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Abstract: In this paper, we study the nonlinear coupled boundary value problem arising from the nonlinear dispersion
of a pollutant ejected by an external source into a channel flow. We obtain exact solutions for the steady flow
for some special cases and an implicit exact solution for the unsteady flow. Additionally, we obtain analytical
solutions for the transient flow. From the obtained solutions, we are able to deduce the qualitative influence
of the model parameters on the solutions. Furthermore, we are able to give both exact and analytical
expressions for the skin friction and wall mass transfer rate as functions of the model parameters. The
model considered can be useful for understanding the polluting situations of an improper discharge incident
and evaluating the effects of decontaminating measures for the water bodies.
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1. Introduction

Pollution of natural water sources resulting from indus-trial waste discharge is a serious socio-ecological hazard.If the problem is not carefully controlled and monitored,large communities can be exposed to extensive healthrisks. Early detection of such pollution accidents, bothin terms of extent and impact, is of primary importance.Also, the subsequent requirement to take immediate cor-rective measure to redress the pollution problem and tomitigate against its impact is essential. Hence, the de-velopment of accurate methods and models to predict the
∗E-mail: rav@knights.ucf.edu

spread of a pollutant once a discharge has been detectedis an area of vital research [1]. Spread of pollutants in afluid flow depends largely on concentration coefficients [2],which may be determined empirically for a specific typeof pollutant. Investigations such as [3, 10] and the currentone can help in identifying the pollutant physical prop-erties (and the related mathematical parameters) likelyto cause the greatest impact in the spread and concen-tration of such a pollutant: Such investigations, as wellas the complementary experimental works, in, say, largescale water treatment and redistribution net-works, are ofgreat relevance [4–9].
Despite such interesting applications, the literature on theanalysis of buoyancy effects and nonlinear pollutant in-jection is minimal. In the present work, we take up theproblem of Chinyoka and Makinde [10]. In this problem,
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the authors suppose that a pollutant is introduced non-linearly into a channel flow via an external source. Theinfluence of density variation with pollutant concentra-tion is founded by the Boussinesq approximation, and thenonlinear governing equations of momentum and pollutantconcentration are obtained. In particular, Chinyoka andMakinde [10] employ a finite difference scheme to studythe solutions to the nonlinear model numerically.Here, in Section 2 we first formulate the mathematicalproblem along the lines of Chinyoka and Makinde [10]. Inparticular, we specify a non-dimensional nonlinear cou-pled boundary value problem in space and time, for thefluid velocity, u, and the concentration of the pollutant,
C . Then, in Section 3, we obtain implicit solutions for thesteady flow case. In some special cases, we obtain theexplicit exact solutions. Then analytical solutions for thetransient flow are provided in Section 4 via perturbationof small physical parameters in the model. From theseresults, in Section 5, we are able to provide analyticalsolutions for the dimensionless shear stress Cf and masstransfer rate Sh in both the steady state and transient flowregimes. We then discuss the dependence of the solutionsof the velocity and pollutant concentration on the modelparameters. We also discuss the influence of the modelparameters on the dimensionless shear stress Cf and masstransfer rate Sh. We find that the parameter dependenceon the exact and analytical solutions is in agreement withthe numerical results of Chinyoka and Makinde [10].
2. Formulation of the problem
We consider a transient problem of fluid flow and nonlin-ear dispersion of pollutant in a rectangular channel. Inorder to derive the governing equations, the following as-sumptions are made (for details see [10]):

(i) The fluid is viscous and incompressible.
(ii) Initially, the flow is fully developed through a rect-angular channel.
(iii) At time t̄ > 0, a given pollutant is injected into theflow from an external source; the viscosity of the fluidand the pollutant mass diffusivity then vary with itsconcentration.
(iv) The influence of density variation with pollutant con-centration is to be considered only in the body-forceterm of the momentum equation, and the Boussinesqapproximation is used.
Under these flow conditions (see Figure 1 for the flow ge-ometry and the coordinate system), the problem is reduced

mathematically to a transient coupled fluid flow and masstransfer problem (see [1, 3, 8–10]) as
ρ∂u
∂t̄

= −∂P̄∂x̄ + ∂
∂ȳ

(
µ̄ (C ) ∂u

∂ȳ

)+ ρgβ (C − C0) , (1)
∂C
∂t̄

= ∂
∂ȳ

(
D̄ (C ) ∂C

∂ȳ

)+ S (C ) , (2)
subject to the initial and boundary conditions

u (ȳ, 0) = m
(1− ȳ2

a2
)
, C (ȳ, 0) = C0, (3)

∂u
∂ȳ
(0, t̄) = 0, ∂C

∂ȳ
(0, t̄) = 0, for t̄ > 0, (4)

u
(
a, t̄
) = 0, C

(
a, t̄
) = Cw , for t̄ > 0. (5)

Figure 1. Flow geometry and the coordinate system.

Here, u is the axial velocity of the fluid, C is the pollutantconcentration, C0 is the pollutant reference concentration,
Cw is the pollutant concentration at the walls, S is thepollutant external source function, g is the gravitationalacceleration, ρ is the density, β is the concentration ex-pansion coefficient, a is the channel half width, and P̄ isthe fluid pressure.As in Eq. (3), we employ a fully developed Poiseuilleparabolic velocity profile as the initial flow. The pollu-tant concentration dependent fluid dynamic viscosity µ̄,mass diffusivity D̄, and external source may be assumed
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to take the form of exponential functions as
µ̄ = µ0 exp (b1 (C − C0)) ,
D̄ = D0 exp (b2 (C − C0)) ,
S = Q exp (b3 (C − C0)) , (6)

where µ0 is the viscosity coefficient, D0 is the mass dif-fusivity coefficient, b1 is the viscosity variation parameter,
b2 is the mass diffusivity variation parameter, and b3 is thepollutant external source variation parameter respectively.In order to work with a non-dimensional form of the cou-pled boundary value problem (1)-(5), we introduce the fol-lowing variables and constants:
y = ȳ

a , x = x̄
a , w = a

ν u, φ = C − C0
Cw − C0 , t = ν

a2 t̄,
D = D̄

D0 , µ = µ̄
µ0 , P = a2P̄

ρν2 , K = −∂P∂x , ν = µ0
ρ ,

α = b1 (Cw − C0) , γ = b2 (Cw − C0) ,
n = b3 (Cw − C0) , λ = a2Q(Cw − C0) ν ,Gc = gβa3 (Cw − C0)

ν2 , Sc = ν
D0 .(7)

Substituting (7) into (1)-(6), we obtain
Re∂w∂t = K + ∂

∂y

(
eαφ ∂w∂y

)+ Gcφ, (8)
∂φ
∂t = 1Sc ∂

∂y

(
eγφ ∂φ∂y

)+ λenφ, (9)
w (y, 0) = m

(1− y2) , φ (y, 0) = 0, (10)
∂w
∂y

(0, t) = 0, ∂φ
∂y

(0, t) = 0, for t > 0, (11)
w (1, t) = 0, φ (1, t) = 1, for t > 0, (12)

where λ is the pollutant external source parameter, Gcis the solutal Grashof number, K is the axial pressuregradient parameter, Sc is the Schmidt number, Re is theReynolds number, α is the viscosity variation parameter,
γ is the mass diffusivity variation parameter, and n is thepollutant external source variation parameter.Furthermore, dimensionless shear stress (Cf ) and the masstransfer rate (Sh) at the channel wall are given by

Cf = − ∂w
∂y

∣∣∣∣
y=1 and Sh = − ∂φ

∂y

∣∣∣∣
y=1 , (13)

respectively.

3. Solutions for the steady flow
We first consider a steady state solution (w∗, φ∗) to (8)-(12). At steady state, the boundary value problem (8)-(12)reduces to

K + d
dy

(
eαφ∗ dw

∗

dy

)+ Gcφ∗ = 0, (14)
d
dy

(
eγφ∗ dφ

∗

dy

)+ Scλenφ∗ = 0, (15)
dw∗
dy

(0) = 0, dφ∗
dy

(0) = 0, w∗ (1) = 0, φ∗ (1) = 1.(16)In principle, one may solve (15)-(16) for φ∗ = φ∗ (y) first,and then place this functional form into (14). One wouldthen be able to obtain w∗ = w∗ (y) from (14) and (16).Explicitly, from (14) and (16), given any solution φ∗ (y) to15-(16), we calculate that
w∗ (y) = ∫ 1

y

[
e−αφ∗(ζ)

∫ ζ

0 (K + Gcφ∗ (ξ))dξ]dζ. (17)
One may then perform the integrations, either explicitly ornumerically for fixed parametric values. It remains, then,to construct a solution to (15)-(16) for φ∗ (y). To this end,we shall need to consider multiple cases.
3.1. Solution for φ∗ (y) when γ 6= 0
We first consider the case in which γ 6= 0. Introducing thetransform

ψ = eγφ ⇔ φ∗ = 1
γ lnψ, (18)

we find that (14) reduces to
d2ψ
dy2 + (γScλ)ψ n

γ = 0, (19)
dψ
dy

(0) = 0, ψ (1) = eγ . (20)
Note that, when n

γ takes the values 0, 1, 2 or 3, equa-tion (18) is exactly solvable, and we present these exactsolutions below.
3.1.1. The exact solution in the case of nγ = 0In the case of n

γ = 0, we find that
ψ (y) = γScλ2 (1− y2)+ eγ , (21)

so that
φ∗ (y) = 1

γ ln(γScλ2 (1− y2)+ eγ
)
. (22)
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3.1.2. The exact solution in the case of nγ = 1In the case of n
γ = 1, we find that
ψ (y) = eγ

cos(√γScλy)
cos(√γScλ) , (23)

so that
φ∗ (y) = 1 + 1

γ ln cos(√γScλy)
cos(√γScλ)

 . (24)
Note that the solution is valid only for γScλ < π24 .
3.1.3. The exact solution in the case of nγ = 2In the case of n

γ = 2, we find that
ψ (y) = − 6

γScλ℘ (y+ A1, 0, A2) . (25)
Here, ℘ denotes the Weierstrass’s elliptic function [11],while A1 and A2 denote constants of integration dependingon the boundary conditions (20). Explicitly,
℘ (y+ A1, 0, A2) = 1(y+ A1)2

+ ∞∑
k=−∞
k 6=0

{ 1(y+ A1 − kA2)2 − 1(kA2)2
}
.

(26)
Then, the boundary conditions (20) determine the con-stants A1 and A2 via the relations

Ψ(2, 1 + 1 + A1
A2

)
−Ψ(2, 1− 1 + A1

A2
) = 2c32

c31 (27)
and

Ψ(1, 1 + 1 + A1
A2

)+ Ψ(1, 1− 1 + A1
A2

)
= π23 − c226

(
γeγScλ+ 6(1 + A1)2

)
,

(28)
where Ψ (k, z) denotes the kth polygamma function of z[11]. Once A1 and A2 are determined, we have from (18)that

φ∗ (y) = 1
γ ln(− 6

γScλ℘ (y+ A1, 0, A2)) . (29)

3.1.4. The exact solution in the case of nγ = 3In the case of n
γ = 3, the solution to (19)-(20) is

ψ (y) = A2sn({√γScλ2 y+ A1
}
A2, i

)
, (30)

where sn (z, i) denotes a Jacobi elliptic function [11], while
A1 and A2 denote constants of integration depending onthe boundary conditions (20).Then the boundary conditions (20) determine the con-stants A1 and A2 via the relations

A2sn({√γScλ2 + A1
}
A2, i

) = eγ (31)
and cn (A1A2, i) dn (A1A2, i) = 0, (32)where cn (z, i) and dn (z, i) denote Jacobi elliptic functions[11]. Now, cn (z, i) = 0 implies that z = κ, 3κ, 5κ, . . .,where we define the constant κ by

κ = K (i) = ∫ π2
0

dθ√1 + sin2 (θ) ≈ 1.3110. (33)
Here, K (z) denotes the complete elliptic integral of thefirst kind [11]:

K (z) = ∫ π2
0

dθ√1− z2 sin2 (θ) . (34)
Furthermore, dn (z, i) > 1 for real z. Hence, (32) can onlyhold for A1A2 = κ, 3κ, 5κ, . . .. Thus, we have the solutions

A1,j = (2j − 1) κ
A2,j

to (32). Placing these into (31), we have that
A2,jsn(√γScλ2 A2,j + (2j − 1) κ, i) = eγ , (35)

a nonlinear expression in A2,j . One may, in principle,solve this relation for the A2,j ’s. In practice, this wouldbe done numerically, for set values of the physical param-eters. Once the A2,j ’s are obtained, the resulting steadystate solution φ∗ (y) is given by
φ∗ (y) = 1

γ ln(A2,jsn(A2,j
√
γScλ2 y+ (2j − 1) κ, i)) .

(36)
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3.1.5. The implicit exact solution in the general case of
n
γ > 0When n

γ is not equal to one of 0, 1, 2 or 3, we cannotexplicitly state the solution ψ (y) to (19)-(20). However,we may obtain an implicit expression for ψ (y) which shalldepend on the model parameters. To begin with, note thatthe first integral of (19) is given by
12
(
dψ
dy

)2 + (γ2Scλ
n+ γ

)
ψ

n
γ +1 = A, (37)

where A is a constant of integration. We find that A mustsatisfy the equations(
γ2Scλ
n+ γ

) (ψ (0)) nγ +1 = A

= 12
(
dψ
dy

(1))2 + (γ2Scλ
n+ γ

)
en+γ .(38)

Separating variables and integrating (37), we have that√
γ2Scλ
n+ γ

(1− y) = ± 1√(ψ (0)) nγ +1
∫ eγ

ψ

dξ√1− ( ξ
ψ(0)
) n

γ +1 .
(39)One may, in principle, invert this relation for ψ, obtainingthe solution to equation (19)-(20). Note, however, that thevalue ψ (0) is a constant parameter on which the solutionappears to depend. However, let us evaluate the relationat y = 0. Then,√

γ2Scλ
n+ γ = ± 1√(ψ (0)) nγ +1

∫ eγ

ψ(0)
dξ√1− ( ξ
ψ(0)
) n

γ +1 , (40)
which is a complicated (although, in principle, locally solv-able) expression involving ψ (0). Solving for possible val-ues of ψ (0) and feeding these back into (40), we obtain allpossible values of the solutions ψ to (19)-(20). Clearly, ifthere are multiple positive solutions for ψ (0), then therewill be multiple solutions to (19)-(20). Of course, from(38), we should only accept solutions corresponding tovalues of ψ (0) satisfying

(ψ (0)) nγ +1 > en+γ ⇒ ψ (0) > eγ . (41)
Thus, from (18), we see that

φ (0) > 1
γ ln eγ = 1. (42)

In Figure 2, we demonstrate some of the obtained steadystate solutions for the concentration, while in Figure 3 weshow profiles for the resulting flow velocities at steadystate.

Figure 2. Profiles of the steady state concentration φ∗ (y) for various
γ and n; for Gc = 0.1, Scλ = 0.3, K = 1 and α = 0.1.

Figure 3. Profiles of the steady state velocity w∗ (y) for various γ and
n; for Gc = 0.1, Scλ = 0.3, K = 1 and α = 0.1.

3.2. The exact solution forφ∗ (y) when γ = 0
Consider now the case where γ = 0. Equation (15) re-duces to

d2φ∗
dy2 + Scλenφ∗ = 0, (43)

dφ∗
dy

(0) = 0, φ∗ (1) = 1. (44)
We find that the solution is given by

φ∗ (y) = 1
n ln( A2Scλ sech2 (12√nAy

))
, (45)
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where the constant A is defined by the relation
Asech2 (12√nA

) = 2Scλen. (46)
4. Perturbation solutions for the
transient flow
For the transient flow problem (8)-(12), we first obtain asolution φ (y, t) satisfying equation (9) and the relevantboundary conditions. Once such a φ (y, t) is known, weobtain a solution w (y, t) satisfying equation (8) and therelevant boundary conditions.
4.1. Perturbation solution for φ (y, t)
Notice that (9) is a partial differential equation in φ (y, t)only. Hence we first obtain solutions to the boundaryvalue problem

∂φ
∂t = 1Sc ∂

∂y

(
eγφ ∂φ∂y

)+ λenφ, (47)
φ (y, 0) = 0, ∂φ

∂y
(0, t) = 0, φ (1, t) = 1, for t > 0.(48)

4.1.1. Perturbation solutions for small γ 6= 0Consider the case of small yet nonzero values of the pa-rameter γ. To this end, for any n, we may write n = m̄γfor some m̄ > 0. We can expand the exponentials in (47),

obtaining
∂φ
∂t −

1Sc
(
γ
(
∂φ
∂y

)2 + ∂2φ
∂y2

)(1 + γφ + γ22 φ2 + · · ·)
= λ

(1 + γm̄φ + γ2m̄22 φ2 + · · ·) .(49)
Let us assume a perturbation solution of the form
φ (y, t) = φ0 (y, t) + φ1 (y, t) γ + φ2 (y, t) γ2 + · · · . (50)

We find that
∂φ0
∂t −

1Sc ∂2φ0
∂y2 = λ, (51)

φ0 (y, 0) = 0, ∂φ0
∂y

(0, t) = 0, φ0 (1, t) = 1, for t > 0,(52)
∂φi
∂t −

1Sc ∂2φi
∂y2 = Si (y, t) , (53)

φi (y, 0) = 0, ∂φi
∂y

(0, t) = 0, φi (1, t) = 0, for t > 0,(54)for all i > 1. Here the Si (y, t)’s are the secular terms, thefirst couple of which are given by
S1 (y, t) = 1Sc

((
∂φ0
∂y

)2 + φ0 ∂2φ0
∂y2

)+ λm̄φ0, (55)

S2 (y, t) = 1Sc
(
φ0
(
∂φ0
∂y

)2 + 2(∂φ0
∂y

)(
∂φ1
∂y

)+ φ0 ∂2φ1
∂y2 + φ1 ∂2φ0

∂y2 + 12φ0 ∂2φ0
∂y2

)+ λ
(
m̄φ1 + m̄22 φ20

)
. (56)

An application of Fourier analysis to the linear boundary value problems (51)-(52) and (53)-(54) yields the solutions
φ0 (y, t) =1 + 4

π

∞∑
k=1

(−1)k+1(2k − 1) exp(− (2k − 1)2 π24Sc t
) cos( (2k − 1)π2 y

)
+ 16λSc

π3
∞∑
k=1

(−1)k+1(2k − 1)3
{1− exp(− (2k − 1)2 π24Sc t

)} cos( (2k − 1)π2 y
)
,

(57)

φi (y, t) = 2 ∞∑
k=1
{∫ t

0 exp(− (2k − 1)2 π24Sc (t − τ))∫ 1
0 Si (ξ, τ) cos( (2k − 1)π2 ξ

)
dξdτ× cos( (2k − 1)π2 y

)}
. (58)
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4.1.2. Perturbation solutions for γ = 0We now consider the case in which γ = 0. In such a case, we choose to perturb about the parameter n. We may thenexpand the exponential in (47), obtaining
∂φ
∂t −

1Sc ∂2φ
∂y2 = λ

(1 + nφ + n22 φ2 + · · ·) . (59)
Then, assume a perturbation solution of the form

φ (y, t) = φ0 (y, t) + φ1 (y, t)n+ φ2 (y, t)n2 + · · · . (60)
We find that

∂φ0
∂t −

1Sc ∂2φ0
∂y2 = λ, (61)

φ0 (y, 0) = 0, ∂φ0
∂y

(0, t) = 0, φ0 (1, t) = 1, for t > 0, (62)
∂φi
∂t −

1Sc ∂2φi
∂y2 = S̃i (y, t) , (63)

φi (y, 0) = 0, ∂φi
∂y

(0, t) = 0, φi (1, t) = 0, for t > 0, (64)
for all i > 1. Here the S̃i (y, t)’s are the secular terms, the first couple of which are given by

S̃1 (y, t) = λφ0, (65)
S̃2 (y, t) = λ

(
φ1 + 12φ20

)
. (66)

An application of Fourier analysis to the linear boundary value problems (61)-(62) and (63)-(64) yields solutions of theform given in (57)-(58), the only exception being that Si (y, t) is replaced with S̃i (y, t) in (58).
4.2. Perturbation solution for w (y, t)
Notice that (8) is a linear partial differential equation in w (y, t). Thus, once we solve (9) for φ (y, t), we may feed such
φ (y, t) back into (8), and solve the boundary value problem

Re∂w∂t = K + ∂
∂y

(
eαφ ∂w∂y

)+ Gcφ, (67)
w (y, 0) = m

(1− y2) , ∂w
∂y

(0, t) = 0, w (1, t) = 0, for t > 0, (68)
for w (y, t). Consider the case of small values of the parameter α . We may expand the exponentials in (67), obtaining

Re∂w∂t = K + ∂
∂y

((1 + αφ + α22 φ2 + · · ·) ∂w
∂y

)+ Gcφ. (69)
Let us assume a perturbation solution of the form

w (y, t) = w0 (y, t) + w1 (y, t)α + w2 (y, t)α2 + · · · . (70)
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Placing (24) back into (23), we have that
Re(∂w0

∂t + ∂w1
∂t α + ∂w2

∂t α
2 + · · ·) = ∂

∂y

((1 + αφ + α22 φ2 + · · ·)(∂w0
∂y + ∂w1

∂y α + ∂w2
∂y α

2 + · · ·)) . (71)
We find that

∂w0
∂t −

1
Re

∂2w0
∂y2 = 1

Re
(K + Gcφ (y, t)) , (72)

w0 (y, 0) = m
(1− y2) , ∂w0

∂y
(0, t) = 0, w0 (1, t) = 0, for t > 0, (73)

∂wj
∂t −

1
Re

∂2wj
∂y2 = Rj (y, t) , (74)

wj (y, 0) = 0, ∂wj
∂y

(0, t) = 0, wj (1, t) = 0, for t > 0, (75)
for all j > 1. Here the Rj (y, t)’s are the secular terms, the first couple of which are given by

R1 (y, t) = 1Re
((

∂φ
∂y

)(
∂w0
∂y

)+ φ∂
2w0
∂y2

)
, (76)

R2 (y, t) = 1Re
((

∂φ
∂y

)(
∂w1
∂y

)+ φ
(
∂φ
∂y

)(
∂w0
∂y

)+ 12φ2 ∂2w0
∂y2 + φ∂

2w1
∂y2

)
. (77)

The solutions to the linear boundary value problems (72)-(73) and (74)-(75) are given by
w0 (y, t) =32m

π3
∞∑
k=1
{ (−1)k+1(2k − 1)3 exp(− (2k − 1)2 π24Re t

) cos( (2k − 1)π2 y
)}

+ 2Re ∞∑
k=1
{∫ t

0 exp(− (2k − 1)2 π24Re (t − τ))∫ 1
0 (K + Gcφ (ξ, τ)) cos( (2k − 1)π2 ξ

)
dξdτ

× cos( (2k − 1)π2 y
)}

,

(78)

and
wj (y, t) = 2 ∞∑

k=1
{∫ t

0 exp(− (2k − 1)2 π24Re (t − τ))∫ 1
0 Rj (ξ, τ) cos( (2k − 1)π2 ξ

)
dξdτ× cos( (2k − 1)π2 y

)}
, (79)

for all j > 1.
5. Solutions for the dimensionless
shear stress and the mass transfer
rate at the wall

Recall that the dimensionless shear stress (Cf ) and themass transfer rate (Sh) at the channel wall are given re-

spectively by
Cf = − ∂w

∂y

∣∣∣∣
y=1 and Sh = − ∂φ

∂y

∣∣∣∣
y=1 . (80)

First, we compute these quantities for the steady flow.Then, we provide analytical solutions for the unsteady(or, transient) flow. Note that, in the transient case, thedimensionless shear stress (Cf ) and the mass transfer rate
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(Sh) at the channel wall will, in general, be functions of
t > 0.
5.1. Steady state solutions for the mass
transfer rate at the wall
At steady state, recall that for γ 6= 0, we have that

Sh = − dφ∗
dy

∣∣∣∣
y=1 = −e−γγ dψ

dy

∣∣∣∣
y=1 , (81)

for arbitrary values of n
γ > 0. Now, from (39),

dψ
dy

∣∣∣∣
y=1 = ±√2γ2Scλ

n+ γ

((ψ (0)) nγ +1 − en+γ), (82)
hence

Sh = ∓e−γ√ 2Scλ
n+ γ

((ψ (0)) nγ +1 − en+γ). (83)
Note that the positive root corresponds to the physicalscenario. For some of the particular values of nγ consideredin Section 3.1, we may explicitly compute Sh. First, when
n
γ = 0, we have that

Sh = − dφ∗
dy

∣∣∣∣
y=1 = e−γScλ. (84)

For γ � 1, we see that Sh ≈ Scλ. Next, when n
γ = 1, wehave that

Sh = − ∂φ∗
∂y

∣∣∣∣
y=1 = e−γ

√Scλ
γ sin(√γScλ) . (85)

Again, for γ � 1, we see that
Sh ≈√Scλ

γ sin(√γScλ) ≈√Scλ
γ
√
γScλ = Scλ.(86)In the case where γ = 0 and n > 0, we see from (46)-(47)that

Sh = − ∂φ∗
∂y

∣∣∣∣
y=1 = 12

√
A
n tanh(12√nA

)
= 12√n√A− 2enScλ, (87)

where the constant A > 0 is a solution to
Asech2 (12√nA

) = 2Scλen. (88)
Steady state values of Sh are given for many sets of pa-rameter values in Table 1.
Table 1. Steady state values for the mass transfer rate Sh at the wall,

and the shear stress Cf at the wall for K = 1 and α = 0.1.

Gc Scλ γ n Sh Cf

0.1
0.1 0.1 0.1 0.100347 0.0935061.0 0.269615 0.0987171.0 0.1 0.040712 0.0917021.0 0.103472 0.093562
0.3 0.1 0.1 0.303036 0.0995871.0 1.100621 0.1253161.0 0.1 0.122459 0.0940931.0 0.334097 0.100126

1.0
0.1 0.1 0.1 0.100347 0.9350591.0 0.269615 0.9871731.0 0.1 0.040712 0.9170211.0 0.103472 0.935620
0.3 0.1 0.1 0.303036 0.9958691.0 1.100621 1.2531591.0 0.1 0.122459 0.9409261.0 0.334097 1.001264

5.2. Steady state solutions for the shear
stress at the wall

From the steady state solution (17) for w∗ (y), we havethat
dw∗
dy = −e−αφ∗(y) ∫ y

0 (K + Gcφ∗ (ξ))dξ. (89)
Then, we have that
Cf = − dw∗

dy

∣∣∣∣
y=1 = e−αφ∗(1) ∫ 1

0 (K + Gcφ∗ (ξ))dξ. (90)

In order to compute this integral, we must know the explicitform of the steady state solution φ∗ (y). For some of theparticular values of n
γ considered in Section 3.1, we mayexplicitly compute Cf . First, when n

γ = 0, we have that
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Cf = − dw∗
dy

∣∣∣∣
y=1 = e−α

∫ 1
0
(
K + Gc

γ ln(γScλ2 (1− ξ2)+ eγ
))

dξ

= e−α
(
K + Gc + Gc

γ

{√1 + 2eγ
γScλarctanh((1 + 2eγ

γScλ
)− 12)

− 2}) , (91)

where we have used the fact that∫ 1
0 ln ((1− ξ2)+ A

)
dξ = lnA+ 2√1 + Aarctanh( 1√1 + A

)
− 2 (92)

for A > 0.Meanwhile, when n
γ = 1, we have that

Cf = − dw∗
dy

∣∣∣∣
y=1 = e−α

∫ 1
0
K + Gc + Gc

γ ln cos(√γScλξ)
cos(√γScλ)

dξ

= e−α (K + Gc) + e−α Gc
γ

∫ 1
0 ln cos(√γScλξ)

cos(√γScλ)
dξ.

(93)

Again, the integral exists for γScλ < π24 . While there is no closed form solution for the integral, note that we may obtainan approximation valid for small γScλ. In particular, for 0 < A < π2 , we find that
∫ 1

0 ln cos(√Aξ)
cos(√A)

dξ = A3 + A215 + 2A3105 + 17A42835 + 62A531185 +O
(
A6) . (94)

Then,
Cf = e−α

{(K + Gc) + Gc
γ

(
γScλ3 + (γScλ)215 + 2 (γScλ)3105 + 17 (γScλ)42835 + 62 (γScλ)531185 + · · ·)} . (95)

Thus, for small γ, we have that
Cf ≈ e−α

{
K + Gc(1 + Scλ3

)}
, (96)

when γ ≈ n.Steady state values of Cf are given for many sets of parameter values in Table 1.
5.3. Unsteady solutions for the mass transfer rate at the wall
In order to compute transient values of the mass transfer rate at the wall, one may employ the perturbation solutionsgiven in Section 4.1. In particular, when γ 6= 0, we may use the solution given in (51). We find that

Sh = − ∂φ
∂y

∣∣∣∣
y=1 = − ∂

∂y
(
φ0 (y, t) + φ1 (y, t) γ + φ2 (y, t) γ2 + · · ·)∣∣∣∣

y=1 = − ∞∑
j=0

∂φj
∂y

∣∣∣∣
y=1 γ

j . (97)
Upon differentiation and evaluation at y = 1, we find that, for t > 0,

Sh = 8Scλ
π2

∞∑
k=1

1(2k − 1)2 + ∞∑
j=0 Tj (t) γ j = Scλ+ ∞∑

j=0 Tj (t) γ j , (98)
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where the Tj (t)’s are defined by
T0 (t) = 2 ∞∑

k=1
(1 + 4Scλ(2k − 1)2 π2

) exp(− (2k − 1)2 π24Sc t
)
, (99)

Tj (t) = π
∞∑
k=1 (−1)k ∫ t

0 exp(− (2k − 1)2 π24Sc (t − τ))∫ 1
0 (2k − 1)Sj (ξ, τ) cos( (2k − 1)π2 ξ

)
dξdτ. (100)

Again, note that these series representations are valid for t > 0; when t = 0, the series expansion for T0 (t) diverges.Note that for γ � 1, the results agree with those in the steady state cases discussed, above. In particular, for γ � 1,we see that Sh ≈ Scλ.For the case in which γ = 0, we may employ the solution of the form (61). We find that
Sh = − ∂φ

∂y

∣∣∣∣
y=1 = − ∂

∂y
(
φ0 (y, t) + φ1 (y, t)n+ φ2 (y, t)n2 + · · ·)∣∣∣∣

y=1 = − ∞∑
j=1

∂φj
∂y

∣∣∣∣
y=1 n

j . (101)
Upon differentiation and evaluation at y = 1, we find that, for t > 0,

Sh = Scλ+ ∞∑
j=0 T̃j (t) γ j , (102)

where the T̃j (t)’s are defined by
T̃0 (t) = T0 (t) , (103)

T̃j (t) = π
∞∑
k=1 (−1)k ∫ t

0 exp(− (2k − 1)2 π24Sc (t − τ))∫ 1
0 (2k − 1) S̃j (ξ, τ) cos( (2k − 1)π2 ξ

)
dξdτ. (104)

Note that for n � 1, we see that Sh ≈ Scλ. Furthermore, as t → ∞, we have that Sh = Scλ, which is in agreementwith the steady state results derived previously for γ � 1.
5.4. Unsteady solutions for the shear stress at the wall
In order to compute transient values of the dimensionless shear stress, one may employ the perturbation solutions givenin Section 4.2. In the small α regimes, we find that

Cf = − ∂w
∂y

∣∣∣∣
y=1 = − ∂

∂y
(
w0 (y, t) + w1 (y, t)α + w2 (y, t)α2 + · · ·)∣∣∣∣

y=1 = − ∞∑
j=0

∂wj
∂y

∣∣∣∣
y=1 α

j . (105)
Upon differentiation and evaluation at y = 1, we find that, for t > 0,

Cf = ∞∑
j=0 Θj (t)α j , (106)

where the Θj (t)’s are defined by
Θ0 (t) =16m

π2
∞∑
k=1

1(2k − 1)2 exp(− (2k − 1)2 π24Re t
)

+ πRe ∞∑
k=1 (−1)k ∫ t

0 exp(− (2k − 1)2 π24Re (t − τ))∫ 1
0 (2k − 1) (K + Gcφ (ξ, τ)) cos( (2k − 1)π2 ξ

)
dξdτ,

(107)
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Θj (t) = π
∞∑
k=1 (−1)k ∫ t

0 exp(− (2k − 1)2 π24Re (t − τ))∫ 1
0 (2k − 1)Rj (ξ, τ) cos( (2k − 1)π2 ξ

)
dξdτ, j > 1. (108)

Note that these series representations are valid for t > 0. Also, for α � 1,
Cf ≈ Θ0 (t) , (109)

and at steady state (i.e., as t →∞)
Cf ≈ Θ0 (t) ≈ ∫ 1

0 (K + Gcφ∗ (ξ))dξ, (110)
which is in agreement with the steady state result derived in equation (90).
6. Results and discussion
We have analyzed a system of nonlinear coupled bound-ary value problems arising from the nonlinear dispersionof a pollutant ejected by an external source into a laminarflow of an incompressible fluid in a channel. The modelconsidered can be useful for understanding the pollutingsituations of an improper discharge incident and evaluat-ing the effects of decontaminating measures for the waterbodies. In particular, we have obtained exact solutions forthe steady flow in a number of special cases, and an im-plicit exact solution is obtained in general. Furthermore,for the transient flow, we have obtained analytical solu-tions. In particular, the analytical solutions to the tran-sient problems are obtained via perturbation about smallparameters. These solutions are obtained for small valuesof the physical parameters γ (the mass diffusivity variationparameter) or n (the pollutant external source variationparameter) for the non-dimensional concentration φ (y, t).Similarly, the analytical solutions are obtained for smallvalues of the physical parameter α (the viscosity variationparameter) for the non-dimensional flow velocity w (y, t).As was discussed in Section 5.1 in the case of the steadystate solutions, when γ ≈ n we find that Scλ ≈ Sh. Theseresults are also evident in Table 1. Furthermore, we findthat dimensionless shear stress Cf and mass transfer rateSh at the wall computed using the transient solutionsagree with those computed from the steady state solu-tions in the limit as t →∞.We find that an increase in the mass diffusivity variationparameter γ results in a decrease in both the mass trans-fer rate Sh and shear stress Cf at steady state, althoughthe decrease in the mass transfer rate is more pronounced.Meanwhile, we find that an increase in the pollutant ex-ternal source variation parameter n results in an increasein both the mass transfer rate Sh and shear stress Cf atsteady state. Here, the increase in the mass transfer rateis more pronounced. These effects are displayed in Ta-

ble 1, for various values of the physical parameters.As shown in Table 1 we find that an increase in theSchmidt number Sc results in an increase in both the masstransfer rate Sh and shear stress Cf at steady state, andthe influence on the mass transfer rate is more pronounced.Likewise, an increase in the pollutant external source pa-rameter λ results in an increase in both the mass transferrate Sh and shear stress Cf at steady state. Observe alsothat an increase in the solutal Grashof number Gc has noappreciable effect on mass transfer rate at steady state,as the equation for the steady state solution φ∗ (y) doesnot explicitly depend on Gc and may be solved for φ∗ (y)without regard to the other nonlinear equation containingGc. However an increase in the solutal Grashof numberGc results in an increase in the shear stress Cf at steadystate.Furthermore, we find that an increase in the mass diffusiv-ity variation parameter γ results in a decrease (downwardshift) in the profiles for both the concentration at steadystate, φ∗ (y) and the flow velocity w∗ (y) at steady state.In analogy, an increase in the pollutant external sourcevariation parameter n results in an increase (upward shift)in the profiles for both the concentration at steady state,
φ∗ (y) and the flow velocity w∗ (y) at steady state. Theseeffects are displayed in Figures 2 and 3 for the concentra-tion φ∗ (y) at steady state and the flow velocity w∗ (y) atsteady state respectively. We also find that an increasein either the Schmidt number Sc or the pollutant externalsource parameter λ results in an increase (upward shift)in the profiles for both the concentration φ∗ (y) at steadystate, and the flow velocity w∗ (y) at steady state. Also,an increase in the solutal Grashof number Gc leads toan increase (upward shift) in the profiles the flow veloc-ity w∗ (y) at steady state. However, an increase in thesolutal Grashof number Gc has no appreciable effect onthe profiles for the concentration φ∗ (y) at steady state.Moreover, we find that the qualitative results for the tran-sient flow agree with those for the steady state solutions
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for sufficiently large t > 0. All of the obtained exact andanalytical results agree well with the numerical solutionsobtained by Chinyoka and Makinde [10] via a finite dif-ference scheme.One use of the exact and analytical solutions obtainedhere would be in comparison with experimental and nu-merical results. Figures 4 and 5 show the agreementbetween our results and numerical results obtained inMaple 12 using the numerical ordinary boundary valueproblem solver (see references [12, 13] for details of thenumerical method). For values of the physical parametersconsidered, the numerical and exact/analytical results areindistinguishable. Numerical solutions are taken to anaccuracy corresponding to relative error no greater than10−5.

Figure 4. Comparison of the exact (solid line) and numerical (blue
dash line) solution profiles of the steady state concentra-
tion φ∗ (y) for various γ and n; for Gc = 0.1, Scλ = 0.3,
K = 1 and α = 0.1.

Finally, note that the concentration dependent fluid dy-namic viscosity µ̄, the mass diffusivity D̄, and the externalsource are assumed to take the form of exponential func-tions in this work. An interesting area of future work wouldinvolve a similar study for a different class of such func-tions. Such results would allow us to extend the presentresults to a wide variety of pollutant ejected problems.
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Figure 5. Comparison of the exact (solid line) and numerical (blue
dash line) solution profiles of the steady state velocity
w∗ (y) for various γ and n; for Gc = 0.1, Scλ = 0.3, K = 1
and α = 0.1.
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