
Cent. Eur. J. Phys. • 9(6) • 2011 • 1393-1409
DOI: 10.2478/s11534-011-0048-x

Central European Journal of Physics

Analysis of ∆0(1232) production in collisions of
protons with carbon nuclei at 4.2 GeV/c

Research Article

Khusniddin K. Olimov12∗, Mahnaz Q. Haseeb1† , Alisher K. Olimov2, Imran Khan1

1 Department of Physics, COMSATS Institute of Information Technology,
Park Road, Islamabad, Pakistan

2 Physical-Technical Institute of SPA “Physics-Sun” of Uzbek Academy of Sciences,
Bodomzor Yo’li str. 2b, 100084 Tashkent, Uzbekistan

Received 8 February 2011; accepted 26 April 2011

Abstract: The production of ∆0(1232)-resonances in p+12C collisions at 4.2 GeV/c was analyzed with 4π acceptance.
The mass distribution of ∆0(1232) was reconstructed using an angular criterion. The fraction of charged
π−-mesons coming from ∆0 (1232) decay was estimated and compared to those obtained in earlier works.
The momentum, transverse momentum, kinetic energy, and rapidity distributions as well as invariant cross
sections of ∆0(1232)-resonances were reconstructed in the laboratory frame. The mean kinematical char-
acteristics of the reconstructed ∆0(1232) were compared to those of participant protons in experiment and
within some of the models. The freeze-out temperature of ∆0(1232) estimated in the present analysis was
compared with those obtained using different methods for ∆(1232) produced with other sets of colliding
nuclei at various incident energies. The relative number of nucleons excited to ∆0 (1232) at freeze-out
conditions in p+12C collisions was estimated.
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1. Introduction

The lowest excitation of nucleons, ∆(1232)-resonance, hasan important role in physics of strong interactions. Decay-ing in 99% cases into nucleon and pion (∆→ Nπ), it domi-nates the pion-production phenomena at beam kinetic en-ergies of the order of a few GeV/nucleon. A lot of researchworks [1–43] has been devoted to investigate ∆(1232) ex-
∗E-mail: olimov@comsats.edu.pk
†E-mail: mahnazhaseeb@comsats.edu.pk

citation in various strong and electromagnetic processesinvolving protons, pions, photons, light nuclei as well asheavy ions. The mass and width of ∆(1232)-resonancesproduced in nuclear matter in relativistic hadron-nucleusand nucleus-nucleus collisions were found to modify sig-nificantly as compared to those (M∆NN = 1232 MeV/c2,Γ = 115 – 120 MeV/c2) [44] of ∆(1232) produced innucleon-nucleon collisions. The decrease of the mass andwidth of ∆(1232)-resonances produced in dense hadronmatter in heavy ion collisions was interpreted in terms ofthermal and isobar models [11, 25]. In a recent work [45] itwas shown that an accurate account of in-medium modifi-
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cation of ∆(1232) mass, which is itself not trivial, was veryimportant in thermal model to describe successfully theexperimental pion spectra in heavy ion collisions at ener-gies 2 – 8 A GeV. This modification was also related to thehadronic density, temperature, and non-nucleon degreesof freedom in nuclear matter [11, 25, 34, 46–48]. Howeverstill many results on ∆(1232)-resonance production needto be interpreted more clearly to understand the basicmechanisms responsible for such modifications.The ∆(1232)-resonance dominates various nuclear phe-nomena at energies above the pion-production thresh-old [29, 49–51]. In cosmology it is mainly responsible forthe ”GZK cut-off” effect [52], which occurs due to the sup-pression of the high-energy cosmic ray flux by the cosmicmicrowave background (CMB). Once the energy of cosmicrays is sufficient to produce ∆(1232)-resonances in thescattering off the CMB photons, the rate of observed cos-mic rays drops dramatically [53]. This effect puts a cutoffon the primary cosmic ray energy at around 1019 eV forthe rays coming from a distance larger than a few tens ofMpc [29, 53].During the last few decades, the possibility of a phasetransition of nuclear matter into the state of quark gluonplasma has been widely discussed and researched. Thespectrum of nuclear matter on the border of the phase tran-sition should be very complex, but it seems undoubted thatthe lower states of this spectrum are related to excitationof ∆(1232) and other resonances [9]. Thus, informationon the properties of the ∆(1232)-resonances produced innuclear matter is important for an in-depth understand-ing of nucleus-nucleus collisions at ultra relativistic ener-gies [9, 10].Identification of structures in the invariant mass distribu-tion of correlated proton and pion pairs provides a di-rect proof that nucleons are excited to high-lying reso-nances [11]. The major obstacle that should be overcomein reconstructing the invariant mass is the large combina-torial background from non-correlated pπ pairs [11]. In pe-ripheral reactions with very light projectiles, e.g. p [26, 27]or 3He [28] induced reactions at around 2 GeV bombard-ing energy, the pπ correlations were successfully analyzedand the mass distribution of ∆(1232) was extracted. Theresonance mass was found to be shifted by about −25MeV/c2 towards lower masses in reactions on various tar-gets, compared to those on protons [26–28]. The mass re-duction of ∆(1232) in p+A collisions (A=C, Nb, Pb) at 0.8and 1.6 GeV incident energy [26] was related to the effectsof Fermi motion, NN scattering, and pion reabsorption innuclear matter.This work is a continuation of a series of our papers [40–43] on experimental investigation of ∆(1232) productionin relativistic hadron-nucleus and nucleus-nucleus colli-

sions. The main aim of this paper is to determine variousphysical properties of ∆0(1232)-resonances, produced inp+12C collisions at 4.2 GeV/c, and compare them withthose for ∆(1232)-resonances produced with other sets ofcolliding nuclei at various incident energies. To analyze∆0 production in the present work, the observed protonsand π−-mesons were used. The results can be useful toenhance understanding on ∆ production in proton inducedreactions as well as to interpret data on relativistic heavyion collisions.
2. The experimental procedures

The experimental data were obtained on the basis of pro-cessing stereophotographs from the 2-m propane (C3H8)bubble chamber of the Laboratory of High Energy of theJoint Institute for Nuclear Research (JINR, Dubna, Russia)placed in a magnetic field of strength 1.5 T and irradiatedwith a beam of protons accelerated to a momentum of 4.2GeV/c at the JINR synchrophasotron. To select events ofinelastic p+12C interactions in the total set of proton in-teractions with propane, we used criteria based on thedetermination of the total charge of secondary particles,the presence of protons emitted into backward hemisphere,the number of π−-mesons produced, etc., as described indetail in [54–57]. This allowed us to separate ≈ 70% [54]of the total number of inelastic proton-carbon interactionevents, estimated by using the known cross-sections forp + p and p + 12C interactions and the proton-carbonratio in propane molecule. The remaining ≈ 30% of thetotal number of proton-carbon events were extracted sta-tistically from p + p interactions on quasi-free protonsof C3H8 molecules. It should be mentioned that p + pinteraction events on quasi-free protons of carbon nucleiconstitute approximately 69% of all the p + p interactionevents on quasi-free protons of propane molecules. Thiscan easily be estimated from the fact that 18 protons outof the total 26 protons in propane molecule belong to car-bon nuclei. These p + p interaction events were addedinto the data base of p +12C interactions with the rele-vant weights. The weights were determined in such a waythat the numbers of events occurring on carbon and hydro-gen corresponded to the numbers expected on basis of theknown cross-sections for inelastic interactions [56–60]. Itis worth mentioning that number of such p + p interactionevents added into the data base of p +12C interactionsequals, within statistical errors, to the number of p + ninteraction events on quasi-free neutrons of carbon nuclei.This is expected because of the equal number of p and nin carbon nuclei, and hence nearly equal p + p and p + ninteraction cross sections.
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The corrections to account for the loss of particles emittedunder large angle to object plane of the camera were in-troduced. The losses of protons emitted at large angles tothe photographic plane were corrected for; they amountedto about 3% for protons with momenta plab > 300 MeV/cand ≈ 15% for slow protons with plab < 300 MeV/c [56].The separation of protons and π+-mesons was done visu-ally, based on their ionization up to momentum p≈ 0.75GeV/c. However under conditions of the present experi-ment, protons and positively charged pions are identifiedunambiguously up to momentum of 0.5 GeV/c. There-fore all the positively charged particles with momentumgreater than 0.5 GeV/c were assigned weights determin-ing the probability that a given particle is a proton ora π+-meson. All the negatively charged particles wereidentified as π−-mesons. It should be mentioned that
π−-mesons make up the main fraction (>95%) among thenegatively charged particles, and admixture of fast elec-trons among them does not exceed 4%. Most of the pi-ons and protons with momenta lower than 70 MeV/c and150 MeV/c respectively were not registered because oftheir short range (less than 2 mm) in the propane bubblechamber. The average error in measuring angles of thesecondary particles was 0.8 degree, while the mean rel-ative error in determining momenta of the particles fromthe curvature of a track in the magnetic field was 11% [56].The momentum distribution of protons produced in p +12Ccollisions at 4.2 GeV/c is presented in Fig. 1a. In Ref. [56–60] protons with plab>300 MeV/c were denoted as partic-ipant protons. The mean multiplicity per event of protonswith plab > 150 MeV/c and plab > 300 MeV/c was deter-mined to be 2.44±0.11 and 1.83±0.10 [56] respectively inp +12C collisions, with a statistics of 2886 inelastic events.After introducing all above mentioned corrections in the

Figure 1. Momentum distribution of protons (a) and π−-mesons (b)
produced in p +12C collisions at 4.2 GeV/c, normalized to
the total number of inelastic events.

present analysis, we obtained the respective mean multi-plicities to be 2.47±0.05 and 1.83±0.04, with a statisticsof 6736 inelastic p +12C events. The mean multiplicityof participant protons (plab > 300 MeV/c) calculated us-ing Dubna Cascade Model (DCM) [61, 62] and FRITIOFmodel [63–67] were 1.79 ± 0.01 [56] and 1.99 ± 0.02, re-spectively [60]. It should be mentioned that the broadpeak observed in momentum distribution of protons in re-gion ∼ 3 – 4 GeV/c in Fig. 1a is due to quasi elasticscattering of initial protons on the nucleons from carbon,as was also shown in [56]. The momentum distributionof π−-mesons produced in p +12C collisions is presentedin Fig. 1b. The mean multiplicity per event of these π−-mesons proved to be 0.36±0.01 and practically coincidedwith that, 0.33±0.02, obtained in an early work [54], with astatistics of 1834 inelastic events. The mean multiplicity of
π−-mesons calculated using DCM and modified FRITIOFmodel came out to be 0.42±0.01 [54] and 0.41±0.01 [67],respectively. More details about the experiment and ex-perimental procedures can be seen in Refs. [54–57]. Thestatistics of the analyzed data in the present work con-sists of 6736 inelastic p +12C events, measured under 4πacceptance, corresponding to cross-section 265± 15 mb.
3. Analysis of ∆0(1232) production
The measured momenta of protons and π−-mesons wereused to calculate the invariant mass M of the p π system,from the relation

M2 = (Ep + Eπ
)2 − (pp + pπ

)2
, (1)

where Ep, Eπ , pp, pπ are the energy and momentum ofthe proton and π−-meson, respectively. The foreground(or experimental) and background invariant mass distri-butions for p π− pairs in p +12C collisions at 4.2 GeV/care shown in Fig. 2. In what follows the term ”fore-ground distribution” is used instead of commonly knownterm”experimental distribution”. The foreground distri-bution was obtained by combining all protons and π−-mesons in each individual event. The background spec-trum was obtained by an event mixing method: that is,the invariant mass of p π− pairs selected randomly usinga proton from one event and a pion from another event wascalculated. To take into account the event topology, onlythe events with equal particle multiplicities were com-bined. As seen from Fig. 2, the foreground invariant massdistribution for p π− pairs does not show a resonance-likestructure near M∆ =1232 MeV/c2, expected for ∆0(1232)-resonance, and the maximum of foreground distributionis shifted to the values of M < 1200 MeV/c2. This is
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Figure 2. Foreground (•) and background (◦) invariant mass distri-
butions of p π− pairs in p +12C collisions at 4.2 GeV/c.

due to a large combinatorial background from uncorre-lated p π− pairs as was also shown earlier for 16O+ pcollisions [41] at 3.25 A GeV/c, C+C [39], 4He+C [43], andC+Ta [42] collisions at 4.2 A GeV/c, π−+12C interactionsat 40 GeV/c [40]. To reduce such contribution as muchas possible, the method of analyzing an angle betweenthe proton and pion was used as done successfully inRefs. [39–43] to extract the mass distribution of ∆0(1232).If the ∆ resonance decays in flight, the angle α betweenthe outgoing proton and pion, in the laboratory frame, isdefined by
cos α = 1

pppπ

(
EpEπ −

M2∆NN −M2
π −M2

p2
)
, (2)

where pp and pπ are the proton and pion momenta, Ep and
Eπ are the respective energies, and M∆NN =1232 MeV/c2.This value was compared with the cosine of experimentallymeasured angle β,

cosβ = pp · pπ
pppπ

. (3)
The foreground invariant mass distribution, dnf /dM, forpπ pairs was constructed using just the following criterion:only the combinations satisfying the inequality

|cosβ − cos α| < ε (4)
were kept, where ε is an arbitrary cutoff parameter the-oretically lying in the interval [0,2]. If the momenta of

protons and pions are measured with high precision, theupper limit of this interval should be low.It is important to mention that (73± 3)% of all inelasticp +12C collision events in experiment are peripheral in-teractions with the values of impact parameter, b > 2.6fm, greater than r.m.s. radius of 12C ≈ 2.46 fm [68]. Thisvalue is quite close to the fraction of peripheral p+12Ccollisions, 66%, calculated within modified FRITIOF modelin [67]. The background spectrum was obtained by usingthe same criterion in (4), as for foreground distribution,and calculating the invariant mass of pπ− pairs by event-mixing technique. It is necessary to mention that for theforeground distribution at the certain value of ε the corre-sponding background distribution was obtained using thesame value of the cutoff parameter ε. For the pairs mea-sured in a certain event the corresponding mixed pair waschosen from events with identical proton and pion multi-plicities. It is necessary to note that the condition of equalmultiplicities in the foreground and mixed spectra ensuresthat correlations due to the reaction dynamics and pionrescattering in spectator matter are properly subtractedfrom the foreground spectrum [11, 36, 37]. To make thebackground distribution as smooth as possible by reduc-ing statistical errors, the number of mixed combinationsfor each background spectrum was 5 times greater thanin foreground distribution. Then the background spectrumwas normalized to the total number of pairs in the fore-ground distribution. In this way, the set of foregroundand background invariant mass distributions of pπ− pairswas constructed for different values of the cutoff parameter
ε. The distribution of differences between foreground andbackground invariant mass distribution, given by

D (M) = dnf
dM − a

dnb
dM (5)

was analyzed for each ε value, where a is a coefficientvarying from 0 to 1. Interpreting the distribution D(M)as a pure ∆0 signal, it was fitted in region 1092 – 1407MeV/c2 by a relativistic Breit-Wigner function [38]
b (M) = C ΓMM∆(

M2 −M2∆)2 + Γ2M2∆ , (6)
where M∆ and Γ are the mass and width of the resonance,and C is the normalization coefficient. The data set D(M)was obtained for each ε value, varying the parameter a.Then the data set D(M) was fitted by the function b(M)and the value of χ2(a) was determined for each fit. Dur-ing these fitting procedures, the parameter ε was variedfrom 0.01 to 1.00 with a step of 0.01, and a varied from0.00 to 1.00 in steps of 0.01 for each ε value. The best
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value of the parameter a for each ε was found from theminimum of the function χ2(a). Thus for each foregrounddistribution (for each ε) the best background distribution
a dnb/dM at the best value of a was obtained. Analyzingthe foreground and background spectra at different valuesof ε, we discovered that at ε<0.10 the distributions D(M)are too narrow, the width and mass being Γ<40 MeV/c2and M∆∼1232 MeV/c2, respectively. This is due to rela-tive smallness of statistics for the foreground spectrum inthe vicinity of the ∆0(1232) peak and to dominance of theeffect of the chosen mass M∆NN in Eq. (2) for ε<0.10.

Figure 3. Foreground (•) and background (◦) invariant mass distribu-
tions of pπ− pairs in p+12C collisions at 4.2 GeV/c obtained
using the cutoff parameters ε=0.05 (a) and ε=0.90 (b).

As an example, the foreground and background invariantmass distributions of pπ− pairs at ε=0.05 are shown inFig. 3a. At the values of the cutoff parameter ε > 0.85the spectra dnf /dM become similar to the foregroundspectrum in Fig. 2  in particular a large combinato-rial background from uncorrelated pπ− pairs masks theresonance-like structure. As an example, foreground andbackground invariant mass distributions of pπ− pairs ob-tained for ε=0.90 are presented in Fig. 3b. With a furtherincrease of the parameter ε, the peak of foreground spec-tra shifts towards M< 1200 MeV/c2 becoming wider andapproaching more the shape of the foreground distributionin Fig. 2 obtained without using criterion in relation (4).The dependence of obtained best values of parameters aand the corresponding values of M and Γ on the cutoffparameter ε is illustrated in Figs. 4a  c. One can seefrom Fig. 4a that in region ε<0.4 the parameter a, whichcharacterizes the background contribution, overall growswith an increase of ε. It is important to mention that inthis region the total number of combinations in foregroundspectra increases, with an increase of the number of cor-

related as well as uncorrelated pπ− pairs, as ε grows.For ε < 0.2, it follows from Fig. 4b and Fig. 4c that thedistributions D(M) are narrow, the width and mass beingΓ<40 MeV/c2 and M∆∼1232 MeV/c2, respectively.

Figure 4. Dependence of the obtained values of parameters a (a),
M (b), Γ (c) on ε.

This is, as was mentioned earlier, due to relatively lessstatistics for the foreground spectrum in the vicinity ofthe ∆0 peak and to a dominance of the effect of the cho-sen mass M∆NN in Eq. (2), for ε < 0.2. Further, Fig. 4ashows that, in region ε ≈ 0.4  0.7, there is almost a”plateau”, the value of a remaining stable within small os-cillations, the maximal spread of a in this interval being
|amax − amin|=0.07. With a further increase of ε, as seenfrom Fig. 4a, the value of a on the whole increases show-ing unstable behavior with large oscillations, and reachingthe value of a∼ 0.9 at ε=1.0. As seen from Fig. 4b, theregion ε>0.7 is characterized by a strong decrease of M∆and unstable behavior of Γ as ε increases. Fig. 4b andFig. 4c show that the fitting errors of the parameters M∆and Γ become large in region ε>0.7. These observationscan be explained by a significant increase of contribu-tion of combinatorial background from uncorrelated pπ−pairs whereas there are almost no further contributionsfrom correlated pπ− pairs to the foreground spectra withan increase of ε in region ε > 0.7. Therefore at the val-ues of the cutoff parameter ε> 0.85 the spectra dnf /dMbecome similar to the foreground spectrum in Fig. 2 with
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a large combinatorial background from uncorrelated pπ−pairs practically masking the resonance-like structure.The mass distribution of ∆0(1232)-resonance was obtainedchoosing the best value of the parameter ε and the corre-sponding best value of a. These best values of the param-eters were determined from an analysis of the behaviorof the function χ2(ε,a). The minimum of χ2(ε,a) func-tion gave the following values: ε(∆0)= 0.61 ± 0.18 and
a
(∆0)=0.78+0.03

−0.05. It is worth mentioning that the selectedbest value of ε lies inside the ”plateau” region, ε ∼ 0.4 0.7, with relatively stable values of a. The uncertaintyon ε, ∆ε/ε≈ 30%, was estimated from an average exper-imental error on momentum measurement, 〈∆p/p〉 ≈ 11%,in p+12C collisions at 4.2 GeV/c. In what follows, allthe systematic errors in determination of parameters andkinematical characteristics of ∆0(1232)-resonances wereestimated based on the above obtained ε uncertainty.

Figure 5. (a) Foreground (•) and the best background invariant-
mass distribution (◦) for pπ− pairs in p+12C collisions at4.2 GeV/c obtained using the best values of parameters ε
and a. (b) The corresponding difference (•) between the
foreground and the best background distribution for pπ−
pairs obtained at the best values of parameters ε and a
along with the corresponding Breit-Wigner fit (solid line).

The uncertainty of a was determined as the maximal posi-tive and negative deviation from a
(∆0)=0.78 of the valuesof a obtained for ε in the interval from 0.43 (0.61−∆ε) to0.79 (0.61+∆ε). The foreground invariant mass distribu-

Table 1. Parameters of approximation of obtained mass distribution
of ∆0(1232) resonances (obtained at the best value of ε)
produced in p+12C collisions at 4.2 GeV/c by the relativistic
Breit-Wigner function.

C M (MeV/c2) Γ (MeV/c2) χ2/n.d.f.25575± 2695 1222± 5+10
−14 89± 14+32

−43 0.21
tion dnf /dM and the best background distribution of pπ−pairs at the best values of ε and a are shown in Fig. 5a.The difference distributions D(M) for pπ− pairs, using theabove chosen best values of ε and a, along with the corre-sponding Breit-Wigner fits are presented in Fig. 5b, fromwhere the mass and width of the ∆0(1232), produced inp+12C collisions, were obtained. As seen from Fig. 5a, theforeground invariant mass distribution of pπ− pairs has astatistically significant resonance-like structure, expectedfor ∆0(1232)-resonance, at the best value of ε.To estimate the fraction of π−-mesons coming from∆0(1232) decay relative to the total number of π−-mesons,produced in p+12C collisions, the following relation wasapplied to the above obtained best foreground and back-ground spectra:

R
(∆0/π−) = ∫ Mx

Mp+Mπ

(
dnf
dM − a ·

dnb
dM

)
dM

NpC
in · n(π−) (7)

with Mp+Mπ , the sum of proton and pion masses, and
Mx ≈ 1400 MeV/c2 as the lower and upper limits of in-tegration, n(π−) = 0.36 ± 0.01 the mean multiplicity perevent of π−-mesons in p+12C collisions, NpC

in = 6736 thetotal number of inelastic p+12C collision events. Thevalue of numerator in Eq. (7) is simply the total ex-cess of the foreground spectrum over the background, i.e.
N∆0→pπ− =939±31(stat.)+237

−159(syst.) . The systematic erroron this N∆0→pπ− was determined as the maximal positiveand negative deviation from N∆0→pπ− = 939 of the val-ues of N∆0→pπ− obtained for ε in the interval 0.43 – 0.79,determined by ε uncertainty.The parameters of approximation of the mass distribu-tion of ∆0(1232) by the relativistic Breit-Wigner func-tion are presented in Tab. 1. As seen from the value of
χ2/n.d.f. in Tab. 1, a good approximation of mass distri-bution of ∆0(1232)-resonances by the relativistic Breit-Wigner function was obtained. The systematic uncertain-ties in M and Γ were estimated as the maximal posi-tive and negative deviations of these parameters obtainedfor ε in the interval 0.43 – 0.79 from the correspondingvalues presented in Tab. 1. It is logical to compare theobtained parameters of ∆0(1232)-resonances, produced inp+12C collisions with those of ∆0(1232)-resonances pro-duced in relativistic hadron-nucleus collisions, where a
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Table 2. The masses, widths, and fractions of π−-mesons, com-
ing from ∆0(1232) decay, for ∆0(1232) resonances, pro-
duced on carbon nuclei in p+12C collisions at 4.2 GeV/c and
π−+12C interactions at 40 GeV/c, and produced on oxygen
nuclei in 16O+p interactions at 3.25 A GeV/c.

Reaction, p0 M (MeV/c2) Γ (MeV/c2) R (∆0/π−), %p+12C, 4.2 GeV/c 1222± 5+10
−14 89± 14+32

−43 39± 3+10
−7

π−+12C, 40 GeV/c 1226± 3 87± 7 6± 116O+p, 3.25 AGeV/c 1224± 4 96± 10 41± 4

similar procedure of reconstruction of mass distribution of∆0(1232) was used. The masses, widths, and fractions of
π−-mesons, coming from ∆0(1232) decay, for ∆0(1232)-resonances, produced on carbon nuclei in p+12C colli-sions at 4.2 GeV/c and π−+12C interactions [40] at 40GeV/c, and produced on oxygen nuclei in 16O+p interac-tions [41] at 3.25 A GeV/c are presented in Tab. 2. Asseen from this table, the masses as well as the widthsof ∆0(1232)-resonances for the reactions considered co-incided with each other, within error limits. In spite ofthe relatively large errors, the absolute values of the ob-tained widths of ∆0(1232)-resonances, presented in Tab. 2,proved to be close to each other and agree with the av-erage width ∼90± 10 MeV/c2 of ∆(1232)-resonances ob-tained [41] in relativistic 16O+p, 4He+C, C+C, C+181Ta,and π−+12C collisions. On the whole, the average massshifts of ∆(1232)-resonances, produced on carbon and oxy-gen nuclei, are in good agreement with theoretical resultof W. Weinhold et al. [35], mentioned in [11], in whichthe mass of the ∆0(1232)-resonance was calculated to beshifted by ∆m∆≈−10 MeV/c2 when corrections due to thenucleon interaction in the πN loop of the ∆ self energyare taken into account.The situation with respect to relativistic nucleus-nucleuscollisions, especially for heavy ion collisions, is differentand more complex. This is because of the dense nuclearmatter created in nucleus-nucleus collisions in which theproperties of ∆(1232) can modify significantly [11, 24, 25].As was pointed out in [11], the nuclear environment causes,in general, a mass shift which can be either positive ornegative and depends on the hadronic density. For exam-ple, in near-central Ni+Ni and Au+Au collisions [11, 24]at energies between 1 and 2 A GeV the average massshift of ∆(1232) was −60 and −80 MeV/c2, respectively,the obtained widths being of the order of 50 MeV/c2. Themass shift of ∆(1232) in nucleus-nucleus collisions wasfound to be roughly proportional to the number of partici-pants that became smaller with increasing impact param-eter b [11, 23, 25]. In our case, we deal with light carbonnuclei and the results are averaged over all impact param-

eter b values. If we relate the significant decrease of themass and width of ∆(1232) as due to the high values ofthe hadronic densities created in near-central relativisticheavy ion collisions, then the smaller modification of themass and width of ∆(1232)-resonance in the present workcan be explained by the predominantly peripheral charac-ter of collisions, and hence by the smaller hadronic den-sities roughly equaling the normal nuclear densities [41].Table 2 shows that (39±3+10
−7 )% of π−-mesons, produced inp+12C collisions at 4.2 GeV/c, are estimated to come fromthe decay of ∆0(1232). A significant part of π−-mesons(41± 4%), as seen from this table, was estimated to comefrom decay of ∆0(1232)-resonances, produced on oxygennuclei in 16O+p collisions [41] at 3.25 A GeV/c. On theother hand, as seen from Tab. 2, only (6 ± 1)% of π−-mesons come from ∆(1232) decay in π−+12C interactionsat 40 GeV/c [40]. This result was expected [40], since atprojectile energies as high as 40 GeV, as compared to en-ergies of the order of a few GeV/nucleon, more channelsopen up for the favorable production of other higher massresonances as well as ρ0-, ω0-, and f0-mesons [69, 70]. Inan early work [70] it was shown that approximately 30%of charged pions produced in π−+12C interactions at 40GeV/c come from ρ0-, ω0-, and f0-meson decay. A compari-son of the above mentioned fractions of π−-mesons comingfrom ∆0(1232) decays with the other published data, in-cluding central heavy ion collisions, is illustrated in Fig. 6.

As seen from this figure, the fraction of π− coming from∆0(1232) decays generally decreases with an increase ofincident energy. Our result for R (∆0/π−) in p+12C colli-sions at 4.2 GeV/c, as illustrated in Fig. 6, agrees withinerror limits with R (∆0/π−) in 4He+C and C+C collisionsat the same incident energy per nucleon, and is in linewith the results of other experiments with different collid-ing nuclei at various incident energies.We can estimate from the results presented above therelative number of nucleons excited to ∆0 at freeze-out,
n(∆) /n (nucleon+∆). The abundance of ∆0 can be evalu-ated using the relation [24]:

n(∆) = n
(
π−
)
fisobar π−∆π−all , (8)

where n(π−) is the average number of π− per event,
π−∆ /π−all is the fraction of π− coming from ∆0(1232) decays,and fisobar is the prediction of the isobar model [71]:
fisobar = n

(
π− + π0 + π+)

n(π−) = 6 (Z 2 +N2 +NZ
)

5N2 +NZ (9)
with N and Z being the number of neutrons and protonsrespectively. The mean multiplicity of π− in p+12C col-
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Figure 6. Dependence of fraction of π− mesons coming from ∆0
decay on beam kinetic energy per nucleon: (?)  ob-
tained in the present work for p+12C collisions at 4.2 GeV/c
(Tbeam ≈ 3.4 A GeV); (◦)  obtained in 16O+p collisions at3.25 A GeV/c (Tp≈2.5 GeV in oxygen nucleus rest frame);
(�)  obtained in central Ni+Ni collisions at 1.06, 1.45, and1.93 A GeV; (�)  obtained in central 28Si+Pb collisions at
plab = 14.6 A GeV (Tbeam ≈ 13.7 A GeV); (N) and (M) 
obtained in 4He+C and C+C collisions respectively at 4.2
A GeV/c (Tbeam ≈ 3.4 A GeV); (�)  obtained in π−+12C
collisions at 40 GeV/c (Tbeam≈39.9 GeV).

lisions at 4.2 GeV/c is n(π−) = 0.36 ± 0.01. For (p+12C)system fisobar≈3.43.Assuming
〈
npart
p

〉
〈
npart
n

〉 = 〈n(π+)〉pC
〈n(π−)〉pC = 〈n(π+)〉pN

〈n(π−)〉pN = 1.7
from p-nucleon interactions, where 〈npart

n

〉 is the meanmultiplicity of participant neutrons in p+12C collisions at4.2 GeV/c, we can evaluate
n(nucleon + ∆) = 〈npart

p
〉+ 〈npart

n
〉+ 〈n∆〉 , (10)

with 〈npart
p

〉=1.83± 0.04 and 〈n∆〉=0.14± 0.01+0.04
−0.03 be-ing the mean multiplicities of participant protons and ∆0respectively in p+12C collisions at 4.2 GeV/c. Using theabove results, the relative number of nucleons excited to∆0 at freeze-out was found to be n(∆) /n(nucleon + ∆) =(16± 3+4

−3)%. A comparison of this result with those ob-tained in earlier works for different sets of colliding nucleiat various incident energies is shown in Fig. 7. As seenfrom this figure, the relative number of nucleons excited

Figure 7. The relative number of nucleons excited to ∆0 at freeze-out
as a function of beam energy: (?)  obtained in the present
work for p+12C collisions at 4.2 GeV/c; (◦)  obtained in16O+p collisions at 3.25 A GeV/c; (�)  obtained by FOPI
collaboration for central Ni+Ni collisions; (�)  obtained
in E814 experiment for central 28Si+Pb collisions at plab =14.6 A GeV/c; (N) and (4)  obtained for 4He+C and C+C
collisions respectively at 4.2 A GeV/c.

to ∆0 at freeze-out in p+12C collisions at 4.2 GeV/c iscompatible with those obtained in Refs [22, 24, 39, 43].In [67] the dependences of the multiplicities of chargedparticles on Q value in p+12C collisions at 4.2 GeV/cwere investigated, where Q = n+−n−−nevap
p with n+and n− being the numbers of positively and negatively(singly) charged particles in an event, respectively, and

nevap
p  the number of protons with plab<300 MeV/c clas-sified as the evaporated ones. It was found that FRITIOFmodel underestimates the multiplicity dependence of neg-ative pions. Therefore an attempt was made to account fornon-nucleon degrees of freedom in nuclei in the modifiedFRITIOF model. It was assumed in the modified FRITIOFmodel [59, 67] that 20% of participant nucleons are excitedto ∆0 (∆+). This modified version of FRITIOF with al-lowance for ∆ isobars could describe well the multiplicitydependence of negative pions as well as the other exper-imental features of the secondary particles. The relativenumber of nucleons excited to ∆0 at freeze-out in p+12Ccollisions at 4.2 GeV/c, estimated in the present work, isconsistent with this model assumption.

4. The kinematical spectra of∆0(1232)
To extract the mean kinematical characteristics of∆0(1232)-resonances, produced on carbon nuclei in p+12C
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collisions, we reconstructed the momentum, transverse mo-mentum, kinetic energy, and rapidity distributions in thelaboratory frame, i.e. in the carbon nucleus rest frame. Todo this, we used all pπ− pairs contributing to the fore-ground invariant mass distribution in Fig. 5a, obtainedusing the best value of cutoff parameter ε. The momen-tum, transverse momentum, kinetic energy, and rapiditydistributions of ∆0(1232) were calculated using the rela-tions
p∆ = ∣∣∣pp + pπ

∣∣∣ , (11)
pt = ∣∣∣ppt + pπt

∣∣∣ , (12)
T∆ = (p2∆ +M2∆) 12 −M∆, (13)
Y = 12 ln(E∆ + pL∆

E∆ + pL∆
)
, (14)

respectively, where pp and pπ are the proton and pion mo-menta, ppt and pπt are the proton and pion transverse mo-menta, M∆ represents the invariant mass of pπ− pair, and
E∆ and pL∆ is the total energy and longitudinal momentumof ∆0(1232), respectively. To account for the backgroundcontribution into the foreground invariant mass distribu-tion of pairs in Fig. 5a, the calculated kinematical char-acteristics of ∆0(1232) for each pπ− pair were taken witha weight

w = ( dnf
dM − a ·

dnb
dM

dnf
dM

)
M=Mpπ

, (15)
determined atM=Mpπ using the experimental and back-ground invariant mass distributions of pπ− pairs obtainedat the best values of ε and a. To estimate the systematicuncertainties in the obtained kinematical characteristicsof ∆0(1232) at the best value of cutoff parameter ε, wedid the following: we reconstructed the kinematical dis-tributions of ∆0(1232) for such ε values within the interval
ε=0.43 – 0.79, determined by ε uncertainty, for which weobtained the extreme values of N∆0(1232)→pπ− . We obtainedthe minimal value of N∆0(1232)→pπ− =780 ± 28 at ε=0.43and the maximal value of N∆0(1232)→pπ− = 1176 ± 34 at
ε = 0.68. The so-obtained (for ε = 0.61, ε = 0.43, and
ε = 0.68) momentum, transverse momentum, kinetic en-ergy, and rapidity distributions of ∆0(1232), normalized tothe total number of ∆0(1232), are presented in Figs. 8a –d. As seen from Fig. 8, all the kinematical distributionsobtained practically coincided with each other for threedifferent cutoff parameter values.As seen from Fig. 8d, the peak of reconstructed rapid-ity distributions of ∆0(1232) produced in p+12C collisionsat 4.2 A GeV/c appears between the center-of-mass ra-pidity (y∼ 0.28) of the collision (p+12C) system and thenucleon-nucleon center-of-mass-rapidity (yc.m. = 1.1 for

Figure 8. Reconstructed momentum (a), transverse momentum (b),
kinetic energy (c), and rapidity (d) distributions of ∆0(1232)
resonances produced in p+12C collisions at 4.2 GeV/c in
the laboratory frame (normalized to the total number of∆0(1232)) obtained for the values of ε = 0.43 (�), ε =0.61 (•), ε = 0.68 (◦). Rapidity distribution of protons (N)
in p+12C collisions at 4.2 GeV/c (normalized to the total
number of protons) is also presented for a comparison in
(d).

4.2 GeV/c). In a simplistic picture the rapidity distributionof ∆0(1232)-resonances would have a peak at the nucleon-nucleon center-of-mass-rapidity yc.m.=1.1 if ∆0(1232) hadbeen produced in first chance nucleon-nucleon collisions.However, the location of the peak of the rapidity distribu-tion of ∆0(1232) close to the target fragmentation regionindicates that most of ∆0(1232) are produced in secondarycollisions in carbon nuclei as well as in peripheral p+12Cinteractions. Indeed, the average number of participantprotons per event, 〈npart
p

〉 = 1.83 ± 0.04, in p+12C col-lisions at 4.2 A GeV/c proved to be significantly largerthan the average of the mean multiplicities of participantprotons for p+p and p+n collisions,
〈
npart
p
〉
pN =

〈
npart
p

〉
pp

+ 〈npart
p

〉
pn2

[72], which is the average number of participant protonsper event in proton-nucleon collisions. This shows a sig-nificant contribution of secondary collisions even for suchlight nucleus as carbon [56]. Obviously in case of absence
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Table 3. The mean values of momentum, kinetic energy, transverse
momentum, and rapidity of ∆0(1232) resonances, produced
in p+12C collisions at 4.2 GeV/c, in the laboratory frame ob-
tained for the values of ε=0.61, ε=0.43, and ε=0.68 (the
corresponding statistics of N∆0(1232)→pπ− is also presented).

ε 0.61 0.43 0.68
〈p〉, MeV/c 1103± 27+33

−15 1136± 30 1088± 24
〈T 〉, MeV 523± 20+14

−9 537± 22 514± 18
〈pt〉, MeV/c 422± 9+11

−3 433± 9 419± 8
〈Y 〉 0.59± 0.02+0.02

−0.01 0.61± 0.02 0.58± 0.01
N∆0(1232)→pπ− 939± 31+237

−159 780± 28 1176± 34
of secondary collisions in carbon nuclei the mean multi-plicities of participant protons would coincide for p+12Cand proton-nucleon collisions.For the sake of comparison, we also plotted in Fig. 8dthe rapidity distribution of protons in p+12C collisions at4.2 GeV/c, which is characterized by a prominent peak at
y≈ 0.2 and is due to slow target protons with plab< 300MeV/c, as was shown in Ref. [56]. Another enhancement,but of a significantly lesser magnitude, can be seen inregion y≈1.8 – 2.1, which is due to initial protons scat-tered quasi-elastically on the nucleons from carbon [56],and is also visible in momentum distribution of protonsin Fig 1a. The shape of rapidity distribution of protonsin Fig. 8d confirms that a significant part of protons in
p+12C collisions is produced in secondary collisions incarbon nuclei as well as in peripheral interactions, asin the case of ∆0(1232)-resonances. It should be men-tioned that the rapidity distribution of protons in p+12Ccollisions at 4.2 GeV/c was described quite satisfactorilyby the Dubna Cascade and modified FRITIOF models inRefs. [56, 59, 67]The mean values of momentum, kinetic energy, transversemomentum, and rapidity of ∆0(1232)-resonances, producedin p+12C collisions at 4.2 GeV/c, in the laboratory frameobtained for the values of ε=0.61, ε=0.43, and ε=0.68along with the corresponding statistics of N∆0(1232)→pπ− arepresented in Tab. 3.For a comparison, the mean values of momentum, trans-verse momentum, and rapidity of participant protons in
p+12C collisions are presented in Tab. 4 along with cal-culations by using FRITIOF model with and without al-lowance for delta isobars, as well as DCM. As seen fromTab. 3 and Tab. 4, ∆0(1232)-resonances are characterizedby the smaller values of mean momentum and rapidity ascompared to those for participant protons, whereas theirmean transverse momenta are almost the same within theerrors.We reconstructed in a similar way the spectrum of invari-

Table 4. The mean values of momentum, transverse momentum,
and rapidity of participant protons in p+12C collisions at4.2 GeV/c [59] compared to those calculated in [59, 67]
and in [60] using the FRITIOF model with and without al-
lowance for delta isobars respectively. The calculations
within DCM [56] are also included.

Kinematical Experiment FRITIOF Modified DCMcharacteristics FRITIOF
〈p〉, MeV/c 1368± 7 1170± 3 1362± 2 1294± 6
〈pt〉, MeV 437± 2 420± 1 452± 1 459± 3
〈Y 〉 0.78± 0.01 0.72± 0.01 * 0.75± 0.01

ant cross-sections, Ed3σ/d3p , of ∆0(1232)-resonances,produced in p+12C collisions as a function of the kineticenergy in the laboratory frame for the values of ε=0.61,
ε=0.43, and ε=0.68. The reconstructed spectrum for thebest value, ε=0.61, is presented in Fig. 9a. In this figure

Figure 9. Reconstructed invariant cross sections of ∆0(1232) reso-
nances produced in p+12C collisions at 4.2 GeV/c versus
their kinetic energy T in the laboratory frame for ε=0.61,
solid line  fit by the function in Eq. (16). (b)  Recon-
structed invariant cross sections of ∆0(1232) resonances
for the values of ε=0.43 (�), ε=0.61 (•), and ε=0.68 (◦).

we accounted only for ∆0(1232)-resonances decaying via∆0 → p+π− channel. To account for ∆0 → n+π0 decaychannel, one can simply multiply the spectrum in Fig. 9aby a factor of three, since we have, using the respectiveClebsh-Gordan coefficients [44], the following probabili-ties of ∆0(1232) decay into different isospin channels:
∆0 → 23 · (n+ π0)+ 13 · (p+ π−

)
.

As seen from Fig. 9a, the spectrum of invariant cross-sections of ∆0(1232) can be characterized by three regionswith different slopes:
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1. T <0 – 50 MeV,
2. T ∼50 – 400 MeV, and
3. T >400 MeV.

As seen from Fig. 9b, the spectra of invariant cross sec-tions obtained for ε=0.43 and ε=0.68 show a behaviorsimilar to the spectrum obtained for ε = 0.61. It is in-teresting to mention an appearance of a separate steepslope in region T ∼ 0 – 50 MeV. Such a trend was alsovisible in region T ∼ 0 – 30 MeV of reconstructed in-variant cross sections of ∆0(1232)-resonances produced in16O+p interactions at 3.25 A GeV/c [41]. The first pointobtained for this region in 16O+p interactions was visiblyabove the fitting curve [41]. Such a behavior was showingup again in invariant cross sections of ∆0(1232) in p+12Ccollisions. Since statistics allowed us, we determined herethe invariant cross sections for five points subdividing theregion of T = 0 – 50 MeV into five bins, and appearanceof a steep slope for T ∼0 – 50 MeV became evident (seeFig. 9a and 9b). Therefore we fitted the spectrum of in-variant cross-sections of ∆0(1232)-resonances versus theirkinetic energy in region T =0 – 3 GeV by the function
f(T ) = A1 exp(− TT1

)+ A2 exp(− TT2
)+ A3 exp(− TT3

)
(16)with three slopes T1, T2 = T0, and T3. In [41] we es-timated the temperature T0 of ∆0(1232)-resonances pro-duced on oxygen nuclei in 16O+p interactions at 3.25 Aby fitting their spectrum of invariant cross-sections by anexponential with a single slope T0 in region of relativelysmall kinetic energies T = 30 – 400 MeV in the oxy-gen nucleus rest frame. Naturally only the particles withrelatively small kinetic energies in the fragmenting nu-cleus rest frame could originate from some equilibriumstate of nuclear matter, and hence contain informationabout the state of excited nuclear matter. The particleswith relatively high kinetic energies (momenta) are mostlikely produced in processes of hard scattering (collisionswith relatively large momentum transfers) and hence donot carry information about the freeze-out temperatureof nuclear matter. The value of T0 = 103 ± 4 MeV ob-tained for ∆0(1232) in 16O+pinteractions at 3.25 A GeV/c(Tbeam = Tp ≈ 2.5 GeV in the oxygen nucleus rest frame)was consistent [41] with freeze-out temperatures obtainedusing different methods for ∆(1232) produced in other ex-periments with different colliding nuclei and at variousenergies.As seen from Fig. 9a and the value of χ2/n.d.f. in Tab. 5,the spectrum of invariant cross-sections of ∆0(1232)-resonances, produced in p+12C collisions, is fitted well bythe function in Eq. (16) with the values of T1 =(13± 5+1
−4)

MeV, T2 =T0 =(116± 20+10
−3 ) MeV, and T3 =(485± 48+30

−12)MeV. Here T1 corresponds obviously to region T ∼ 0 –50 MeV, T0 corresponds to T ∼50 – 400 MeV and can betaken as an estimate of the freeze-out temperature, and T3corresponds to the region T >400 MeV, where ∆0(1232)-resonances are most likely produced in processes of hard
p+12C scattering. It is interesting to note that the spec-trum of invariant cross sections of ∆0(1232) in region T ∼0– 50 MeV has a slope, T1 =(13±5+1

−4) MeV, which is of theorder of temperatures, ∼ 5 – 8 MeV, typical for nucleonscoming from evaporation.However the freeze-out temperature T0 = (116 ± 20+10
−3 )MeV, estimated above using fitting by function in Eq. (16),for ∆0(1232) produced in mainly peripheral p+12C colli-sions at 4.2 GeV/c, could have been overestimated due tothe influence of the region of relatively high kinetic en-ergies with quite large values of parameter T and longi-tudinal momentum transferred to the system by impingingprotons. The large fitting errors obtained for T0 could beone of the possible indications of this. To check this andobtain a better estimate for T0, free of possible ”longitudi-nal” effects, we reconstructed the invariant cross sections

f(mt)=d2σ/ (2πmt dydmt) of ∆0(1232) depending on theirreduced transverse mass mt−m∆ , where mt =√m2∆+p2
t isthe transverse mass of ∆0(1232).In Figs. 10a and 10b invariant cross sections f(mt) of∆0(1232) versus their reduced transverse mass obtainedfor the best value of ε= 0.61 and the corresponding fitsby the functions

A1 exp(− (mt −m∆)
T1

)+ A2 exp(− (mt −m∆)
T2

) (17)
and
A1 exp(− (mt −m∆)

T1
)+ A2 exp(− (mt −m∆)

T2
)+

A3 exp(− (mt −m∆)
T3

) (18)
with two and three slopes respectively are shown for ra-pidity intervals −0.4 < y < 1.1 and −0.4 < y < 2.2.The corresponding parameters of approximation of f(mt)by functions in expressions (17) and (18) are presentedin Tab. 6. As can be seen from Tab. 6, the values of T2and T3 obtained from fitting by sum of three exponentialsare significantly lower than the corresponding values inTab. 5. This indicates that T2 = T0 = (116± 20+10

−3 ), ob-tained from fitting by function in (16), was an overesti-mation. For an even better estimate of T0, we searchedfor region of a single slope in different intervals withinthe range mt−m∆ = 50 – 400 MeV. Spectra of f(mt) of
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Table 5. Parameters of approximation of reconstructed invariant cross sections of ∆0(1232) resonances produced in p+12C collisions at 4.2 GeV/c
by the function in Eq. (16), where T is the kinetic energy of ∆0(1232) in the laboratory frame, for the values of ε= 0.61, ε= 0.43, and
ε=0.68.

ε 0.61 0.43 0.68
A1, 88.78± 30.82+20.90

−14.99 73.88± 36.45 109.68± 33.22mb GeV−2 c3 sr−1
T1, GeV 0.013± 0.005+0.001

−0.004 0.009± 0.004 0.014± 0.005
A2, 20.93± 4.69+5.69

−4.42 16.51± 3.05 26.62± 6.17mb GeV−2 c3 sr−1
T2 =T0, GeV 0.116± 0.020+0.010

−0.003 0.126± 0.020 0.113± 0.019
A3, 2.81± 0.75+0.83

−0.74 2.07± 0.63 3.66± 0.91mb GeV−2 c3 sr−1
T3, GeV 0.485± 0.048+0.030

−0.012 0.515± 0.059 0.473± 0.043
χ2/n.d.f. 0.25 0.28 0.31

Table 6. Comparison of parameters of approximation of invariant cross sections f(mt )=d2σ/ (2πmt dydmt ) versus their reduced transverse mass
mt −m∆ by the sum of two and three exponentials with two and three slopes respectively for rapidity intervals −0.4 < y < 1.1 and
−0.4<y<2.2.

Fitting function Parameters −0.4<y<1.1 −0.4<y<2.2
A1, mb GeV−2 30.88± 3.94 19.53± 2.73Sum of two exponentials T1, GeV 0.062± 0.009 0.062± 0.011(expression (17)) A2, mb GeV−2 4.49± 2.81 3.77± 2.30
T2, GeV 0.141± 0.016 0.134± 0.014
χ2/n.d.f. 0.405 0.423

A1, mb GeV−2 17.35± 14.97 12.12± 11.16
T1, GeV 0.028± 0.031 0.036± 0.034Sum of two exponentials A2, mb GeV−2 21.55± 13.80 12.54± 10.04(expression (18)) T2 =T0, GeV 0.082± 0.032 0.090± 0.041

A3, mb GeV−2 1.78± 3.77 0.97± 3.27
T3, GeV 0.161± 0.048 0.160± 0.071
χ2/n.d.f. 0.384 0.415

∆0(1232) versus their reduced transverse mass obtainedfor the values of ε=0.43, ε=0.61, and ε=0.68 and thecorresponding fits with a single slope Boltzmann distri-bution, A0 exp (− (mt−m∆) /T0), in region mt−m∆ = 50 –300 MeV are presented in Figs. 10c and 10d. The corre-sponding parameters of approximation by an exponentialwith a single slope T0 for fitting ranges mt−m∆ = 50 –300, 50 – 400, 50 – 250, and 100 – 300 MeV and ra-pidity intervals −0.4 < y < 1.1 and −0.4 < y < 2.2 arepresented in Tab. 7 and Tab. 8. As seen from these twotables, we obtained the minimal values of χ2/n.d.f. forthe fitting range mt−m∆ =50 – 300 and rapidity interval
−0.4 < y < 1.1. The corresponding value of T0 proved

to be (79± 8± 1) MeV, which was stable within ±1 MeVfor all the three ε values. As observed from Fig. 10d, thespectra at mt−m∆>300 MeV start to deviate from a singleslope behavior of f(mt), which is due to onset of contribu-tion from hard scattering, as was discussed earlier. Thisis also supported by χ2/n.d.f. values given in Tab. 7, whichdecrease more than tenfold as the fitting range is changedfrom mt−m∆ = 50 – 400 to 50 – 300 MeV. The so esti-mated freeze-out temperature, T0 = (79± 8± 1) MeV, asseen from Tab. 7, has chi2/n.d.f. values which are at leastfour times smaller than that obtained for T0 in Tab. 5. Wealso fitted the spectra of f(mt) in region mt−m∆ =0 – 300MeV by the sum of two exponentials with two slopes for all
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Table 7. Comparison of parameters of approximation of invariant cross sections f(mt ) versus mt−m∆ with a single slope Boltzmann distribution
for fitting ranges mt−m∆ =50 – 300 and 50 – 400 MeV and rapidity intervals −0.4<y<1.1 and −0.4<y<2.2.

−0.4<y<1.1 −0.4<y<2.2
ε Parameter mt−m∆ = mt−m∆ = mt−m∆ = mt−m∆ ==50 – 300 =50 – 400 =50 – 300 =50 – 400MeV MeV MeV MeV

A0, 29.37± 6.27 24.19± 4.51 19.93± 4.12 16.29± 2.930.61 mb GeV−2
T0, 0.079± 0.008± 0.001 0.089± 0.008 0.079± 0.008 0.090± 0.008GeV

χ2/n.d.f. 0.0515 0.5508 0.0661 0.5299
A0, 25.17± 5.44 21.03± 4.00 17.15± 3.59 14.25± 2.610.43 mb GeV−2
T0, 0.079± 0.009 0.089± 0.008 0.080± 0.008 0.090± 0.008GeV

χ2/n.d.f. 0.0644 0.4569 0.0884 0.4560
A0, 37.36± 7.69 30.60± 5.49 25.18± 5.04 20.48± 3.560.68 mb GeV−2
T0, 0.078± 0.008 0.088± 0.007 0.079± 0.008 0.089± 0.007GeV

χ2/n.d.f. 0.0331 0.6162 0.0485 0.5809
the three ε values for rapidity interval −0.4<y<1.1. Thecorresponding spectra and fits are shown in Fig. 11 andthe parameters of approximation of invariant cross sections
f(mt) presented in Tab. 9.As seen from Tab. 9, the values of T2 =T0 are in very goodagreement with the above obtained estimate of freeze-out temperature of ∆0(1232). The data of Tab. 9 confirmthe existence of a steep slope in region of mt−m∆ < 30– 40 MeV. However, in this case, this region of small
mt−m∆ could be partly influenced by contribution from∆0(1232) moving in longitudinal direction with kinetic en-ergies T > 50 MeV possessing very small transverse mo-mentum. Therefore the values of T1 in Tab. 9 have largeuncertainties, agreeing nevertheless within errors with thevalue T1 = (13± 5+1

−4) MeV in Tab. 5 obtained for regionof kinetic energies T <50 MeV.In central heavy ion-collisions at energies between 1 and2 A GeV [11] it was deduced that apparent temperatureof reconstructed ∆(1232)-resonances, T∆ ≈ 40 – 60 MeV,was smaller than that of protons. This was attributed tothe fact that the reconstructed ∆(1232) are stemming fromrather late ”colder” phase of the collisions. The ∆(1232)produced earlier are more difficult to reconstruct, becausethe decay pions may scatter before leaving the collisionzone. However in the present work the estimated appar-ent temperature of ∆0(1232)-resonances, T0 =(79± 8± 1)

MeV, proved to be larger than that of protons, Tp=(62± 2)MeV, estimated in [73], in p+12C collisions at 4.2 GeV/c.This fact and that the minimal kinetic energy of ∆0(1232)reconstructed in the present analysis proved to be suffi-ciently small, (T∆)min, indicates that, in the present work,practically all the ∆0(1232)→ pπ− could be reconstructedcorrectly within the given uncertainties.
In [24] the freeze-out temperatures of ∆(1232), produced inNi+Ni collisions at beam kinetic energies between 1 and2 A GeV, were estimated within the context of hadrochemi-cal equilibrium model [74, 75] using the obtained fractions,
n(∆) /n(nucleon+∆), of nucleons excited to ∆(1232). Thefreeze-out temperatures of ∆(1232), produced in Ni+Nicollisions at 1 – 2 A GeV and Au+Au collisions at 1.06 AGeV, were extracted in [32, 33] from the radial flow analy-sis. Further in [22] the pion enhancement at low transversemomentum was used to determine ∆(1232) abundance incentral 28Si+Al, Pb collisions at plab = 14.6 GeV/c pernucleon (Tbeam ≈ 13.7 A GeV), and the freeze-out tem-perature of the system was extracted using the measured∆(1232) abundance. It was concluded [22] that in central28Si+Pb collisions at 14.6 A GeV/c a fireball is formedwith substantial excitation of ∆ baryons which freezes outat T0 = 138+23

−18 MeV. All the above mentioned freeze-outtemperatures along with the values of T0 for ∆++(1232)and ∆0(1232)-resonances, produced on oxygen nuclei in
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Table 8. The parameters of approximation as in Tab. 7 for fitting ranges mt−m∆ =50 – 250 and 100 – 300 MeV at the best value of ε=0.61.

−0.4<y<1.1 −0.4<y<2.2
ε Parameter mt−m∆ = mt−m∆ = mt−m∆ = mt−m∆ ==50 – 250 =100 – 300 =50 – 250 =100 – 300MeV MeV MeV MeV

A0, 28.88± 6.94 30.26± 13.87 19.38± 4.53 20.92± 9.160.61 mb GeV−2
T0, 0.080± 0.011 0.078± 0.014 0.081± 0.010 0.078± 0.014GeV

χ2/n.d.f. 0.0587 0.0582 0.0666 0.0808

Figure 10. Reconstructed invariant cross sections f(mt ) of ∆0(1232)
versus their reduced transverse mass obtained for the
best value of ε=0.61 and fits by the sum of two (dotted
line) and three (solid line) exponentials with two (three)
slopes (both fit curves are very close to each other) for
rapidity intervals−0.4<y<1.1 (a) and−0.4<y<2.2 (b);
Reconstructed invariant cross sections f(mt ) of ∆0(1232)
versus their reduced transverse mass obtained for the
values of ε = 0.43 (�), ε = 0.61 (•), and ε = 0.68 (◦) in
region mt−mDelta = 50 – 400 (d) and the corresponding
fits with a single slope Boltzmann distribution in region
mt−mDelta=50 – 300 MeV (c) for rapidity interval −0.4<
y<1.1.

16O+p interactions (Tbeam =Tp≈2.5 GeV) and for ∆0(1232)produced in p+12C collisions (Tbeam = Tp ≈ 3.4 GeV) arepresented in Fig. 12. As seen from Fig. 12, the freeze-outtemperatures for ∆(1232) produced in central heavy ion

Figure 11. Reconstructed invariant cross sections f(mt ) of ∆0(1232)
versus their reduced transverse mass obtained for the
values of ε=0.43 (�), ε=0.61 (•), and ε=0.68 (◦) and
the corresponding fits by the sum of two exponentials
with two slopes in region mt−m∆ =0 – 300 MeV.

collisions increase with an increase of beam energy. How-ever the freeze-out temperature, T0 = (79± 8± 1) MeV,estimated in the present work does not follow such an in-creasing behavior with an increase of beam energy. Thisis most likely due to mainly peripheral character of p+12Ccollisions and relative smallness of the interacting p+12Csystem. The relatively higher value of T0 estimated in16O+p interactions was most probably due to an overes-timation of this parameter caused by fitting the kineticenergy spectra of ∆(1232) with an exponential with a sin-gle slope [41].
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Table 9. Parameters of approximation of invariant cross sections
f(mt ) of ∆0(1232)-resonances versus mt−m∆ by the sum of
two exponentials with two slopes for fitting rangemt−m∆ =0
– 300 MeV and rapidity interval −0.4<y<1.1.

Parameters ε=0.61 ε=0.43 ε=0.68
A1, 14.44± 11.65 11.22± 48.72 19.51± 14.58mb GeV−2
T1, 0.017± 0.024 0.005± 0.022 0.016± 0.021GeV
A2, 28.30± 8.50 25.25± 3.61 35.80± 9.81mb GeV−2
T2, 0.080± 0.011 0.079± 0.007 0.079± 0.010GeV

chi2/n.d.f. 0.0426 0.0504 0.0440

Figure 12. Dependence of T0 on beam kinetic energy per nucleon:
(?)  T0 obtained in the present work for ∆0 resonances
produced in p+12C collisions at 4.2 GeV/c; (•) and (◦)
 T0 obtained for ∆++ and ∆0 resonances, respectively,
produced on oxygen nuclei in 16O+p collisions at 3.25 A
GeV/c; T0 obtained from the radial flow analysis (�) and
using the hadrochemical equilibrium model (�) for ∆ res-
onances produced in Ni+Ni collisions; (N)  T0 obtained
from the radial flow analysis for ∆0 resonances produced
in Au+Au collisions at 1.06 A GeV; (�)  T0 obtained for∆ resonances produced in central 28Si+Pb collisions at
plab =14.6 A GeV/c.

5. Conclusions
We reconstructed the mass distribution of ∆0(1232) pro-duced in p+12C collisions at 4.2 GeV/c using the angularcriterion. The mass and width of ∆0(1232) came out to be(1222± 5+10

−14) MeV/c2 and (89± 14+32
−43) MeV/c2, respec-tively. The fraction of π−-mesons (relative to their totalnumber) coming from ∆0(1232) decay in p+12C collisions

was estimated to be (39± 3+10
−7 )% and agreed within un-certainties with those in 4He+C and C+C at the sameincident energy per nucleon. Comparing this fractionwith the corresponding results for heavy-ion collisions andother results for different sets of colliding nuclei and in-cident energy range Tbeam/A ≈ 1 – 40 GeV, we observedan overall decreasing behavior of the fraction of π− from∆0(1232) decay with an increase of incident energy. Therelative number of nucleons excited to ∆0 at freeze-out in

p+12C collisions was estimated to be (16± 3+4
−3)%.

The momentum, kinetic energy, transverse momentum, andrapidity distributions of ∆0(1232)-resonances, producedin p+12C collisions at 4.2 GeV/c, were reconstructedand their mean values determined. We found that themean momentum and rapidity of ∆0(1232) were notice-ably smaller than those of participant protons, whereasthe mean transverse momenta of ∆0(1232) and participantprotons coincided within errors. The invariant cross sec-tions of ∆0(1232) as a function of the kinetic energy aswell as their invariant transverse mass spectra were re-constructed in the laboratory frame. The freeze-out tem-perature of ∆0(1232) deduced in the present analysis,
T0 = (79± 8± 1) MeV, proved to be larger than that ofprotons, Tp = (62± 2) MeV, estimated in [73] for p+12Ccollisions at 4.2 GeV/c. However this temperature waslower than expected from increasing trend of T0 with anincrease in beam energy observed for central heavy ioncollisions. This was interpreted as due to mainly periph-eral character of p+12C interactions and relative smallnessof the colliding p+12C system. We also found that thespectrum of invariant cross sections of ∆0(1232) in region
T ∼0 – 50 MeV has a slope, T1 =(13± 5+1

−4) MeV, of theorder of temperatures, ∼5 – 8 MeV, typical for evaporatednucleons.
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