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Abstract: The Airy transform is an ideally suited tool to treat problems in classical and quantum optics. Even though
the relevant mathematical aspects have been thoroughly investigated, the possibilities it offers are wide
and some features, such as the link with special functions and polynomials, still contain unexplored as-
pects. In this note we will show that the so called Airy polynomials are essentially the third order Hermite
polynomials. We will also prove that this identification opens the possibility of developing new conjectures
on the properties of this family of polynomials.
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1. Introduction
The theory of ordinary and generalized Hermite polynomi-als has benefitted greatly from the operational formalism.The two variable Hermite-Kampé de Fériét polynomials[1] can be defined using the following identity [2, 3]:

Hn(x, y)=exp{y∂2
x
}
xn (1)

which involves the action of an exponential operator, con-taining a second order derivative, on a monomial. The
∗E-mail: danilo.babusci@lnf.infn.it
†E-mail: giuseppe.dattoli@enea.it
‡E-mail: dario.sacchetti@uniroma1.it

explicit form of the polynomials Hn(x, y) can be obtainedby means of a straightforward expansion of the exponen-tial in eq. (1), which yields

Hn(x, y)= ∞∑
r=0

yr
r! ∂2r

x xn=n! [n/2]∑
r=0

xn−2r yr(n− 2r)! r! , (2)
where the variables x and y are independent of eachother1. By keeping, therefore, the derivative of both sides
1 By interpreting the variable y as a parameter, the
standard Hermite form are recovered by the identities
Hn(2×, −1)=Hn(x) and Hn(x, −1/2)=Hen(x)
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of eq. (1) with respect to y, we find that the Hermite poly-nomials can be viewed as the solution of the followingheat equation:
∂y F (x, y) = ∂2

x F (x, y) , F (x, 0) = xn . (3)
For y > 0 they can be written in terms of the Gauss-Weierstrass transform [4]:
Hn(x, y) = 12√π y

∫ ∞
−∞

dξ ξn exp{− (x − ξ)24y
}
. (4)

which is a standard means of solving heat-type problems.The higher order Hermite polynomials [2, 3], widely ex-ploited in combinatorial quantum field theory [5], can beexpressed as a generalization of the operational identity(1), and, indeed, they are written
H(m)
n (x, y) = exp {y∂mx } xn = n! [n/m]∑

r=0
xn−mr yr(n−mr)! r! . (5)

Therefore, we can ask whether an integral transform, a sortof generalization of the Gauss-Weierstrass transform, alsoholds for the higher order case. We start by discussing thecase of Hermite polynomials of even order with negativevalues of the y parameter, namely
H(2p)
n (x,−|y|) = exp{− |y| ∂2p

x
}
xn . (6)

We express this family of polynomials in terms of a suit-able transform following the procedure, put forward in [6],which considers the operator function
F̂ = f(∂x ) , (7)

where f(x) is a function admitting a Fourier transform f̃(k).With this assumption we find that the operator F̂ can bewritten as
F̂ = 1√2π

∫ ∞
−∞

dk f̃(k) eı k ∂x , (8)
and, therefore, we can express the action of the operator F̂on a given function g(x) as the integral transform indicatedbelow:

F̂g(x)= 1√2π
∫ ∞
−∞

dk f̃(k) eı k ∂x g(x)=
= 1√2π

∫ ∞
−∞

dk f̃(k)g(x+ı k) . (9)

We can now apply the same procedure to express the expo-nential operator intervening in the definition of H(m)
n (seeeq. (5)), thus obtaining the following integral transformyielding the even order Hermite polynomials:

H(2p)
n (x,−|y|)= 1√2π

∫ ∞
−∞

dk ẽ2p(k)(x−ı k 2p√|y|)n (10)
with

ẽ2p(k)= 1√2π
∫ ∞
−∞

dx exp{− x2p} e− ı k x .
The choice of discussing the even order is motivated by theconvergence request for last integral. After a redefinitionof the variable, we can write
H(2p)
n (x,−|y|)=− 1√2π 1

ı 2p√|y|
∫ ∞
−∞

dξ ξn ẽ2p
(
x−ξ
ı 2p√|y|

)
.(11)

It must remarked that the same procedure, applied to thecase m= 2, does not lead to a Gauss-Weierstrass trans-form as in eq. (4), which holds only for y>0.In the next section we will extend the formalism developedin these introductory remarks, and prove that the Airytransform and the associated polynomials can be framedwithin the same context.
2. The Airy transform and the Airy
polynomials
The higher order Hermite polynomials satisfy the follow-ing recurrences [2, 3]:

∂x H(m)
n (x, y)=nH(m)

n−1(x, y),
∂yH(m)

n (x, y)= n!(n−m)! H(m)
n−m(x, y),

H(m)
n+1(x, y)=x H(m)

n (x, y)+m n!(n−m+1)! H(m)
n−m+1(x, y), (12)

with the combination of the first and second recurrencesyielding:
∂yH(m)

n (x, y)=∂mx H(m)
n (x, y) , H(m)

n (x, 0)=xn. (13)
Thus, the higher order Hermite polynomials satisfy a gen-eralized heat equation, and this justifies the operationaldefinition given in eq. (5). Furthermore, by interpreting y
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as a parameter, we can use the first two recurrences toprove that they satisfy the m-th order ODE:(
y dmdxm +x ddx

)
H(m)
n (x, y)=nH(m)

n (x, y) . (14)
In the previous section we have considered even orderHermite polynomials only. Here we will discuss the thirdorder case and their important relationship with the Airytransform and the Airy polynomials [7]. Before gettinginto this specific aspect of the problem, we note that thefollowing identity holds [8]:

eλ x3 =∫ ∞
−∞

dt exp{ 3√3 λ x t} Ai(t), (λ ,Re x > 0) (15)
where

Ai(t)= 12π
∫ ∞
−∞

dξ exp{ ı3 ξ3 + ı t ξ
}
, (16)

is the Airy function.Let us now consider the third order PDE
∂yF (x, y)=∂3

xF (x, y), F (x, 0)= f(x) , (17)
whose formal solution is written

F (x, y)=exp{y∂3
x
}
f(x) . (18)

By applying the identity given in eq. (15), and by limitingourselves to the case y>0, we find:
F (x, y) = 13√3

∫ ∞
−∞

dk Ai( k3√3
) exp { 3√y k ∂x} f(x)

= 13√3
∫ ∞
−∞

dk Ai( k3√3
)
f(x+ 3√y k)

= 13√3y
∫ ∞
−∞

dξ Ai(−x−ξ3√3y
)
f(ξ), (y>0) (19)

which is recognized as the Airy transform of the function
f(x). The concept of the Airy transform was introducedin ref. [8], and has found noticeable applications in clas-sical and quantum physics [7]. The Airy transform of amonomial, namely
αin(x, y)= 13√3y

∫ ∞
−∞

dξ Ai(− x−ξ3√3y
)
ξn, (y>0) (20)

has been defined as Airy polynomials [7, 8], but, accordingto the discussion of the previous section, they are also rec-ognized as the third order Hermite polynomials H(3)
n (x, y).The characteristic recurrences (12) (specialized to the case

m=3), can also be directly inferred from eq. (20).

3. Concluding remarks
For further convenience we will introduce the followingtwo variable extension of the Airy functions

Ai(x, y)= 12π
∫ ∞
−∞

dt exp{ı y t3+ı x t}, (21)
which is written in terms of the ordinary Airy function as

Ai(x, y)= 13√3y Ai
(

x3√3y
)
. (22)

It is also easily shown that it satisfies the ODE
3y d2dx2 Ai(x, y)−x Ai(x, y)=0 (23)

and that any other function linked to Ai(x, y) by
Ai(m)(x, y, z)=exp {z ∂mx } Ai(x, y) (24)

satisfies the ODE
3y d2dx2 Ai(m)(x, y, z)−exp {z ∂mx } [x Ai(x, y, z)]=0, (25)

which, on account of the identity
exp {z ∂mx } x=(x + mz ∂m−1

x
) exp {z ∂mx } , (26)

can be written as(
mz dm−1dxm−1 − 3y d2dx2 + x

)
Ai(m)(x, y, z)=0. (27)

If we assume m= 2p+1, y= 0, and mz = 1, we get thefollowing generalization of the Airy function:
Ai(2p+1)(x)= 12π

∫ ∞
−∞

dt exp{ ı2p+ 1 t2p+1 + ı x t
}
, (28)

satisfying the ODE
( d2pdx2p + x

)
Ai(2p+1)(x)=0. (29)

As an example, a comparison between the ordinary Airyfunction and its generalization of order 2 is shown inFig. 1.
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Figure 1. Comparison between the second order Airy function
(dashed) and the ordinary Airy function (solid).

The point of view developed in 2 can be generalized tothe case with m>3. We consider the generalized Hermitepolynomials of odd order (m= 2p+1) and note that thesame procedure exploited in the previous sections leadsto the following integral representation:
H(2p+1)
n (x,−|y|)= 12p+1√(2p+ 1) |y|∫ ∞

−∞
dξ Ai(2p+1)( ξ − x2p+1√(2p+ 1) |y|

)
ξn. (30)

The use of an additional variable or parameter in the the-ory of special functions and/or polynomials offers a fur-ther degree of freedom, which may be helpful to derivenew properties otherwise hidden by the loss of symmetryderiving from the fact that a specific choice of the variablehas been made. This is indeed the case for the Hermitepolynomials, which acquire a completly new flavor by theuse of the y variable and the case of the Airy functiongiven in eq. (21) which is easily shown to be the naturalsolution of the PDE
∂y Ai(x, y)=− ∂3

x Ai(x, y), (31)
and the translation property

exp{− z ∂3
x
}
Ai(x, y)=Ai(x, y+ z). (32)

According to eq. (31), we can write the solution of theequation
∂y F (x, y)=− ∂3

x F (x, y), F (x, 0)=g(x), (33)
as follows:

F (x, y)=∫ ∞
−∞

dξ Ai(x − ξ, y)g(ξ). (34)

It is evident that the further generalization
Ai(2p+1)(x, y)= 12π

∫ ∞
−∞

dtexp{ıyt2p+1+ıxt}, (y>0) (35)
satisfies a higher order heat equation and can be exploitedto obtain the solution of the same family of equation interms of an appropriate integral transform.Let us now consider the following Schrödinger equation:
ıh̄Ψ(x, t)=− h̄22m∂2

xΨ(x, t)+FxΨ(x, t), Ψ(x, 0)=ψ(x), (36)
describing the motion of a particle in a linear potential (Fis a constant with the dimension of a force). This equationcan be written in the more convenient form
ı∂τΨ(x, τ)=−∂2

xΨ(x, τ) + bxΨ(x, τ), Ψ(x, 0)=ψ(x), (37)
where

τ= h̄t2m, b= 2Fm
h̄2 . (38)

As discussed in refs. [9–11], the previous equation can betreated by different means, a very simple solution beingoffered by the use of the following auxiliary function:
Φ(x, τ)=exp{ 13b ∂3

x

} Ψ(x, τ) (39)
which satisfies the equation

ı ∂τ Φ(x, τ)=b x Φ(x, τ) . (40)
The solution of eq. (37) can therefore be written as

Ψ(x, t)= Â ψ(x),
Â=exp{− 13b ∂3

x

} exp{− ı b x τ} exp{ 13b ∂3
x

}
, (41)

where the operator Â, once written in an integral form, isrecognized as the Airy transform.The solution of the equation
ı∂τΨ(x, τ)=− ∂2p

x Ψ(x, τ)+bxΨ(x, τ), Ψ(x, 0)=ψ(x), (42)
can be obtained in an analogous way, and it is given by:

Ψ(x, t)= Â(2p) ψ(x),
Â(2p) =exp{− 1(2p+ 1)b∂2p+1

x

} exp {− ıbxτ}
exp{ 1(2p+ 1)b∂2p+1

x

}
, (43)
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where the operator Â(2p) can be expressed in terms of inte-gral transforms, linked to the higher order Airy functionsdiscussed in these sections. Further examples of gener-alization of the Airy function are due to Watson [12], whointroduced a complete class of functions with interestingproperties for physical applications. As an example, weconsider the function expressed as
W (x)=∫ ∞0 dt cos (t4 + 4xt + 2x2) (44)

which is compared to the ordinary Airy function in Fig. 2,and satisfies the ODE
d2dx2W (x)+4 x2 W (x)=0. (45)

The use of the unitary transformation
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Figure 2. Comparison between the Watson Airy function W (x)
(dashed) and the ordinary Airy function (solid).

J(x)=exp{ ı4 ∂2
x

}
W (x), (46)

shows that it can be associated to the first ODE
x2 J(x)+ı(x ddx + 12

)
J(x)=0. (47)

The transformation (46) has removed the second orderderivative and has simplified the underlying symmetrygroup, which has been reduced from SU(1, 1) to the dilata-tion group. We have mentioned this example because itmay open a new, interesting point of view for Schrödinger-type equations involving quadratic potentials.Before concluding this paper we discuss whether the Airypolynomials can be exploited to obtain a series expansion

of a given function. The problems associated with the or-thogonal properties of ordinary and higher order Hermitepolynomials have been thoroughly considered in a previ-ous publications (see refs. [13, 14]); here we will use thepoint of view developed in ref. [14]. We consider, therefore,the following expansion
f(x)= ∞∑

n=0 anH
(3)
n (x,−|y|), (48)

and we will show that the use of the operational toolsdeveloped in this paper provides, in a fairly natural way,the coefficients an. We will also display the orthogonalproperties of this family of polynomials. On account of thedefinition of the higher order Hermite polynomials (seeeq. (6)), eq. (48) yields
exp{|y| ∂3

x
}
f(x)= ∞∑

n=0 an x
n . (49)

The use of the identity (19) allows us to specify the actionof the exponential operator on the function f(x) as
13√3 |y|

∫ ∞
−∞

dξ Ai(− x − ξ3√3 |y|
)
f(ξ)= ∞∑

n=0 an x
n , (50)

and insertion of the explicit expression of the Airy function(see eq. (16)) yields13√3 |y| 12π
∫ ∞
−∞

dξ ∫ ∞
−∞

dt
exp{ ı3 t3 + ı ξ − x3√3 |y| t

}
f(ξ)= ∞∑

n=0 an x
n. (51)

The expansion of the x-dependent part of the exponentialon the lhs of the previous equation yields:
an= (−)n2π n! 13√3 |y|

∫ ∞
−∞

dt f(ξ) ∂nξ Ai( ξ3√3 |y|
)
, (52)

which holds only if the integral on the rhs of this equationconverges.In these concluding remarks we have touched on severalproblems that are worth exploring thoroughly. For exam-ple, the formalism developed here can be profitably ap-plied to the study of the behavior of a particle subject to alinear potential, to the discussion of wave-packet spread-ing as made in ref. [15], and to the discussion of timedependent solutions [16]. These topics, together with dis-cussion of the link between the Watson and the A(2p+1) (x)functions, the possibility of obtaining more general Airy-type transforms and their relevance to Bell-type polyno-mials, and a more rigorous formulation of the orthogonalityproperties of the Airy polynomials will be the topics of aforthcoming investigation.
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