since these are the buildingblocks of the model. The Wilson loops require an ex-tra argument in the fields to control the propagation ofthe loops and the volume operators will require the useof higher spin fields due to the nature of the operatorsinvolved. For illustrative purposes, we also include the“quenched” fermion model, which neglects half of the loopconfigurations, as this contains all of the main featuresof the theory without having to include more complicatedconfigurations of loops. We then describe the full GFT forthe fermion model and briefly comment on its similaritiesand differences to the GFT for particles coupled to thePonzano-Regge model.
2. Wilson loops
We start by defining the GFT for 3d Euclidean gravity withWilson loops. The Feynman diagrams of this field theorywill give Ponzano-Regge spin foam models with Wilsonloop observables [10]. In fact, the GFT will give all possi-ble Wilson loops in the spin foam so in itself is unlikelyto be physically interesting. However, it will be usefulfor defining the matter coupling. For the Ponzano-Reggemodel defined on a triangulation ∆, the Wilson loop ob-servable OJW is defined as the trace in the representation
J of the holonomy around a closed loop W in the dualtriangulation ∆∗

OJW = trJ ( →∏
e∗∈W

ge∗
)
. (1)

The expectation value of OJW is then given by
〈OJW〉PR(∆) = ∫

SU(2)
∏
e∗
dge∗ OJW

∏
f∗
δ (Gf∗ ) . (2)

The group variables ge∗ represent SU(2) holonomies alongdual edges e∗ of ∆, Gf∗ =∏→e∗∈f∗ ge∗ is the ordered prod-

uct of holonomies around a dual face f∗ of ∆. Instead ofthe usual 6j symbol, the spin network vertex amplitudesfor the model will contain an extra edge in the spin J rep-resentation at any vertex that is traversed by the Wilsonloop.

We can now define the GFT for a Wilson loop observable.Since the GFT sums over 2-complexes, we will in factcreate all possible Wilson loops at each value of the GFTexpansion parameter. This will include disjoint loops sofrom now on we use W̃ to denote a configuration of anynumber of Wilson loops. Unless the loop configuration W̃completely saturates the spin foam, we will also requirevertex amplitudes for those vertices that are not part ofthe loop. For this, we recall the pure gravity field [11]defined as a map from three copies of SU(2) to the complexnumbers
φ(g1, g2, g3) : SU(2)× SU(2)× SU(2)→ C. (3)

As usual, we require that this is invariant under permuta-tions σ of the group variables
φ(g1, g2, g3) = φ(gσ (1), gσ (2), gσ (3)) (4)

and we make the field SU(2) invariant
φ(gg1, gg2, gg3) = φ(g1, g2, g3), g ∈ SU(2) (5)

with the projector Pα
Pαφ(g1, g2, g3) = ∫

SU(2) dα φ(αg1, αg2, αg3). (6)
With the field defined as above, we can write the ac-tion SGR for the GFT whose Feynman diagrams producePonzano-Regge spin foams.
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SGR[φ, λGR] =12
∫ 3∏

i=1 dgiPα1φ(g1, g2, g3)Pα2φ(g1, g2, g3)
+ λGR4

∫ 6∏
i=1 dgiPα1φ(g1, g2, g3)Pα2φ(g1, g5, g6)Pα3φ(g2, g4, g6)Pα4φ(g3, g4, g5). (7)

To include the Wilson loops, we define an additional field
ψ with an extra argument
ψ(g1, g2, g3;g) : SU(2)× SU(2)× SU(2)× SU(2)→ C.(8)This extra variable g will control the way the Wilson looppropagates throughout the 2-complex. We project the ad-ditional argument of the field onto the representation Jspecified by the Wilson loop with the following projector
ψJ (g1, g2, g3;g) = (PJψ)(g1, g2, g3;g)

= ∫
SU(2) dh dJχ J (gh−1)ψ(g1, g2, g3;h),

(9)
where dJ = 2J + 1 is the dimension of the irreducible

representation J and χ J is the character. We also demandthat the field is SU(2) invariant by projecting
Pαψ(g1, g2, g3;g) = ∫

SU(2) dα ψ(g1α, g2α, g3α;gα), (10)
this will create the four-valent intertwiners in the Wilsonloop vertex amplitudes. Finally, we demand permutationsymmetry on the first three arguments.

ψ(g1, g2, g3;g) = ψ(gσ (1), gσ (2), gσ (3);g). (11)
We can use the Peter-Weyl theorem to perform a Fourierdecomposition of the fields

PαψJ (g1, g2, g3;g) = ∑
ji,mi,ni,ki,a,b16i64

∫
SU(2) dα

∫
SU(2) dh ψ

j1j2j3j4
m1k1m2k2m3k3m4k4

√
dj1dj2dj3dj4

×Dj1
m1n1 (g1)Dj2

m2n2 (g2)Dj3
m3n3 (g3)Dj4

m4n4 (h)
× Dj1

n1k1 (α)Dj2
n2k2 (α)Dj3

n3k3 (α)Dj4
n4k4 (α)

× DJ
ab(g)DJ

ba(h−1).
(12)

Performing the group integrals reduces this to
PαψJ (g1, g2, g3;g) = ∑

j1,j2,j3,mi,ni,ki ,s16i64
ψj1j2j3Jsm1m2m3m4

√
dj1dj2dj3dJ

×Dj1
m1n1 (g1)Dj2

m2n2 (g2)Dj3
m3n3 (g3)DJ

m4n4 (g)C j1j2j3Js
n1n2n3n4 ,

(13)

where C j1j2j3J s
k1k2k3k4 is a four valent SU(2) intertwiner labelled by s and we have redefined the coefficients as

ψj1j2j3Jsm1m2m3m4 = ψj1j2j3Jm1k1m2k2m3k3m4k4C j1j2j3Js
k1k2k3k4 . (14)
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We define the action as a functional of the two fields to be
SW[φ,ψJ , λGR, λW] =SGR[φ, λGR] + 12

∫ 3∏
i=1 dgiPαψ

J (g1, g2, g3;g)PαψJ (g1, g2, g3;g)
+ λW4

∫ 6∏
i=1 dgi dgPα1ψJ (g1, g2, g3;g)Pα2ψJ (g1, g5, g6;g)Pα3φ(g2, g4, g6)Pα4φ(g3, g4, g5). (15)

With this action we can now compute the propagators andvertex amplitudes of the theory.
2.1. Feynman amplitudes
We can now consider the partition function for the theoryand express it in terms of the Feynman diagram expansion.The expansion will implement a sum over 2-complexesand Wilson loop configurations on each 2-complex.

Z = ∫ D ψJD φe−SW [φ,ψJ ,λGR,λW ] =∑Γ
λvGR [Γ]GR λvW [Γ]Wsym(Γ) Z [Γ].

(16)
Here Γ denotes a particular Feynman diagram in thissum. The number of pure gravity vertices in Γ is denoted
vGR[Γ], the number of Wilson loop vertices is vW[Γ] andthe symmetry factor of the diagram is written as sym(Γ).Each term Z [Γ] in the sum gives the spin foam partitionfunction evaluated on the 2-complex defined by Γ.The Feynman rules for the GFT are as follows. Thereare two propagators, the pure gravity propagator and onewith an extra delta function that determines the path ofthe Wilson loop.

Similarly, there are two vertex amplitudes correspondingto a vertex that is not intersected by a loop and one thatis.
Note that for a fixed vGR, vW is the number of dual ver-tices traversed by the Wilson loops. Special cases in-clude vW = 0 which corresponds to a pure partition func-tion without observables and vGR = 0 which contains allpossible Wilson loops that completely saturate the spinfoam.

3. Geometric operators
The geometric operators we consider here are constructedfrom polynomials of the discrete frame field used in theconstruction of 3d spin foams. Expectation values of theseoperators can be computed using the technique of gener-ating functionals [12] and result in so called grasping op-erators acting on the spin network vertex amplitudes. Inparticular, we will consider the volume operator althoughothers can be constructed in a similar fashion. There aredifferent ways in which to construct a quantum mechani-cal volume operator in terms of the frame fields which areequivalent classically. These have been studied in detailin [13]. For a tetrahedron, t, we define the volume operator
Vt to be

Vt = ∑
e1,e2,e3

εIJK X I
e1X J

e2XK
e3 . (17)

The X I
e are the discrete frame fields associated to eachedge e of ∆ and carry an SU(2) Lie algebra index. Thesummation is over all triples of edges e1, e2, e3 in t thatgive a non-zero volume. To compute expectation valuesof this type of observable, one introduces su(2) valuedsources Je on each edge e and defines the generatingfunctional Z [Je] to be
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Z [Je] =∏
e∗

∫
SU(2) dge∗

∏
e′

∫
su(2) dXe′ exp(i∑

e
TrXe (Ge + Je)) . (18)

The (unnormalised) expectation value of the volume operator can then be computed using
〈Vt〉GR(∆) =∏

e∗

∫
SU(2) dge∗

∏
e′

∫
su(2) dXe′

∑
e1,e2,e3

εIJKX I
e1X J

e2XK
e3 exp(i∑

e
TrXeGe

)

=i( ∑
e1,e2,e3

εIJK
δ
δJIe1

δ
δJJe2

δ
δJKe3

)
Z [Je] ∣∣∣

Je=0.
(19)

The source derivations insert Lie algebra generators intothe appropriate edges which are then contracted with εIJK .Remembering that εIJK is an intertwiner between threevector representations, then, up to some normalisation fac-tors, the resulting spin network vertex amplitudes will beof the form

The GFTWe begin by observing that the grasping operation can-not be implemented simply as a projector on the stan-dard Boulatov GFT as the grasping would be non-local inthe fields. We resolve this problem by considering vectorfields on SU(2). With an appropriate invariance property,this will allow us to construct the graspings by contractingwith the index of the field. We begin by defining a vectorfield on three copies of SU(2)
φa(g1, g2, g3) : SU(2)× SU(2)× SU(2)→ V1, (20)

where V1 is the j = 1 SU(2) representation space and
a is an index with values 1, 2, 3. In order to create thenecessary intertwiners, we use the following projector onthe field
P̃α,βφa(g1, g2, g3)

= ∫
SU(2) dα dβ D1

ab(β)φb(g1α, g2α, g3βα−1β).
(21)Note that with this projection, the field satisfies the fol-lowing SU(2) invariance property

D1
ab(h)P̃α,βφb(g1h, g2h, g3h) = P̃α,βφa(g1, g2, g3). (22)

We also require the invariance under permutations σ ofthe group variables by summing over permutations of thefield arguments
φa(g1, g2, g3) =∑

σ
φa(gσ (1), gσ (2), gσ (3)). (23)

The mode expansion of this field is then

P̃α,βφa(g1, g2, g3) = ∑
ji,mi,ni,ki,p3,q3a,b16i63

φj1j2j3m1k1m2k2m3k3b
√
dj1dj2dj3Dj1

m1n1 (g1)Dj2
m2n2 (g2)Dj3

m3n3 (g3)
×
∫
SU(2) dα D

j1
n1k1 (α)Dj2

n2k2 (α)Dj3
p3q3 (α−1) ∫

SU(2) dβ Dj3
n3p3 (β)Dj3

q3k3 (β)D1
ab(β) (24)

1047



Wilson loops, geometric operators and fermions in 3d group field theory

which reduces to
P̃α,βφa(g1, g2, g3) = ∑

ji,mi,ni,ki,q3a,b16i63
φj1j2j3m1m2m3

√
dj1dj2dj3C j1j2j3

n1n2q3C j3j31
n3q3a

×Dj1
m1n1 (g1)Dj2

m2n2 (g2)Dj3
m3n3 (g3),

(25)

where the modes have been redefined as
φj1j2j3m1m2m3 = ∑

ni,ki,p316i63
φj1j2j3m1k1m2k2m3k3bC j1j2j3

k1k2p3C j3j31
p3k3b. (26)

With this new field, we define the action for the GFT that has a volume grasping on every vertex amplitude.
SVOL[φ, λVOL] =12

∫ 3∏
i=1 dgiPα1φ(g1, g2, g3)Pα2φ(g1, g2, g3)

+ 12
∫ 3∏

i=1 dgiP̃α1,β1φa(g1, g2, g3)P̃α2,β2φb(g1, g2, g3)δab
+ λVOL4

∫ 6∏
i=1 dgiP̃α1,β1φa(g1, g2, g3)P̃α2,β2φb(g1, g5, g6)P̃α3,β3φc(g2, g4, g6)Pα4φ(g3, g4, g5) εabc.

(27)

Feynman rules:The partition function and its Feynman diagram expansionis

Z = ∫ D φaD φe−SVOL [φ,φa,λVOL ] =∑Γ
λvVOL [Γ]VOLsym(Γ)Z [Γ]. (28)

With vVOL[Γ] giving the number of vertices of Γ. Thereare two propagators for the theory, one for the puregravity field and one between the grasped fields.

There is a single vertex that is formed by the interactionof three grasping fields with one pure gravity. The dot-ted lines connect with the vector field propagator while

the gravity fields use the usual propagator, note that thismeans the vector field cannot propagate to the gravityfield.

Note that due to the form of the vertex, the Feynman di-agram expansion will not produce all 2-complexes but asubset of them. We ignore this issue as we are only con-sidering SVOL as a stepping stone to construction of thefermionic model. Since we have imposed the permuta-tion symmetry on the field, we will obtain all possiblegraspings on the tetrahedral spin network. These differ-ent graspings are described in [13].
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4. Fermions
Using the techniques above, it will now be possible towrite the GFT whose Feynman diagrams give fermionfields coupled to 3d spin foam gravity. First, we brieflyrecall the fermion model and describe how to obtain themassless case, for more details refer to [9].
4.1. Massless Fermions in 3d gravity
The fermion model is obtained by discretising the gravitysector as usual and then placing the fermion fields at thedual vertices v∗ of ∆ in the same way as conventionallattice gauge theory. Once the fermionic integration hasbeen performed, one is left with a sum over two differentsets of loop `1, `2 that saturate all the dual vertices of ∆.As for the Wilson loops, these can consist of more thanone loop so we refer to Ln11 ,Ln22 as loop configurationscontaining ni loops as Lnii = {`1, . . . `ni}, i = 1, 2. Foreach loop l, we insert the following into the pure gravitypartition function

F` = tr(∏
e∗∈`

(
Ae∗D

12 (ge∗ )−D 12 (ge∗ )Ae∗−1
))

, (29)
where D 12 (g) is the representation matrix of g in the fun-damental representation and the spinor indices have beensuppressed. The Ae∗ term describes the area of the trian-gle f dual to e∗ through which the fermionic loop l prop-

agates and is given by
Ae∗ = ∑

e1,e2∈f
εIJKσ IX J

e1XK
e2 . (30)

Here, the summation is over edges e in the triangular face
f dual to e∗ and σ I denotes the Pauli matrices consideredas an intertwiner between two spinor and one vector rep-resentation space.In fact, the spin foam model in [9] considered massivefermions and the integration over the Grassmann valuedfermion fields was performed by using a hopping parame-ter expansion in the inverse fermion mass to calculate thePfaffian of the Dirac matrix defining the action (equation(43) of [9]). The massless case can be obtained directlyfrom the Grassmann integration, i.e. by repeated use ofequation (46) of [9] without the volume term, and one ob-tains the sum over loop configurations given above. Al-ternatively, using the hopping parameter expansion, if oneconsiders the limit in which the mass parameter is smallthen the highest order term in the expansion dominates.This is the term Γn in equation (50) of [9] which again givesthe sum over loop configurations described above. Thereare two different configurations of loops in the spin foamsince it is actually the Pfaffian squared which appears inthe path integral.Thus the partition function ZF(∆) for fermions coupled to3d gravity can be considered as the expectation value of aparticular observable for the usual GR partition function

ZF(∆) = ∑
L1,L2

∏
e∗

∫
SU(2) dge∗

∏
e′

∫
su(2) dXe′

∏
`i∈L1

F`i

∏
`j∈L2

F`j

 exp(i∑
e

TrXeGe

)
. (31)

This can be computed with the generating functional tech-niques as for the volume operators. One can see from (31)that for each loop ` , one obtains a Wilson loop in the spinhalf representation that is then grasped to the edges ofeach triangle it passes through. Up to symmetry, the dif-ferent vertex amplitudes for the resulting spin foam modelare shown in Figure 1.
Note that the orientation of the loops is important as thegraspings act on the triangle corresponding to the pointthat the fermion enters the tetrahedron rather than thepoint that it leaves (neglecting the conjugate term in F` ).In fact this is a simplification of the full fermion model

in which the effect of the second term in (29) has beenneglected but all of the important details are still pre-served. Again, in order to properly define the generatingfunctional, one should use the wedge variables but thedescription given above should be clear enough for ourpurposes.
4.1.1. The quenched model

In the calculation of a fermionic observable, an approx-imation can be made that neglects one of the fermionicloops, say L2. This would correspond to considering asingle symplectic majorana fermion in [9]. There is then
1049



Wilson loops, geometric operators and fermions in 3d group field theory

Figure 1. Spin network diagrams for the different possible vertex
amplitudes for the fermion spin foam model. The dashed
lines are in the spin half representation and the curved
lines denote the grasping operators in the spin one repre-
sentation.

only one type of vertex amplitude

A(L1) = . (32)

We can understand this as describing a fermion (the spinhalf line) entering a tetrahedron through one triangle,which is acted on by a grasping operator, then leav-ing through a different triangle. For clarity we first de-scribe the GFT for this model before moving onto the morecomplicated configurations possible when there are twofermionic loop configurations involved. We will requirethree different fields to construct the vertex amplitude:
• The pure gravity field φ defined in Section 2 and obeying the same symmetries

φ(g1, g2, g3) : SU(2)× SU(2)× SU(2)→ C. (33)
• A Wilson loop field that has been projected to the spin half representation

ψ 12 (g1, g2, g3;g) = (P 12ψ)(g1, g2, g3;g) : SU(2)× SU(2)× SU(2)× SU(2)→ C. (34)
This corresponds to the fermion leaving the tetrahedron.

• A final field that contains the grasping operator between the fermion line and the vertex at its source. The fieldhas three free spin one indices
ξabc(g1, g2, g3;g) : SU(2)× SU(2)× SU(2)× SU(2)→ V1 ⊗ V1 ⊗ V1, (35)

the fourth argument of the field is projected to the spin half representation
ξ

12
abc(g1, g2, g3;g) = (P 12 ξabc)(g1, g2, g3;g) (36)

and the following projection will provide the necessary graspings
(P̂β1β2β3αξ

12
abc)(g1, g2, g3;g) =∫

SU(2)
3∏
i=1 dβidαD

1
ad(β1)D1

be(β2)D1
cf (β3)

× ξ
12
def (g1α, g2β1α−1β1, g3β2α−1β2;gβ3α−1β3).

(37)
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We also allow the field to be unchanged under permutations σ of the first three arguments
ξabc(g1, g2, g3;g) = ξabc(gσ (1), gσ (2), gσ (3);g). (38)

This field describes the fermion entering the tetrahedron and grasping the appropriate triangle.
We can see that the action must now be constructed so that the fields appear in the correct configuration to describea fermion entering and leaving the tetrahedron. The mode expansions for φ,ψ 12 are given above and the expansion forthe quenched fermionic field ξ 12

abc into modes (ξ j1j2j3 12
m1k1m2k2m3k3m4k4

)
def

gives
(P̂β1β2β3αξ

12
abc)(g1, g2, g3;g) = ∑

ji,mi,ni,q3,s16i64
ξ j1j2j3 12 s
m1m2m3m4

√
dj1dj2dj3d 12C j2j21

n2q2aC j3j31
n3q3bC

12 12 1
n4q4cC j1j2j3 12 s

n1q2q3q4

×Dj1
m1n1 (g1)Dj2

m2n2 (g2)Dj3
m3n3 (g3)D 12

m4n4 (g)
(39)

with the following redefinition of the modes
ξ j1j2j3 12
m1m2m3m4 = ∑

ki,p2,p3,p4,d,e,f16i64
(
ξ j1j2j3 12
m1k1m2k2m3k3m4k4

)
def
C j2j21
p2k2dC j3j31

p3k3eC
12 12 1
p4k4fC j1j2j3 12 s

k1p2p3p4 . (40)

The action for the theory is given by
SQ[φ,ψ, ξ, λQ] = 12

∫ 3∏
i=1 dgidg Pα1ψ 12 (g1, g2, g3;g) Pα2ξ

12
abc(g1, g2, g3;g) εabc

+12
∫ 3∏

i=1 dgiPα1φ(g1, g2, g3) Pα2φ(g1, g2, g3)
+λQ4

∫ 6∏
i=1 dgidg (P̂β1β2β3α1ξ

12
abc)(g1, g2, g3;g) Pα2ψ 12 (g1, g5, g6;g) Pα3φ(g2, g4, g6) Pα4φ(g3, g4, g5) εabc.

Feynman rulesThe partition function for the theory is
Z = ∫ D ψ 12 D φ

3∏
a,b,c=1 D ξ

12
abce−SQ [φ,ψ 12 ,ξ 12

abc ,λQ ]

=∑Γ
λvQ [Γ]Qsym(Γ)Z [Γ]. (41)

As before, vQ[Γ] denotes the number of vertices in the diagram. In this case, the Feynman rules are more specific aboutthe direction of propagation of the fermions throughout the 2-complex. To represent this, we orient the fermion (dashed)lines and demand that the orientation is consistent within each diagram. The propagators are given by
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The single vertex and corresponding amplitude of the quenched model is

4.1.2. The unquenched modelWe now construct the full GFT for massless fermions coupled to 3d gravity. All of the important features of the modelare contained in the quenched case, all that remains are the additional complications caused by the inclusion of twoindependent loop configurations instead of one. As one can see from the fermionic vertex amplitudes illustrated above,we must provide a different interaction vertex for each possible configuration and orientation. We will omit some of thedetail as it is essentially the same as the quenched case and the complications involved are unenlightening. We beginby defining the fields
• The pure gravity field φ defined in Section 2 and obeying the same symmetries

φ(g1, g2, g3) : SU(2)3 → C. (42)
• A Wilson loop field that has been projected to the spin half representation and corresponding to a fermion leavingthe tetrahedron through a triangle

ψ 12 (g1, g2, g3;g) = (P 12ψ)(g1, g2, g3;g) : SU(2)4 → C. (43)
• A field containing two Wilson loops corresponding to the ends of two fermion lines at a triangle

ψ2(g1, g2, g3;g, f) = SU(2)5 → C. (44)
Both Wilson lines are projected to the spin half representation

ψ
12 , 122 (g1, g2, g3;g, f) = ∫

SU(2) dh1 d 12 χ
12 (gh−11 ) ∫

SU(2) dh2 d 12 χ
12 (fh−12 )ψ2(g1, g2, g3;h1, h2), (45)

and the field has the usual invariance property by projection
Pαψ(g1, g2, g3;g, f) = ∫

SU(2) dα ψ(g1α, g2α, g3α;gα, fα). (46)
• The fermion field ξabc(g1, g2, g3;g) described above which relates to a fermion entering a tetrahedron.
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• A tensor field that corresponds to two fermions passing through a triangle, one entering the tetrahedron and oneleaving
χabc(g1, g2, g3;g, f) : SU(2)5 → V⊗31 . (47)

The fourth and final arguments are projected to the spin half representation in the same way as ψ 12 , 122 . There willbe a single grasping operation from the fermion entering the tetrahedron that will be provided by

(P̂βiαχ 12 , 12
abc )(g1, g2, g3;g, f) = ∫

SU(2)
3∏
i=1 dβidαD

1
ad(β1)D1

be(β2)D1
cf (β3)

×χ
12 , 12
def (g1α, g2β1α−1β1, g3β2α−1β2;gβ3α−1β3, fα). (48)

• A tensor field that describes two fermions entering the tetrahedron through the same triangle

χ̃abc,def (g1, g2, g3;g, f) : SU(2)5 → V⊗61 . (49)

Again, the fourth and final arguments are projected to the spin half representation and we create the two graspingoperators with

(P̃βiγiα χ̃ 12 , 12
abc,def )(g1, g2, g3;g, f) = ∫

SU(2)
3∏
i=1 dβidγidαD

1
ap(β1)D1

bq(β2)D1
cr(β3)D1

ds(γ1)D1
et(γ2)D1

fu(γ3)
×χ̃

12 , 12
pqr,stu(g1γ1α−1γ1, g2β1α−1β1, g3γ2β−12 αγ−12 β2;gβ3α−1β3, fγ3α−1γ3).

This projection gives the field the following invariance property

D1
ap(h)D1

bq(h)D1
cr(h)D1

ds(h)D1
et(h)D1

fu(h)(P̃βiγiα χ̃ 12 , 12
pqr,stu)(g1h, g2h, g3h;gh, fh)

= (P̃βiγiα χ̃ 12 , 12
abc,def )(g1, g2, g3;g, f). (50)
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All of the new fields defined above are also invariant under permutations of the first three indices. We can now writethe action
SF = SF

[
φ,ψ 12 , ψ 12 , 122 , ξ

12
abc, χ

12 , 12
abc , χ̃

12 , 12
abc,def , λF

]
= 12

∫ 3∏
i=1 dgidg Pα1ψ 12 (g1, g2, g3;g) Pα2ξ

12
abc(g1, g2, g3;g) εabc

+12
∫ 3∏

i=1 dgi Pα1φ(g1, g2, g3) Pα2φ(g1, g2, g3)
+12

∫ 3∏
i=1 dgidgdh P̂βiα1χ

12 , 12
abc (g1, g2, g3;g, h) P̂β′iα2χ

12 , 12
def (g1, g2, g3;g, h)εabcεdef

+12
∫ 3∏

i=1 dgidgdh P̃βiγjα1 χ̃
12 , 12
abc,def (g1, g2, g3;g, h) Pα2ψ

12 , 122 (g1, g2, g3;g, h)εabcεdef
+λF4

∫ 6∏
i=1 dgidgdh P̃βiγjα1 χ̃

12 , 12
abc,def (g1, g2, g3;g, h) Pα2ψ

12 , 122 (g1, g5, g6;g, h)Pα3φ(g2, g4, g6) Pα4φ(g3, g4, g5)εabcεdef
+λF4

∫ 6∏
i=1 dgiP̂βiα1χ

12 , 12
abc (g1, g2, g3;g, h) P̂β′jα2χ

12 , 12
def (g1, g5, g6;g, h)Pα3φ(g2, g4, g6) Pα4φ(g3, g4, g5)εabcεdef

+λF4
∫ 6∏

i=1 dgidgdh P̃βiγjα1 χ̃
12 , 12
abc,def (g1, g2, g3;g, h) Pα2ψ 12 (g1, g5, g6;g)Pα3ψ 12 (g3, g4, g5;h) Pα4φ(g2, g4, g6)εabcεdef

+λF4
∫ 6∏

i=1 dgidgdh P̂βiα1χ
12 , 12
abc (g1, g2, g3;g, h)P̂α2ξ

12
abc(g1, g5, g6;g)Pα3ψ 12 (g3, g4, g5;h)Pα4φ(g2, g4, g6)εabcεdef

+λF4
∫ 6∏

i=1 dgidgdh Pα1ψ
12 , 122 (g1, g2, g3;g, h)P̂α2ξ

12
abc(g1, g5, g6;g)P̂α3ξ

12
abc(g2, g4, g6;g)Pα4φ(g3, g4, g5)εabcεdef

+λF4
∫ 6∏

i=1 dgidgdh P̂α1ξ
12
abc(g1, g2, g3;g)P̂α2ξ

12
abc(g1, g5, g6;h)Pα3ψ 12 (g2, g4, g6;g)Pα4ψ 12 (g3, g4, g5;h)εabcεdef .

(51)
Feynman rulesThe partition function for the theory is

Z = ∫ D φD ψ 12 D ψ 12 , 122
3∏

a,...,m=1 D ξ
12
abcD χ

12 12
def D χ̃

12 12
ghi,klme−SF =∑Γ

λvF [Γ]Fsym(Γ)Z [Γ]. (52)
The four types of propagator are (in the order given in the action)

The vertices, listed in the order given in the action, and their corresponding vertex amplitudes are
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The Feynman diagrams for this GFT reproduce the spinfoam model for fermions coupled to 3d gravity defined in [9]with the simplification mentioned previously and the rel-evant numerical factors absorbed into the coupling coeffi-cient. Note that the fermion spin foam model is only de-fined on a proper triangulation, not any 2-complex. Someof the Feynman diagrams of the GFT will therefore pro-duce spin foams that do not relate to the original def-inition of the model. For example, those in which twoadjacent tetrahedra are glued on more than one face andthe fermions propagate though both of these faces. How-ever, in this particular degenerate example, one can showthat the amplitude is zero.

We can also now see that at each value of vF[Γ] we obtainall possible loop configurations that completely saturatethe spin foam. Thus the GFT naturally includes the matterdiagrams as well as the sum over 2-complexes. This willof course include all matter diagrams on all topologiesavailable for a given value of vF[Γ].

5. Conclusions
We have altered the standard GFT for 3d gravity to in-clude observables in the form of Wilson loops, volume op-erators and fermions. While the physical significance ofsumming over Wilson loops and volume operators is un-clear, they are both essential for constructing the fermionicGFT.The fermionic GFT gives a way to deal with the trian-gulation dependence in the spin foam model for fermions,one of the issues mentioned in [9] and, as one would ex-pect, implements the sum over fermionic loops at the sametime. We now briefly point out the differences between thefermionic GFT and the GFT for point particles. Firstly, thecorresponding spin foam models have very different vertexamplitudes, even for the spinning particle. The particleslive on the edges of the spin foam since they have an as-sociated deficit angle but the fermions propagate alongthe dual edges as they make use of the SU(2) variablesto parallel transport the spinors. Secondly, the particlemodel allows 3 and 4-valent interaction vertices whereasthese are not allowed in the fermionic spin foam due to
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the Grassmann integration. In the fermionic model, thereare two separate configurations of fermionic loops and theloops must necessarily be closed and saturate all of thevertices (again due to the Grassmann variables) whereasthere is only a single arbitrary graph in the particle model.Modifications could of course be made to the interac-tion terms in the particle model to remove some of thesedifferences and considering fermionic observables wouldchange the allowed amplitudes of the fermion model.It would be desirable to give an alternative GFT for thefermion model which takes several Grassmann variablesas its arguments. In this way it may be possible to recre-ate the model with fewer interaction vertices, however, itwould also need to include a dependence on the framefields in a similar way to [14]. Note that this suggestionis not the same as that in [15] where the fields themselvesare Grassmann valued.
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