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1. Introduction

The recent development of quantum-information process-
ing has shed new light on complexity and communication
theory. The quantum algorithms and entangled state gen-
eration are two important research fields of quantum infor-
mation science. The existence of quantum algorithms for
specific problems shows that a quantum computer can in
principle provide a tremendous speedup compared to clas-
sical computers [1, 2]. It is well known that a two-qubit
controlled phase gate and a one-qubit gate are univer-

∗E-mail: xia-208@163.com

sal for constructing a quantum computer, i.e., any mul-
tiqubit gates can be decomposed into there elementary
gates [3]. Therefore, great effort has been taken to study
gate operation in the past years. There is a lot of exten-
sive theoretical and experimental investigation into this
field, such as trapped ions [4–6], cavity QED [7], super-
conducting circuits [8], linear optics [9–11], etc.. On the
other hand, entanglement is not only a key ingredient
for the tests of quantum nonlocality [12], but also an im-
portant physical resource in achieving tasks of quantum
computation and quantum communication [13]. Quantum
entanglement is a manifestation of an aspect of quantum
mechanics known as quantum unlocality. It plays an im-
portant role in quantum information processing such as
quantum cryptography [14, 15], computers [16], and tele-
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portation [17]. Hence, a lot of schemes have been proposed
to generate entangled states [18–20]. Amongst them, the
cavity quantum electrodynamic system (CQEDS) is one of
the most promising techniques for realising an interface
between different carriers (atom and photon). The impor-
tant feature of the system is that the atoms have a long
decoherence time. Therefore, a growing interest has been
devoted to the generation of an entangled state based on
CQEDS. Particularly, two-atom entanglement has been
demonstrated in a nonresonant cavity [21] by using the
technique proposed by Zheng [22].
Until now, there have been many experimental and the-
oretical protocols to realize quantum phase gates [3–11]
and generate entangled states [18–22]. But most of the
protocols are considered in only one quantum system, for
example, CQEDS or linear optical, etc. How to realize
quantum phase gates and generate entangled states with
different systems (for example, marries atoms and pho-
tons)? So far as we know, few schemes have been found
to effectively realize quantum phase gates and generate
entangled states. Recently, for generation of entangled
states, Feng et al. have proposed a protocol [23] to en-
tangle two identical three-level atoms trapped in two sep-
arate cavities with the help of the linear optical elements.
Later, Yu et al. proposed two protocols [24, 25] to gener-
ate atoms in entangled states. For a quantum phase gate,
Xia et al. [26] proposed a protocol to robustly implement a
nonlocal N-qubit phase gate by interference of polarized
photons.
All the previous proposals [23–26] assume, nevertheless,
that the distant atoms are trapped in separate optical cav-
ities. But in a realistic situation, it is difficult to let one
atom in one cavity. If two or more atoms are trapped in
only one cavity, and we want to realize quantum phase
gates and generate atoms in entangled states with the
help of linear optical elements, how can we do this? This
problem has not been addressed.
In this paper, we propose a simple protocol to realize
quantum phase gates and generate entangled states (one
of four Bell-state) of atoms in only one confined location
cavity with the help of linear optical elements. In our
protocol, the most important is that the quantum informa-
tion of each atom is skilfully encoded on the degenerate
ground states of atoms trapped in one optical cavity, which
leads to a relatively stable entangled state. In addition,
the key of the protocol is the indistinguishability of pho-
tons emitting from the entangled atoms, which has been
widely employed to entangle distant qubits [23, 24]. Our
protocol is shown to be robust against the inefficient de-
tections. In particular, in Lamb-Dicke limits, we do not
require the coincidence detections of photons, which can
dramatically relax the conditions of practical realization.

The paper is organized as follows. In Sec. 2, we present
the model and its theoretical description. In Sec. 3,
we show how to realize quantum phase gates using this
model. In Sec. 4, we show how to generate two-atom en-
tangled states with the help of linear optical elements,
and generalize the protocol to generate N-atom GHZ en-
tangled states. In Sec. 5, we give the conclusion.

2. Two
∧

-atom in one cavity
The model we consider here is two identical three-level ∧-
type atoms (1 and 2) trapped in only one one-sided optical
cavity (C), the system can be robustly entangled by simul-
taneously detecting the leakage photons. See Fig. 1, each
atom has an excited state |e〉 and two degenerate ground
states |gl〉 and |gr〉. The quantum information is encoded
on the states |gl〉 and |gr〉. The transitions |e〉 → |gl〉
and |e〉 → |gr〉 are strongly coupled to left and right cir-
cularly polarizing cavity modes, respectively. The atomic
level structure can be achieved by Zeeman sublevels [27]
and has been realized to entangled two atoms [28]. We
suppose the two atoms are all initially prepared in their
excited states and cavity in the vacuum state. We require
here that the cavity is one-sided so that the photon leak-
age occurs through the side of the cavity facing the beam-
splitter (BS). The Hamiltonian governing the evolution of
the atom-cavity systems can be given in the interaction
picture by (setting ~ = 1)

H =
∑

j=1,2

(λLajL|e〉jj〈gl|+ λRajR |e〉jj〈gr |+ h.c.), (1)

where L, R denote the left- and right-circularly polarizing
cavity modes, aj+k , ajk (k = R, L) are the creation and
annihilation operators of the k mode in the the cavity
C and λk is the coupling constant. The atoms and the

Figure 1. Atomic level structures.
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cavity are prepared initially in its excited states |ee〉AB
and vacuum states |00〉lr , the upper levels |e〉 can decay
to the two degenerate ground states |g〉l and |g〉r with
the rates 2γl and 2γr , respectively, and the cavity has a
leakage rate 2κ. Hence, the master equation describing
the evolution of density operator ρ is given by

ρ̇ =− i(Heffρ − ρH†eff ) + 2κ
∑

j=1,2

(
ajLρa

j†
L + ajRρa

j†
R

)

+ 2
∑

j=1,2

(
γl|gL〉jj〈e|ρ|e〉jj〈gL|+ γr |gR 〉jj〈e|ρ|e〉jj〈gR |

)
,

(2)

where

Heff = H − iκ
∑

j=1,2

[
aj†L a

j
L + aj†R a

j
R − i(γl + γr)|e〉jj〈e|

]
.

(3)
The atoms and the cavity are prepared initially in its ex-
cited states |ee〉AB and vacuum state |0〉C , respectively.
After interacting time t, the system of atoms and cavity
will evolve to the state

|ψ(t)〉j =
∏

j=1,2

(
x|e〉j |0〉j + y|gl〉j |1l0r〉j + z|gr〉j |1r0l〉j√

|x|2 + |y|2 + |z|2

)
,

(4)
where

x = e− Γ
2 t
[
cos(Ωk t) + ∆

2Ωk
sin(Ωk t)

]
,

y = −e− Γ
2 t
i sin(Ωk )

Ωk
λL,

z = −e− Γ
2 t
i sin(Ωk )

Ωk
λR ,

(5)

with

Ωk =
√

Ω2 − ∆2

4 ,

Ω2 = λ2
L + λ2

R ,
Γ = γl + γr + κ,
∆ = κ − γl − γr .

(6)

Here |0〉j and |1l0r〉j , |1r0l〉j present vacuum state and the
one-photon state, respectively. So long as spontaneous
emissions do not happen and cavity photons are not leaked
out, Eq. (3) can be employed to describe the dynamics
of the system based on the quantum jump approach [29].
We can see from Fig. 2 that photons leaking out of the
cavity will pass through quarter-wave plates (QWP) which
change circularly polarizing light into linearly polarizing

Figure 2. Experimental setup for implementation of atom phase gate
without coincidence detections allowed. The pair of atoms
trapped in only one cavity. PBS is polarizing beam splitter,
HWP is half-wave plate, QWP is quarter-wave plate, BS
is beam splitter and D are detectors.

light. Analogous to Ref. [23], we suppose when photons
are passing through the QWP, left-polarized and right-
polarized photons become vertically (V ) and horizontally
(H) polarized photons, respectively. That is, |1l0r〉 → |V 〉
and |1r0l〉 → |H〉, so Eq. (4) will be changed into

|ψ(t)〉j =
∏

j=1,2

(
x|e〉j |0〉j + y|gl〉j |V 〉j + z|gr〉j |H〉j√

|x|2 + |y|2 + |z|2

)
.

(7)
From the above equation, we can see that the term |e〉j |0〉j
has no contribution to the detections, hence one can safely
neglect it for simplification. As a result, one can rewrite
Eq. (7) at the time τ as

|ψ(τ)〉 =1
2

(|gl〉1|V 〉1 + |gr〉1|H〉1) (|gl〉2|V 〉2

+|gr〉2|H〉2) ,
(8)

where we suppose λL = λR in above equation. The proba-
bility of getting the state is P1 =

∏
j=1,2(sin

2(Ωkτj )). Later
it implies that photons have passed through QWP if we
say photons leak out of cavities.

3. Two
∧

-atom quantum phase
gates
Photons leaking out of the cavity will first pass through
50 : 50 beam splitters (BS). Thus the joint state
1
2 (|gl〉1|V 〉1 + |gr〉1|H〉1)(|gl〉2|V 〉2 + |gr〉2|H〉2) will be
transformed to the following non-normalized state:

1√
2
|ψ〉d|ψ〉e + 1√

2
(
|gr〉1|H〉d(e) − |gl〉1|V 〉d(e)

)

(|gl〉2|H〉d(e) − |gr〉2|V 〉d(e)),
(9)
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where

|ψ〉d = 1√
2
(|gl〉1(2)|V 〉1(2) + |gr〉1(2)|H〉1(2)), (10)

|ψ〉e = 1√
2
(|gl〉2(1)|V 〉2(1) + |gr〉2(1)|H〉2(1)), (11)

being the initial joint states before inputting BS. To re-
alize the quantum phase gate requires that both modes e
and d are not idle, otherwise one of the required detectors
cannot be clicked, hence we have discarded the bunch-
ing outcome in Eq. (9) and preserved the antibunching
outcome with the probability P2 = 50%. This procedure
can be realized by the post-selection method. Thus, af-
ter passing through the BS, the state given by Eq. (9)
becomes

1
2 (|gl〉1|V 〉e) + |gr〉1|H〉e)(|gl〉2|V 〉d + |gr〉2)|H〉d). (12)

Then the photon of mode e will meet HWP1, which
can lead to the following transformation between input
modes and output modes: |H〉 → 1√

2 (|H〉 + |V 〉) and
|V 〉 → 1√

2 (|H〉−|V 〉). The joint states of the whole system
follows that

1
2
√

2
[|gr〉1(|H〉e + |V 〉e) + |gl〉1|V 〉e(|H〉e − |V 〉e)]

⊗[|gr〉2|H〉d + |gl〉2|V 〉d].
(13)

After the photon in mode e passing through the HWP1,
the photons in modes e and d will meet PBS1, which
always transmits H polarizing photons and reflects V po-
larizing photons. Thus the joint states will become

1
2 [|gr〉1|gr〉2|H〉a|H〉b + |gr〉1|gl〉2|H〉a|V 〉b

+|gl〉1|gr〉2|V 〉a|H〉b − |gl〉1|gl〉2|V 〉a|V 〉b],
(14)

where we only preserve the antibunching outcome with the
probability P3 = 50%. At last, the two photons with dif-
ferent modes will, respectively, meet two HWPs (HWP2

and HWP3) and two PBSs (PBS2 and PBS3). After
passing through the two HWPs and two PBSs, if photon
detectors Dm,1 (m = g, k) detect photons, we can realize
the atom phase gate as follows:

|gr〉1|gr〉2 → |gr〉1|gr〉2, (15)
|gr〉1|gl〉2 → |gr〉1|gl〉2, (16)
|gl〉1|gr〉2 → |gl〉1|gr〉2, (17)
|gl〉1|gl〉2 → −|gl〉1|gl〉2, (18)

with the probability P4 = 1
4 = 25%. Thus, the maximal

probability of getting the state is given by

P = P1P2P3P4

=
∏

j=1,2

sin2(Ωkτj )× 50%× 50%× (25%) = 1
16 .

(19)

with sin2(Ωkτj ) = 1.

4. Generation of two-atom entan-
gled states
In this section, we will introduce how to generate a two-
atom entangled state (one of four Bell-state) with the help
of the linear optical elements in one cavity.
After photons passing through the BS, see Fig. 3, the
photons in modes e and d will meet PBS1, hence the
input modes |V 〉e|H〉e will correspondingly change to the
output modes |V 〉a|H〉b, and |V 〉d|H〉d → |V 〉b|H〉a. Thus
the joint states including cavity and atoms will become

1
2 [|gr〉1|gr〉2|H〉a|H〉b + |gr〉1|gl〉2|H〉b|V 〉b

+|gl〉1|gr〉2|V 〉a|H〉a + |gl〉1|gl〉2|V 〉a|V 〉b].
(20)

In our protocol, we only consider that both modes a and b
are not idle, otherwise one of the required detectors can-
not be clicked. Hence we have discarded the bunching
outcome in the above Eq. (20) and preserved the anti-
bunching outcome with the probability P2 = 50%. (We
discard the bunching outcome just for simplification; not
discarding the bunching outcome will lead to the same
result.) So Eq. (20) becomes

1√
2
(|gr〉1|gr〉2|H〉a|H〉b + |gl〉1|gl〉2|V 〉a|V 〉b). (21)

Figure 3. Schematic diagram for generating of entangled state with
linear optical elements.
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At last, the two photons with different modes a and b
will, respectively, meet two rotated polarizing beam split-
ters (FS-PBS), which change |H〉 and |V 〉 in to a new
frame as |H〉 = 1√

2 (|F 〉 − |S〉) and |V 〉 = 1√
2 (|F 〉 + |S〉)

and always reflect S-polarizing photons and transmit F-
polarizing photons. In the new frame, the state given in
Eq.(21) can be written by

∑

X,Y

= (|gr〉1|gr〉2 ± |gl〉1|gl〉2)|X〉a|Y 〉b√
2

, (22)

where an odd number of F among X, Y corresponds to
“+”, otherwise “−”. If two detectors of different modes of
a and b are clicked, the two atoms will collapse to en-
tangled state 1√

2 (|gr〉1|gr〉2 ± |gl〉1|gl〉2). Thus, the max-
imal probability of getting the state is given by Pe =
P1P1P2 =

∏
j=1,2z sin2(Ωkτj ) × 50% × 50% = 1

4 = 25%,
with sin2(Ωkτj ) = 1.
The protocol can also be generalized to generate N-atom
GHZ entangled state. If N ∧-atoms trapped in one cav-
ity. After photons leaking out the of cavity and passing
though the QWP , they will first meet BSs (see Fig. 4).
At the outputs of the BSs, the N-photon will be sep-
arated in N-mode by the BSs, respectively. The total
success probability declins with increasing number (N)
of the photons. Then, the N-photon in different N-mode
will meet N − 1 PBSs (see Fig. 5), respectively. Af-
ter all photons passing through the PBSs, we discard
the bunching outcomes and preserved the antibunching
outcomes. If N detectors of a different modes of N are
clicked, theN atoms will collapse to one of the GHZ states
|GHZ 〉N = 1√

2 (|HH · · ·H ± |VV · · ·V 〉)12···N .

Figure 4. Schematic diagram for separating the N-photon into N
different modes with BSs.

Figure 5. Schemeatic demonstration for constructing the N-atom
GHZ entangled state in one cavity with the help of linear
optical elements.

5. Summary and conclusion

In conclusion, we have proposed how to implement atom
phase gates and generate entangled states with the help
of linear optical elements in one cavity. The spirit of our
scheme is the indistinguishability of photons. This usually
needs the coincidence detection of photons, otherwise the
emission of a photon will lead to a recoil of the atom which
destroys the indistinguishability and lead to a failure. But
in our protocol, the atoms are restricted to operating in the
Lamb-Dicke limit, where the recoil energy does not suffice
to change the atomic motional state, the indistinguisha-
bility can be preserved. Hence in the Lamb-Dicke limit
we do not require the coincidence detections. Compared
with the previous protocol [24], the present one has the
following advantage. In Ref. [24], the atoms are trapped
in distant cavities. But in a realistic situation, there are
always two- or more atoms trapped in one cavity. How to
implement phase gates and generate entangled states on
these atoms with the help of the linear optical element is
still a question. So, our manuscript just deals with this
problem and we give a protocol to generate entangled
states and implement phase gates. We separate the pho-
tons in different modes by BSs. The total success prob-
ability to separate the photon increases with increasing
number of the BSs. But in an experimental scenario, the
total success probability to realize the protocol declines
with increasing number of BSs. Because the BSs are im-
perfection, so with the increasing the number of BSs, the
loss of energy will be increased. If the number of the BSs
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is big enough, at the outputs of the BSs (see Fig. 4), no
photons will be detected. So, the protocol fails.
In summary, we have presented a protocol to implement
atom phase gates and generate atom entangled states
with the help of linear optical elements, such as BSs,
PBSs, and photon detectors [30]. These optical elements
have been used to successfully prepare W (GHZ) states
of photons in experiment [31] ([32]). The result shows that
for such a protocol, there is still a certain probability to
successful implement phase gates and generate entangled
states using cavity QEDs and linear optical elements. We
hope that with the development of technology in experi-
ment it may be possible to implement the protocol with
ease.
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