
Superconductivity in copper-oxygen compounds

Rudi Hackl*

Walther Meissner Institut der Bayerischen Akademie der Wissenschaften, Walther-Meissner-Str. 8, 85748 München, Germany

Received January 31, 2011; accepted February 9, 2011

Superconductivity / Cuprates / Magnetism / Fluctuations /
Applications

Abstract. The discovery of superconductors on copper-
oxygen basis in 1986 was one of the most celebrated
events in condensed matter physics. The maximal tran-
sition temperature Tc close to 150 K was observed in
HgBa2Ca2Cu3O8þd at high pressure. In spite of enormous
progress in both the experimental knowledge and theoreti-
cal understanding, the origin of the high Tc remains elu-
sive. Although the materials properties require unexpect-
edly complicated technical solutions several applications
have been commercialized.

1. Introduction

The transition from scepticism to enthusiasm among solid
state scientists was never faster than after the report by
Bednorz and Müller on “Possible high-Tc superconductiv-
ity in the system La––Ba––Cu––O” [1]. The reasons for the
initial reluctance can be found in the Nobel lecture [2].
The observed onset of the superconducting transition at
approximately 35 K was well above the record of 23 K in
Nb3Ge but small in comparison to what followed in just a
few years thereafter (Fig. 1). The proper phase and the
composition optimal for superconductivity in the “Zürich”
oxides was quickly found [3]. With the synthesis of
YBa2Cu3O6þx (Y-123) [4] having a Tc well above the
boiling point of liquid nitrogen a new age of high tem-
perature superconductors emerged and two decades of
unprecedented research activities followed. In spite of en-
ormous progress, however, neither the theoretical under-
standing nor the materials problems nor the potential for
applications are settled yet, and research into the cuprates
remains one of the most challenging and exciting fields of
solid state chemistry and physics [5, 6].

In this paper, I review properties of copper-oxygen sys-
tems. Given that there exist over 100,000 original publica-
tions the perspective will unavoidably be guided by perso-
nal preferences with the tendency to focus on those
properties which are widely accepted and generic rather
than proper to single material classes. On various aspects
there exist excellent reviews which are quoted in the text.
I explicitly mention the summary on the electron doped

materials [7] since I focus more on the p-doped com-
pounds. The article is organized as follows: after a brief
historical part (Section 2) I provide an overview over the
materials and the preparation methods (Section 3). In Sec-
tion 4 predominantly properties of the normal state are re-
viewed. Experimental and theoretical aspects of the super-
conducting state are discussed in Section 5. Although there
is a contribution on applications in this volume, the latest
developments in the cuprates, which emerge at a breath-
taking speed since a few years, are briefly summarized in
Section 6.

2. History

It is enlightening to look at the activities preceding the
final successful synthesis of BaxLa5�xCu5O5(3�y) [1]. As
in many other cases there was a program where to search
for higher transition temperatures. The famous empirical
rules of Bernd Matthias, who succeeded to discover more
than 1000 new superconducting materials, are probably
the best documented example. They include, among other
statements, “Stay away from oxides” which had its origin
in the unsuccessful attempt to find an oxide with a Tc sub-
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Fig. 1. Transition temperatures of superconducting elements and com-
pounds as a function of the year of discovery. Open squares: materials
with conventional electron phonon coupling (to the best of our knowl-
edge). Full (red) circles: Copper-oxygen compounds. (Green) dia-
monds: Iron-based superconductors. The numbers refer to the com-
pounds listed on the left. The dotted line represents the boiling point
of liquid nitrogen.
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stantially above 10 K. Therefore, the search for new super-
conductors was focused on cubic intermetallic compounds
with the hope to possibly reach a Tc close to 40 K, the
theoretically expected upper limit for isotropic metals [8].
In fact, such a compound would have been very advanta-
geous for applications with liquid hydrogen sufficing as a
cryogen.

Beyond the very successful mainstream research on in-
termetallic superconductors there were also various inno-
vative ideas on the market. Little, picking up a comment
of F. London, theoretically studied the possibility of super-
conductivity in organic materials with the conducting and
“polarizable” structural elements being separated in space
[9]. Allender, Bray, and Bardeen continued partially in this
direction [10] but considered also metal-semiconductor
hetero-structures [11]. The basic idea is that the coupling
between two electrons is stronger in highly polarizable
poorly conducting materials. Then, the electrons in an ad-
jacent thin metallic layer are being coupled to Cooper
pairs via the polarizability of the insulator or semiconduc-
tor over a length scale on the order of the superconducting
coherence length x0 as defined in the microscopic theory
of Bardeen, Cooper, and Schrieffer (BCS) [12]. Alterna-
tively, the role of polarons was explored for essentially
homogeneous materials with low carrier density [13]. On
this substrate and with a sound background in ferroelec-
tricity, Bednorz and Müller (Fig. 2) started their search for
strong coupling superconductors in the early 1980ies which
lead to the discovery of the cuprates.

3. Materials

Within a few years about ten families of cuprates have
been discovered. They have rather different crystal struc-
tures with occasionally huge unit cells accommodating be-
tween 8 and over 100 atoms. The most popular families
are compiled in Table 1 along with their maximal super-
conducting transition temperatures Tmax

c .

3.1 Structure and chemistry

The copper-oxygen compounds have nearly tetragonal
crystal structures with b/a ratios between 1.00 and 1.02.
The parent compounds La2CuO4 and Nd2CuO4 (see insets
of Fig. 5) have been known for a long time [14–16] and
have K2NiF4 structure [17] with 3 approximately cubic
perovskite-like blocks per unit cell stacked along the crys-
tallographic c-axis. The resulting c/a ratio is close to 3. Ac-
cording to the valence count (and also to band structure
calculations) the compounds should be metals with a half
filled conduction band (1 electron per unit cell) but the
strong electronic correlations block the transport (for de-
tails see Section 4.2.1). Therefore, the number of free car-
riers is zero at half filling (n ¼ p ¼ 0). If Nd is partially
replaced by Ce or La by Sr(Ba) the materials are doped
away from half filling, 1þ n or 1� p, respectively, and
become conductors with a small number n or p of mobile
carriers directly given by x. The solubility limits for Ce
and Sr are x ’ 0:18 and 0.33, respectively. Both com-
pounds have CuO2 planes at distances c/2 which are offset
by (1=2, 1=2) in tetragonal lattice units a. In La2CuO4 the
Cu atom is in the center of an oxygen octahedron, in
Nd2CuO4 there is no oxygen in apex position above and
below the CuO2 plane. In contrast to K2NiF4, La2CuO4 is
tetragonal only at temperatures above 530 K [18]. Below,
the structure is slightly orthorhombic with the octahedra
tilted about their basal axis which corresponds to the
orthorhombic a*-axis. The transition temperature to the
orthorhombic structure decreases with Sr doping and
vanishes at x ’ 0:20. Nd2CuO4 remains tetragonal for all
temperatures. In doped Nd2�xCexCuO4 (NCCO) and in
La2CuO4 there is excess oxygen in the structures which
has to be removed for optimal physical properties.
La2�xSrxCuO4 (LSCO) for x > 0:05 has an oxygen deficit
after preparation. It is not clear yet whether fully stoichio-

324 R. Hackl

Fig. 2. J. Georg Bednorz (left) and K. Alex Müller. By courtesy of the
Nobel Foundation.

Table 1. Important families of copper oxygen superconductors. Ln is for Nd, Sm or even La in the case of thin films. n is the number of
adjacent CuO2 planes; three seems to be best for Tc [259]. Hg-1223 has the highest Tc so far. With applied pressure, 150 K can be reached [32].

number of CuO2 planes n 1 2 3 4 5

chemical formula nickname Tmax
c ðnÞ [K] Ref.

La2�xBaxCuO4 LBCO 30 [1, 302]

La2�xSrxCuO4 LSCO 39 [43, 303]

Ln2�xCexCuO4 LnCCO 29 [7, 304]

YBa2Cu3O6þx Y-123 93 [4]

Bi2Sr2Can�1CunO2nþ 4þ d Bi-22(n-1)(n) 39 98 110 [26]

Tl2Ba2Can�1CunO2nþ 4þ d Tl-22(n-1)(n) 95 118 123 112 105 [31]

TlBa2Can�1CunO2nþ 3þ d Tl-12(n-1)(n) 70 103 125 112 107 [31]

HgBa2Can�1CunO2nþ 2þ d Hg-12(n-1)(n) 96 128 136 123 100 [259, 31]



metry La2CuO4 and Nd2CuO4 exist at all. Nevertheless,
La2�xSrxCuO4 is one of the most intensively studied cup-
rates, since the entire doping range is accessible with a
single relatively well ordered compound.

YBa2Cu3O6þx (Y-123) is the only material which exists
at the stoichiometric composition. Crystals with the exact
cation ratio 1 : 2 : 3 can be grown from the flux. When
prepared in BaZrO3 crucibles they are virtually free of de-
fects [19, 20, 21]. The structures for the limiting doping
levels YBa2Cu3O6 and YBa2Cu3O7 are shown in Fig. 3.
YBa2Cu3O6 has a half filled conduction band but is an
antiferromagnetic (AF) insulator for the same reasons as
La2CuO4 and Nd2CuO4. The copper atoms in the chains
have valence 1þ, and holes on the CuO2 planes are gener-
ated only when one chain Cu has two oxygen neighbors.
For certain intermediate compositions in the range 0 < x
< 1 highly ordered phases can be prepared with domain
sizes of several 100 Å in all 3 crystallographic directions
[22–24]. Within small limits doping can also be achieved
by replacing Y3þ by Ca2þ [25]. Y-123 has two neighbor-
ing CuO2 planes at a distance c/3 ’ a which share one
octahedron and are in symmetric positions with respect to
the central Y atom of the conventional unit cell.

Bi-based cuprates, in particular Bi2Sr2CaCu2O8þd (Bi-
2212) [26], are very popular although they grow only far
off stoichiometry and have a complex modulated crystal
structure according to Ref. [27]. However, since the two
adjacent BiO2 layers are bound by van der Waals interac-
tion, they can be cleaved easily. The surfaces obtained in
this way are stable, electrically neutral, and typically atom-
ically flat over mm ranges. This makes Bi-2212 the work-
horse of surface sensitive experimental methods such as
angle-resolved photoemission spectroscopy (ARPES) and
scanning tunneling spectroscopy (STS). The doping level

can be changed via the oxygen content in the Bi––O layer
and by replacing Ca2þ by Y3þ. The highest Tmax

c at
p ’ 0:16 is obtained with 8% Y doping and reaches typi-
cally 96 K [28]. By annealing the crystals at oxygen par-
tial pressures in excess of 1000 bar [29] p ¼ 0:23 can be
obtained. In order to reach the underdoped range below
p ¼ 0:16 annealing protocols with low oxygen partial
pressure and low temperatures are required in contrast to
what is expected from the phase diagram [30].

In addition to these three extremely well studied fami-
lies, the thallium and mercury-based cuprates are also im-
portant since the highest transition temperatures and the
most extreme doping levels can be reached here in materi-
als with Tmax

c above 90 K. In either case, compounds with
up to five neighboring CuO2 planes exist [31] all of them
becoming superconducting above 90 K. The record break-
ing HgBa2Ca2Cu3O8þd has three adjacent CuO2 planes
and reaches a Tc close to 150 K at 25 GPa applied pres-
sure [32]. Three CuO2 planes are apparently optimal for
Tc, for four and more layers Tc decreases again. Very re-
cently, HgBa2CuO4þd (Hg-1201) was demonstrated to be
another model system in that the doping can be tuned in
the range 0:07 � p � 0:24 while a very high degree of
order can be maintained manifesting itself in a Meissner
effect of almost 100% [33].

Single layer Tl2Ba2CuO6þd (Tl-2201) can be driven
non-superconducting metallic on the overdoped side by
high-pressure oxygen annealing [34]. Since optimal dop-
ing is slightly below the accessible range the maximal
transition temperature at p ¼ 0:16 can only be extrapo-
lated to be close to 95 K in the latest generation of crys-
tals [35]. Hence, Tl-2201 is expected to display the prop-
erties of a true high-Tc compound in contrast to LSCO.

3.2 Growth of crystals

All materials were first prepared in crucibles. The main
complications are that the liquid phases and fluxes corrod
all standard materials and that the desired compositions do
not normally correspond to stable points in the high-tem-
perature phase diagrams. Y-123 alone can be grown stoi-
chiometrically from the flux. Instead of Y other rare earth
metals can be used but only crystals with Y are free of
site defects. In all other cases a finite number of rare earth
atoms change position with Ba thus reducing the degree
of order. The only stable crucible material is BaZrO3 which
had to be developed first [19–21]. All other materials get
partially dissolved and contaminate the crystals. Crystals
grown in BaZrO3 are shown in Fig. 4.

Single crystals of NCCO, LSCO and of the Bi family
were relatively soon grown in optical furnaces using the
[traveling solvent] floating zone technique ([TS]FZ) with a
small volume of appropriate flux between the feed and the
seed rod. When the flux is liquefied the material in the
feed rod is dissolved and diffuses to the colder seed where
it crystallizes. Normally, several tricks are necessary to
obtain a single crystal or at least sufficiently large grains.
The temperature of the melt, the external pressure of the
atmosphere and the oxygen partial pressure are all very
critical for a successful growth and have to be determined
systematically [28, 36, 37]. In this way large high-quality
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Fig. 3. Structure of YBa2Cu3O6þ x (Y-123). (left) YBa2Cu3O6 and
(right) fully oxygenated YBa2Cu3O7. The small (blue) sphere in the
center is Y, all other small (red) spheres are Cu. Ba and O are repre-
sented as large (yellow) spheres and open circles, respectively. In
spite of a half filled conduction band (1 electron per unit cell)
YBa2Cu3O6 is insulating due to electronic correlations and has no
mobile carriers (p ¼ 0). Doping in Y-123 is achieved by adding O to
the CuO chains along the crystallographic b-axis. In this way elec-
trons are removed from the CuO2 planes. YBa2Cu3O7 has 0.82 elec-
trons or 0.18 mobile holes per CuO2 formula unit (p ¼ 0:18). This is
already slightly above the doping level optimal for superconductivity
(see Fig. 5). The CuO2 planes (shaded, see Fig. 7) are common to all
cuprates with Y-123 having two of them at a distance c/3. The max-
imal Tc is reached in triple-layer compounds (see Table 1). Details
about most of the crystal structures of the cuprates can be found in
Shaked et al. [31].



single crystals can be prepared in several places of the
world having very similar properties. However, in contrast
to Y-123 full reproducibility cannot be achieved.

For the high vapor pressures of Hg and Tl at elevated
temperatures the TSFZ technique cannot be applied for
the preparation of single crystal of the respective families.
Using sealed crucibles and a second containment the vola-
tility and also the toxicity can be controlled reasonably well
at the price of a reduced parameter space for the growth
conditions. In spite of these challenges, single crystals of
Tl-2201 and Hg-1201 have now a reproducibly high quality
and reach sizes in the mm range [33–35, 38]. The poten-
tial of these materials was already demonstrated and can
hardly be overestimated.

3.3 Thin films

Along with these bulk methods thin-film techniques were
developed and applied successfully. With a few exceptions
all applications rely on thin films. There are various meth-
ods, (i) chemical vapor deposition (CVD), (ii) sputtering,
(iii) pulsed laser deposition (PLD), (iv) molecular beam epi-
taxy (MBE), (v) thermal co-evaporation, and (vi) jet print-
ing. All have been known before the advent of the cuprates,
(ii)–(vi) are still used for the cuprates. In a PLD machine
a high-energy UV laser evaporates material from a target
with the desired composition. The substrate on which the
film is supposed to be grown is in the center of the plume
of the evaporating atoms. PLD is very efficient and fast and
is probably the most widely used technique. In contrast to
PLD, the MBE technique allows full access to the ratio of
the cations. The regulation of the respective ion currents is
practically instantaneous facilitating layer-by-layer growth
and an extremely high film perfection [39]. Artificial multi-
layers with digital interfaces can be produced.

Thermal co-evaporation is a comparably simple and in-
expensive approach which turned out to be very successful
for the production of large-scale films of Y-123. Since the
crucibles with the starting materials are heated resistively

the regulation is only important for the long-term control
of the cation ratio. In all cases the substrates have to be
heated to the appropriate temperature. Usually one uses
mono-crystalline material with lattice parameters close to
those of the deposited films. Within certain limits the at-
mosphere in the preparation chamber can be adjusted. In
most of the cases the deposited cuprate films have oxygen
deficits which are fixed by in-situ post-annealing protocols
[40]. The quality of MBE films can come very close to
those of single crystals although the structures are not nor-
mally fully relaxed. On the other hand, materials can be
prepared which do not exist in equilibrium. This holds
particularly true for electron-doped cuprates [7].

4. Physical properties

As mentioned above the purity of the samples has crucial
influence on the properties. In particular, the integrity of
the CuO2 planes is essential to reach the maximal transi-
tion temperature of a material class. In turn, the effect of
impurities in the CuO2 plane can be studied systematically
[41] and demonstrates that the majority of the properties
derives from the planes in accordance with band structure
calculations. Here, I try to focus on the properties of vir-
tually clean materials and widely ignore defect-related and
preparation problems.

4.1 Phase diagram

The most remarkable property of the cuprates, in my opin-
ion right after the high Tc, is the universality of the phase
diagrams as shown in Fig. 5. Here, the phases are only
described separately; possible interrelations will be post-
poned to Section 4.4.
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Fig. 4. Y-123 single crystals in a BaZrO3 crucible. BaZrO3 is not
corroded by the flux, which is aggressive to all conventional crucible
materials, and had to be developed first [19]. After decanting the flux,
freestanding crystals, many of them with atomically flat surfaces, are
left behind on the walls. From [20] with permission.

Fig. 5. Generic phase diagrams of electron (left) and hole-doped
(right) cuprates. The insets show the tetragonal unit cells of the
prototypical compounds Nd2CuO4 and La2CuO4, respectively. The
shaded range in the center of the diagram indicates long-ranged
antiferromagnetism (AF). The superconducting dome on the hole-
doped side reaches from 0.05 to 0.27 in all clean cuprates [44]
independent of the maximal transition temperature Tmax

c close to
0.16. Tmax

c varies between 30 K in La2� xBaxCuO4 [302] and 150 K
in HgBa2Ca2Cu3O8þ d at an applied pressure of 25 GPa [32]. T* and
T0 schematically indicate the onset temperatures of the pseudogap
range [56] and of charge and spin ordering [52].



At least on the hole-doped side, the shape of the super-
conducting dome is almost independent of the material
class. In the doping range 0:05 � p � 0:27 the transition
temperature is well reproduced by [42]

Tc

Tmax
c

¼ 1� 82:6ðp� 0:16Þ2: ð1Þ

The maximum is always close to 16% doping but Tmax
c

can vary between 38 K for La1.84Sr0.16CuO4 [43] and ap-
proximately 150 K in HgBa2Ca2Cu3O8þd at 25 GPa [32].
A variety of materials following the universal curve are
compiled in Ref. [44]. The relation is valid only in clean
materials. In disordered samples the dome shrinks in that
superconductivity occurs in a narrower doping range and at
lower temperatures. This effect can be studied systemati-
cally by substituting Zn for Cu, for instance, or by irradia-
tion [45–48]. Also single-layer Bi2Sr1.61La0.39CuO6þd has
a narrower dome and is not superconducting for p < 0:10
[49]. In the following we discuss only the clean limit,
where all correlation lengths of ordering phenomena are
much smaller than the electronic mean free path ‘. As has
been shown for Y-123, ‘ depends more on the sample
quality than on the doping and can be in the micrometer
range in YBa2Cu3O6.53 with alternating completely filled
and empty chains [50].

Given that zero doping (half filling) can be reached, the
antiferromagnetism is similarly universal as superconduc-
tivity. The maximal Néel temperatures TN range between
280 and 420 K. As-grown La2CuO4 has TN ’ 280 K and
only post-annealing in Ar yields TN ¼ 325 K [18,51]. In
Y-123 TN reaches 420 K [52]. There is no direct scaling
between TN and Tc.

Long-ranged AF disappears rapidly on the hole-doped
side and somewhat slower for electron-doping, in any case
much faster than one would expect from the percolation
limit [53]. However, spin correlations without long-ranged
order can be observed well above TN and up to very high
doping levels. In LSCO, Wakimoto and coworkers find
them to disappear along with superconductivity above
psc2 ¼ 0:27 [54]. Presently, there is not enough experimen-
tal material available to decide whether or not spin fluctua-
tions and superconductivity generally coexist up to psc2.

In the range up to p ’ 0:20 there is another transition
or crossover at a doping dependent temperature T*ðpÞ
which is usually referred to as the pseudogap line [55, 56].
The nomenclature pseudogap is related to the observation
of a reduced spectral weight in the ARPES spectra meas-
ured below T*ðpÞ on fractions of the Fermi surface [57, 58].
This gap in the single-particle properties leaves imprints on
practically all types of responses. In some material classes,
and here individual behavior sets in, other crossover phe-
nomena can be observed below T*ðpÞ. Particularly in the
La-based compounds, static spin and charge textures devel-
op [52, 59–61]. More recently, indications of fluctuating
ordering phenomena were also observed in Bi-2212 and
Y-123 [62–68]. Finally, in some compounds a spin glass
phase at low doping can be observed below some 10 K.

For the rich variety of materials available, the hole-
doped side is more exhaustively studied than electron-
doped cuprates. Nevertheless, it is well established that the
AF range is broader and the superconducting dome is nar-

rower for n-doping [7, 37]. A pseudogap was observed by
various methods [7, 69–71] and may be a signature of
the back-folding of the conduction band at the AF Bril-
louin zone [72]. The temperature range of the results from
different methods is not yet consistent. While ARPES in-
dicates the opening of the pseudogap above Tc [73], tun-
neling reveals the pseudogap only below Tc when super-
conductivity is suppressed by a high magnetic field [69].
Systematic transport studies on thin films uncover a quan-
tum critical point at n ’ 0:165 [71] which could be the
end point of the T*ðnÞ line. Similarly, a crossover from a
small to a large Fermi surface close to n ¼ 0:17 may be
interpreted as a closing of the SDW-like gap [74].

4.2 Electronic structure

In conventional superconductors, the band width, the Fermi,
phonon, and gap energies are well separated, and super-
conductivity can be treated as a small perturbation of the
normal state. In the cuprates, all energy scales are in close
proximity including the magnetic exchange coupling J.
The correlation effects originate in the large Coulomb re-
pulsion U, lead to a substantial incoherent part of the elec-
tronic spectral functions, and k is not a good quantum
number any further. Consequently, interaction effects are
interrelated and cannot be observed independently, a fact
which still creates confusion.

Instead of dealing with these complications it appears
more fruitful to search for the origin of the variation of
Tmax

c in an otherwise rather universal phase diagram. A
natural starting point seems the electronic structure of the
CuO2 plane as the basic building unit in the individual
environment of a given material class.

4.2.1 High energies

The most transparent access to the electronic structure of
the CuO2 plane is through La2CuO4 since with the val-
ences of La and O, given as 3þ and 2�, respectively, Cu,
residing only in the plane, is in a 2þ state. The 4s orbital
is not relevant for the plane and, on an atomic level, we
are dealing with oxygen 2p and copper 3d states. In the
tetragonal environment of the cuprates the degeneracy of
the nine 3d electrons is lifted and the dx2�y2 orbital hap-
pens to be the highest occupied one hybridizing with the
oxygen px; y orbitals as shown in Fig. 7(a). The resulting
conduction band is half filled and therefore, on this level
of sophistication, La2CuO4 should be a metal. This is also
predicted by band structure calculation in local density
approximation (LDA). However, already a Hartree-Fock
calculation shows that the exchange energy is higher than
the kinetic energy and blocks the metallic transport. This
effect is usually referred to as a Mott metal-insulator tran-
sition. The appropriate description is the Hubbard model
which sets the kinetic and the Coulomb energy in relation.
If next-nearest neighbor hopping t0 is included in addition
to the nearest neighbor integral t for a more realistic de-
scription of the cuprates [see Eq. (3)] the one-band Hub-
bard Hamilonian reads [75],

H ¼
P
hi; jis

tðcyiscjsÞ þ t0ðcyiscjsÞ þ U
P

i
ni"ni# ; ð2Þ
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where cyis and cis creates and, respectively, annihilates an
electron with spin s on site i, and nis ¼ cyiscis is the den-
sity operator. hi; ji indicates that the sum is restricted to
nearest- and next nearest neighbor hopping in the case of t
and t0, respectively.

If one considers a situation with one hole per copper
site the hole tries to hop from site i via the bridging oxy-
gen to one of the four nearest-neighbor sites j. The kinetic
energy which can be expressed in terms of the transfer
integral t is much smaller than the Coulomb repulsion U
for double occupancy. In this way the transport is blocked.
In addition, since the Pauli principle is also at work, hop-
ping is only possible when the spins on sites i and j are
anti-parallel hence antiferromagnetically ordered. For
t � U the magnetic coupling between the neighboring
spins is given as J ¼ t2=U in second order perturbation
theory. If one constructs a tight-binding Fermi surface
with only nearest-neighbor hopping (t0 ¼ 0) and half fill-
ing in the idealized quadratic Brillouin zone (BZ) of the
CuO2 plane a square results covering half of the BZ area,
being rotated by 45� [see Fig. 7(b)] and coinciding with
the magnetic BZ. Due to the extended parallel parts, the
configuration is unstable and a gap would open at the
Fermi energy such as in charge or spin density wave
(CDW/SDW) systems [76].

It is instructive to have a closer look at the effect of the
Hubbard U on the electronic structure as shown in Fig. 6.
On an atomic level, the Cu 3d and the O 2p orbitals at
ed and ep, respectively, are split by some 2 eV. Crystal
field splitting and hybridization broaden the atomic levels
considerably, and the Cu 3dx2�y2 and O 2px;y orbitals are
mixed covalently. The Fermi energy EF is in the middle of
the anti-bonding (AB) band indicating metallicity. The dis-
persionless non-bonding (NB) and the bonding (B) bands
are approximately 3 eV below EF. The correlation energy

U opens a gap at EF , which was first introduced by Mott,
and the system becomes an insulator. In the case of the
cuprates U is approximately 8 eV hence much larger than
jep � edj, and all three bands are needed for a proper de-
scription.

Now the system will be doped by replacing La3þ by
Sr2þ. In a one-band picture, part of the copper is nominally
transformed into Cu3þ for compensation, and hopping be-
comes possible into empty dx2�y2 orbitals thus opening a
channel for transport. This picture is quite useful but ac-
cording to the preceding paragraph not quite true. In fact
the first hole is created on oxygen as demonstrated experi-
mentally very early [77, 78] since the charge-transfer en-
ergy jep � edj is smaller than U [79]. More precisely, the
extra positive charge forms a cloud around the central Cu2þ

which compensates also the copper spin and is therefore
called a Zhang-Rice singlet (ZRS) [80]. With minor modi-
fication, it still obeys the dynamics of the one-band Hub-
bard model as if the charge would reside on the copper.

The fact that jep � edj < U can only be taken into ac-
count properly – rather than approximately as in the one-
band Hubbard model sketched in the preceding paragraph –
if the Cu 3dx2�y2 , O 2px, and O 2py orbitals are included in
a three-band Hubbard model [81, 82]. It has been shown
via numerical solutions of the two models that both give
rather similar results for the phase diagrams at T ¼ 0 in-
cluding superconductivity [83], since the physics appar-
ently does not change qualitatively if the role of the
Hubbard U is taken over by jep � edj. Beyond the phase
diagrams on either side of half filling also the electron-
hole asymmetry [see Fig. 5] can be captured. The holes go
on the oxygen atoms and quench the superexchange coup-
ling between the antiferromagnetically ordered Cu spins
while the electrons appear first on the Cu site and just
dilute the spins. Consequently, the antiferromagnetism sur-
vives much longer on the electron-doped side. To which
extent the substantial differences between the material
classes in Tmax

c and other ordering phenomena can be ex-
plained through the material dependent fine tuning of
jep � edj is a matter of present research [83].

4.2.2 Energies in the range kBT

In order to arrive at energies in the range of a few kBT
around EF , where the relevant physics such as supercon-
ductivity occurs, the high-energy degrees of freedom have
to be integrated out [83, 84]. This procedure is a further
idealization and is only qualitative in that individual prop-
erties cannot be captured. Nevertheless, a thorough un-
derstanding of the coherent part of the electrons’ spectral
properties is at the origin of the explanation of the rele-
vant interactions and of superconductivity.

In this spirit, a downfolded LDA band structure [85]
can be derived which reproduces the experimental results
from ARPES [86, 87]. This holds particularly true for the
shape of the Fermi surface which can be obtained to with-
in a few percent from the tight binding band structure
(now in momentum space),

xk ¼�2t½cos ðkxÞþ cos ðkyÞ� þ 4t0 cos ðkxÞ cos ðkyÞ� m:

ð3Þ
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Fig. 6. Schematic band structure of the CuO2 plane at eV energies in
electron representation. The levels ep and ed correspond, respectively,
to the O 2p and Cu 3d atomic levels. The bonding band (B) at ap-
proximately 6 eV below the Fermi level EF (long dashes), the disper-
sionless non-bonding (NB) and the anti-bonding (AB) band originate
from the covalently overlapping Cu 3dx2�y2 and O 2px;y orbitals. All
other orbitals are neglected. Since the hopping integral t is much
smaller than the Coulomb energy U the configuration is insulating at
half filling, and the AB conduction band is split by U into the upper
(UHB) and lower (LHB) Hubbard band separated by the Mott gap U.
For small U the first hole goes on copper. If U exceeds jep � edj the
material becomes a charge transfer insulator [79] and the first doped
hole is created on the oxygen [78]. The new state is called a Zhang-
Rice singlet (ZRS) [80]. (The figure is inspired by lecture notes of D.
Einzel.)



Data from slightly overdoped Bi-2212 can be fitted satis-
factorily using t ¼ 250 meV, t0=t ¼ 0:35 and neglecting
band-splitting effects. With m=t ¼ 1:1 one arrives at a fill-
ing close to p ¼ 0:16. With minor changes in the para-
meters the CuO2 Fermi surfaces of all other cuprates can
be reproduced. The Brillouin zone with the Fermi surface
for a single CuO2 plane is shown in Fig. 7. The parame-
trization of the band structure in terms of hopping inte-
grals is frequently used as a basis for phenomenological
modeling [88–91] and microscopic calculations [83, 92,
93].

The experimental dispersion yields a Fermi velocity
vF ’ 2 � 107 cm/s [94] substantially smaller than the LDA
prediction indicating strong interaction effects. A hallmark
is the kink-like change of the slope vk ¼ �h�1@ek=@k at
approximately 70 meV observed in the nodal ARPES spec-
tra [95, 96] which turns out to be quite universal [94]. In
the presence of conventional electron-phonon interaction a
kink is expected in the strong coupling limit [97]. In the
cuprates, the origin of the interactions is still controversial.
The usual electron-phonon coupling [96, 98–101], the
coupling to spin excitations [102, 103], fluctuations of the
charge density [92, 104, 105] and orbital currents [106, 107]
have been proposed.

The strong renormalisation is in accordance with the
short lifetime tkðwÞ of the electrons which decreases ra-
pidly away from the Fermi surface [95, 108]. For a while
it appeared that the imaginary part S00kðwÞ ¼ 2½tkðwÞ��1 of
the electronic self energy S ¼ S0 þ iS00 is scale free and
varies linearly with energy w and temperature T [95] as
expected when the electrons scatter on critical fluctuations
of any origin (such as spin or charge density or orbital
currents). As a consequence, the quasiparticle weight Zk ¼
½1� S0kðwÞ�

�1 at the Fermi energy EF vanishes and the
electron’s spectral function is distributed over very large
energy scales in contrast to the properties of a Landau
Fermi liquid with 0 < Zk < 1. This phenomenology is
called marginal Fermi liquid (mFL) [109] and has a big
share in the discussion of the cuprates.

With the continuously improved resolution of ARPES
experiments, various substructures were found at low ener-
gies and analyzed in terms of phonons [98, 99] and spin
fluctuations [102, 108]. In all cases, S00kðwÞ varies faster
than linear at low energies and crosses over to the more
linear behavior in the 50 meV range. This phenomenology
is expected if the electrons couple to a dispersionless
(Einstein) mode which must not necessarily be a lattice
vibration. These recent observations let it appear very
likely that several interactions contribute to the coupling
spectrum.

At a given energy w, tkðwÞ depends strongly on the
position on the Fermi surface. Along the diagonal G�M
line of the BZ (nodal direction) S00kðwÞ is relatively small
and does not depend substantially on doping [86, 87]. In
the vicinity of the X point (antinode) things are more com-
plicated. At very high doping as in Tl-2201, the lifetime
of antinodal quasiparticles may even be longer than that of
nodal ones [110]. With decreasing doping the lifetime and
the weight of the antinodal quasiparticles decrease con-
tinuously. Slightly below optimal doping the interactions
along the principle directions become strong enough to
completely suppress coherence even in the superconduct-
ing state [111, 112]. At elevated temperatures no quasipar-
ticle develops any more for p < 0:18 indicating a loss of
coherence in the pseudogap regime on parts of the Fermi
surface [87].

4.2.3 Bridging the gap

At first glance one would expect that the renormalized
conduction band with a width in the range of an eV and
the UHB and LHB split by U ’ 8 eV do not overlap.
However, the strong correlations leave only a small frac-
tion Zk � 1 of the quasiparticles’ spectral weight close to
EF and distribute 1� Zk over large energy scales. This
incoherent part can be observed experimentally between
the LHB and the conduction band as a faint structure with
almost vertical dispersion [113–115] and is reproduced
theoretically using Monte-Carlo techniques for solving the
Hubbard model [116, 117]. Thus, there is one more indi-
cation that the Hubbard model is a reasonable starting
point for the description of the CuO2 planes in the cup-
rates.

4.3 Two-particle dynamics

The CuO2 planes determine the majority of the physical
properties and, in particular, carry the currents in the nor-
mal and in the superconducting states. Owing to the
layered structure, the cuprates are electrically highly aniso-
tropic [118]. The anisotropies of the resistivities rc=rab,
with the subscripts indicating the crystallographic direc-
tions, range from 30 to 105 [119, 120].

4.3.1 Transport

At optimal doping all clean cuprates have an essentially
linear resistivity in the a� b plane down to Tc, rabðTÞ
/ T , which saturates only at very low temperature, as de-
monstrated for LSCO in magnetic fields [121]. Below a
doping dependent temperature Tr

*ðpÞ ’ T*ðpÞ there is a
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a� b�
Fig. 7. Electronic structure at EF ¼ mðT ! 0Þ of an idealized quadra-
tic CuO2 plane. Panel (a) shows the orbital character of Cu and O
(without phases) at low quasiparticle energy xk ¼ ek � m ’ 0. (b)
Brillouin zone and Fermi surface of a single CuO2 plane. The Fermi
surface encircles the empty states around the M points at (	p, 	p)
for unit lattice spacing a. The diagonal (G�M) is usually called the
nodal direction since the superconducting gap Dk crosses 0 here (see
Section 5). Correspondingly, the neighborhood of X is called anti-
node. The number of carriers, electrons or holes, correspond to the
imbalance of the areas around M and G. At half filling (1 electron per
CuO2) the areas equal. The plane should be metallic but the correla-
tions make it insulating.



reduction of rabðTÞ below the linear variation which is
associated with a pseudogap [55, 119, 120, 122, 123]. If
the high-temperature part is extrapolated to T ¼ 0 the resi-
dual resistivity is very small and approaches 0 for the
cleanest optimally doped crystals. If superconductivity is
suppressed by high magnetic fields rabðTÞ saturates at a
finite value [121]. For p > 0:16, also the out-of-plane re-
sistivity becomes purely metallic and rcðTÞ / rabðTÞ. The
ratio rc=rabðT ’ 1:5 TcÞ at optimal doping is approxi-
mately 30 in Y-123 [119] and 5000 in Bi-2212 [120] hav-
ing the same Tmax

c and close to 500 in LSCO with Tmax
c ¼

39 K [121].
There is a dichotomy between the under- and the over-

doped ranges on the hole-doped side which becomes parti-
cularly clear at low temperatures when superconductivity
is suppressed by magnetic fields. Various systematic stud-
ies have been carried out recently by Ando and coworkers
[43]. The results for LSCO and Y-123 are shown in
Fig. 8. In both Y-123 and LSCO the resistivity generally
turns insulating, corresponding to drabðTÞ=dT < 0, at low
temperatures and doping before superconductivity appears
at psc1 ’ 0:05. For p > psc1 drabðTÞ=dT becomes essen-
tially positive for T > Tc. If a magnetic field is applied
which is high enough to suppress superconductivity com-
pletely an upturn is observed with a logarithmic divergence
towards zero temperature. With increasing p the minimum
shifts to lower temperature and approaches T ¼ 0 close to
p ¼ 0:17 [121]. For p > 0:17 the resistivity remains metal-
lic and exhibits a Ta variation over extended temperature
ranges with a ’ 1:5. Apparently, full metallicity develops
above optimal doping. In strongly over-doped Tl-2201
with Tc ’ 15 K, 1:5 < a < 2 is found [124]. If the resis-
tivity is fitted to rðTÞ ¼ r0 þ ATþ BT2 the coefficient
A of the linear term approaches zero as jpsc2 � pj for
p � psc2 [125, 126].

The details become more transparent when the dynamics
is studied as a function of the electron momentum k as
discussed already briefly in the context of the electronic
structure and single-particle lifetimes in paragraph 4.2.2.

Concerning transport, two-particle properties have to be
considered where an electron is scattered from an occu-
pied into an empty state leading to the usual restrictions
and corrections. In an early nuclear magnetic resonance
(NMR) experiment, deviations from the Korringa law,
ðT1TÞ�1 ¼ const, with T1 the spin lattice relaxation time
and T the temperature was found well above Tc for
p � 0:17 [127], indicating the loss of a relaxation channel
for the electrons. The NMR form factors suggest that par-
ticles close to ðp; 0Þ may experience a gap which was
directly observed by ARPES [57, 58]. Similarly, optical
transport (IR) results in Y-123 show that the electrons
with momenta along the diagonal relax differently from
those at the X points of the BZ. The distinction is possible
for the specific crystal and band structure of Y-123 which
facilitates to project diagonal and ðp; 0Þ momenta for in-
plane and out-of-plane polarizations, respectively [85]. For
this reason, the pseudogap as an anti-nodal property was
discovered first by c-axis polarized IR spectroscopy [128].
However, the projection in optical spectroscopy with in-
plane polarizations is incomplete having finite sensitivity
everywhere in the Brillouin zone, and the pseudogap is
clearly visible below optimal doping also for Eka; b [129,
130].

The electronic Raman response measures a quantity si-
milar to the conductivity [131, 132] but has in-plane selec-
tion rules which facilitate independent access to nodal and
antinodal electrons by appropriately selecting the light po-
larizations [132, 133]. Results for Raman relaxation rates
Gm (m is for the polarizations corresponding to symmetry
projections [132]) of differently doped Bi-2212 at 200 K
are shown in Fig. 9. In the nodal configuration the doping
dependence of the spectra and of the corresponding carrier
relaxation is weak for psc1 < p < psc2 [134–136]. Above
p ’ 0:21 no polarization dependence corresponding to a
relaxation anisotropy can be observed. The relaxation rate
for antinodal electrons increases abruptly below p ’ 0:21,
and approximately 30% of the spectral weight is lost in
the energy range up to 250 meV. This was traced back to
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a� b� c� d�
Fig. 8. Resistivity vs T for different doping levels p for LSCO (a), (b) and Y-123 (c), (d). The comparison indicates the similarity of the
different classes as long as the crystals are sufficiently clean. Note the deviation from linearity below a doping dependent temperature T*ðpÞ
which is particularly clearly seen in Y-123 at 0:11 . p . 0:15 corresponding to 6:60 . y . 6:85. From Ref. [43] with permission.



a doping and momentum dependent correlation gap extra-
polating to 2DC ’ 200 meV at p ¼ 0 [134]. A similar phe-
nomenology emerges with a progressive loss of quasiparti-
cle coherence starting at X and proceeding to the node
upon reducing p as observed by ARPES [57, 58, 87, 137]
and studied also in the context of light scattering [135,
138, 139]. The correlation gap, the pseudogap and, finally,
the superconducting gap (see Section 5), have different en-
ergy scales and their interrelation has to be determined yet.

The onset of anomalies in the doping range around
p ¼ 0:16 are also seen in the Hall effect [140] and, parti-
cularly clearly in the Nernst signal [126, 141–143] consti-
tuting, respectively, a transverse voltage in response to a
charge and heat current in a perpendicular magnetic field.
The Hall effect exhibits a maximum close to T* [126,
143] but only the quantum oscillations of the Hall resistiv-
ity at very low temperature indicate that the anomaly may
be related to a reconstruction of the Fermi surface [65].
Very recently, indications of a Fermi surface reconstruc-
tion were also discovered on the electron-doped side in
NCCO [74].

The Nernst effect is sensitive to superconducting vor-
tices [144] and density-wave order [145]. For a long time
the Nernst signal observed between T* and Tc in LSCO
was considered a signature of vortex motion above the
coherence temperature Tc in the spirit of a 2D Kosterlitz-
Thouless transition [141]. Only recent results in Eu-doped
LSCO showed that the onset of the Nernst voltage coin-
cides with the charge-ordering temperature [143, 146]
found in various other experiments [61, 147]. In Y-123 the
onset of the anisotropic Nernst signal [126, 141, 142] co-

incides with various other indications of broken rotational
symmetry such as Kerr rotation [148] or incommensurable
peaks in the dynamic spin susceptibility [66, 67]. New
frequencies in the quantum oscillations indicate that a par-
tial reconstruction of the Fermi surface goes along with
the ordering phenomena. Hence, the superstructures found
first in the the spin channel in LSCO [149, 150] and Nd-
doped LSCO [59] seem to be a generic phenomenon of all
cuprates that is accompanied by charge order. Since the
superstructures are static only in exceptional cases signa-
tures of them in the transport escaped observation for a
long time, in particular in the compounds with high Tc.
Their importance is being unveiled only slowly. Further
details will be discussed at the end of the following sub-
section and in Sections 4.4 and 5.2.

4.3.2 Spin dynamics

Homogeneous magnetism exists in wide doping ranges. At
0 � p � 0:03 the antiferromagnetism is long-ranged in
LSCO. In NCCO three-dimensional (3D) antiferromagnet-
ism exists below n ¼ 0:13. The exchange coupling J ’
130 meV is among the largest ones existing. The order is
truly 3D but the coupling along the c-axis is orders of
magnitude smaller than along a.

The dynamics at high energy was studied early by Ra-
man scattering. The photon flips essentially two neigh-
boring spins breaking six bonds with energy J [151].
More accurately, a two-magnon density of states is meas-
ured and projects the flat parts of the dispersion in the
vicinity ðp; 0Þ. The maximal energy observed is therefore
at E2M ’ 6Js. In a spin 1=2 system the peak is close to 3J
(2:7J for quantum corrections) [151–153]. In LSCO, Y-123
and Bi-2212 spin correlations can be observed by Raman
scattering up to approximately p ¼ 0:20 [136, 154, 155].
In LSCO and NCCO magnetic short-range order was ob-
served by inelastic neutron scattering up to p ’ 0:27 [54]
and n ’ 0:17 [156], respectively. For the large magnitude
of J the full dispersion of the spin excitations was studied
with neutrons only recently. The spectrum extends beyond
J well above the energy of thermal neutrons. Results for
various compounds up to approximately 200 meV are
shown in Fig. 10 [52]. If the energy axis is normalized to
the exchange coupling J the dispersions collapse on top of
each other lending evidence to the universality of the spin
excitations.

At intermediate and low energies spin excitations were
studied in detail by neutron scattering and NMR. The de-
crease of the Knight shift below Tc indicated spin singlet
pairing [157] (see Section 5.1). For T > Tc, the spin-lat-
tice relaxation rate T�1

1 is proportional to T compatible
with Fermi liquid-like carriers [127, 157] only close to
optimal doping and above. At low doping a spin gap is
found below Tc by neutron scattering [158] and magnetic
resonance [127, 159] putting magnetism and superconduc-
tivity in relation. It was conjectured early that most of the
spin susceptibility results from itinerant electrons rather
than localized Cu moments. This inspired the model of a
nearly antiferromagnetic Fermi liquid [160]. The interac-
tion of carriers and spin fluctuations can be studied sys-
tematically in the fluctuation exchange (FLEX) scheme
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Fig. 9. In-plane anisotropy of the electronic relaxation Gm ¼ ½tm��1 at
200 K as seen by electronic Raman scattering [134]. (11:6 K ¼
8 cm�1 ¼ 1 meV) Gm is closely related to a resistivity r, and

t�1 ¼ ne2

m
r in a Drude model. As an additional information from

Raman scattering, the regions around the X points (diamonds) and
along the G�M line (squares) of the Brillouin zone (see Fig. 7) can
be projected independently with different light polarizations m [132].
(a) There is little doping dependence along the nodal directions
(G�M). At X there is an abrupt change at p ¼ 0:21	 0:01. The
crossover seems to be universal since it is also seen in LSCO and
in Tl-2201 [274] and by NMR [197]. It is predicted by the Hub-
bard-Holstein model [93]. (b) The temperature dependence of Gm,
@Gm=lT j200 K is isotropic above p ¼ 0:21	 0:01. Below the cross-
over, the antinodal derivative decreases continuously and changes
sign close to p ¼ 0:16.



[161, 162]. However, in which way spin fluctuations parti-
cipate in the Cooper pairing is still an open question (see
Section 5.2).

With polarized neutrons an intriguing narrow mode
with wavevector Q ¼ ðp;pÞ was found at low tempera-
tures [158, 163–167] which is usually referred to as the
p-resonance. For p 
 0:16 the energy of the resonance ER

is proportional to Tc. In the underdoped range the mode
appears already between T* and Tc when the pseudogap
opens up. The spectral weight of the mode is between 1
and 6% of the integrated spectral weight of the spin sus-
ceptibility [168] and its origin is controversial. Its role as
a mediator of superconductivity has been explored in var-
ious studies [103, 169–171]. The results, however, did not
generate general agreement yet. In spite of that the p-mode
is characteristic of the cuprates and possibly other super-
conductors in close proximity to a magnetic phase [172].

In the La-based compounds incommensurate peaks
shifted by dð0;pÞ and dðp; 0Þ (in the square unit cell of
the CuO2 planes) away from the AF reflex at ðp=2; p=2Þ
were discovered early in the inelastic channel indicating a
dynamic superstructure on top of the antiferromagnetic
order for p ¼ 0:075 and 0.14 [149]. If part of the La is
replaced by Nd the superstructure becomes static [59].
Charge order accompanied by a lattice distortion with a
periodicity of four unit cells appear before the eight unit
cell superstructure of the spins is established. Below the
onset point of superconductivity, p � psc1 ’ 0:05, static
diagonal stripe order is observed in LSCO. At psc1 the
stripes rotate by 45� and start to fluctuate meaning they
can only be observed at finite energy [149, 173]. Gener-
ally, charge order precedes spin order upon cooling [59,
61, 174]. Fluctuating modulations of the charge density
cannot normally be observed by neutron scattering but can
be visualized by tunneling spectroscopy due to interference
effects [62]. Fig. 11 shows that charge and spin order in

Bi-2212 and LSCO have the same orientation above psc1.
Recently, equally oriented nematic order was also observed
in underdoped superconducting Y-123 in the dynamic spin
susceptibility [66, 67]. Assuming a stripe-like superstruc-
ture of the spins the dispersion (Fig. 10) can be predicted
quantitatively [175–177]. Hence, evidence mounts that dy-
namic phase separation and the related ordering phenom-
ena are generic properties of the cuprates contributing to
anomalies such as critical fluctuations, Fermi surface re-
construction and the pseudogap in the electronic excitation
spectrum.

4.4 Competing phases

The pseudogap range is one of the most intensively stu-
died areas of the phase diagram being observed below the
T* line (see Fig. 5) and for doping levels below approxi-
mately p ¼ 0:21 [55, 56, 123, 178]. Various properties dis-
cussed above indicate a gap in the quasiparticle excitation
spectrum and, hence, an instability above the transition to
superconductivity. It is clear from ARPES [57, 58] that
the Fermi surface is not fully gapped above Tc. Concomi-
tantly, the materials remain metallic, and the resistivity
even decreases slightly below T* since the strongly inter-
acting quasiparticles are gapped out (see Fig. 8).

To some extent the resistivity of the cuprates (Fig. 8)
indicates similarities to CDW or SDW systems such as
the recently discovered FeAs superconductors [179–181],
where the resistivity also drops upon entering the ordered
phase in the undoped parent compounds [182]. Similarly,
in several f -electron systems a magnetically ordered phase
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Fig. 10. Dispersion of the spin excitations of La-based cuprates and
in Y-123. If the energies are normalized to the exchange coupling J
the spectra are universal. Low and high-energy parts are compatible
with fluctuating charge and spin order [175, 176]. From [52] with
permission.

Fig. 11. Spin and charge ordering in LSCO (a), (b) and Bi-2212 (c),
respectively. Parts (a), (b) display incommensurate neutron reflexes at
(h, k) ¼ (0:5	 e, 0:5	 e) below psc1 ’ 0:05 and at (0:5	 d, 0:5)
and (0:5, 0:5	 d) above psc1. They originate from a static and dy-
namic spin superstructure, respectively, corresponding to static and
fluctuating stripes [59, 149, 173]. Above psc1 the spin and charge
superstructures are observed to have the same orientation. Superstruc-
tures with similar orientations including the rotation [see panel (b)]
are also seen in Y-123 [64, 66, 67, 126]. From [173] with permission.
The result on Bi-2212 (c) is a filtered STS image and shows a mod-
ulation of the charge density which becomes visible due to interfer-
ences. The arrows indicate the orientation of the CuO2 planes. From
[62] with permission.



is suppressed as a function of either doping or pressure
giving room for superconductivity [183]. In either case,
superconductivity is in close proximity to other ordered
phases, in complete contrast to conventional materials
[184]. Clearly, there is another instability above the super-
conducting phase, and it is of pivotal importance to under-
stand the relationship of the phases as to whether they
compete or cooperate [56].

In most of the cases, in particular in the compounds
with high transition temperatures, T* is a crossover rather
than a phase transition. There are various indications of a
broken symmetry [62, 92, 178, 185–189] with the fluctua-
tions of incipient order widely considered important and
responsible for many of the anomalous properties of the
cuprates including superconductivity. Very early Varma
and coworkers introduced the concept of a quantum criti-
cal point above which temperature is the only energy scale
rather than collective excitations such as spin waves or
phonons. The related fluctuations lead to an almost com-
plete collapse of Landau’s Fermi liquid model and to the
marginal Fermi liquid phenomenology [109], where an
electron has vanishingly small coherent weight even at EF .
The quantum critical point (QCP), at which the fluctua-
tions suppress any phase transition above absolute zero, is
somewhere buried below the superconducting dome in the
range 0:15 < p < 0:22 on the hole-doped side [126] and
close to n ¼ 0:165 for electron-doped systems [71]. Order
or incipient order (for reviews see Ref. [190] or the book
by Sachdev [191]) are expected below T*ðpÞ and between
n ¼ p ¼ 0 and the critical doping. Similarly as in many
other systems the QCP cannot be accessed directly since it
is “protected” by superconductivity. The appearance of
superconductivity above a QCP is one of the reasons why
the fluctuations are considered a possibility to mediate
Cooper pairing.

It is controversial which types of fluctuations dominate.
Inspired by the NMR results Anderson proposed the reso-
nating valence bond (RVB) model where fluctuating spin
singlets are formed at high temperature and condense be-
low Tc [264]. A similar phenomenology follows if polarons
condense into bi-polarons [13]. Ong and coworkers inter-
preted the onset of the Nernst signal between Tc and up to
maximally 3 Tc ’ T* at p ’ 0:10 in terms of supercon-
ducting fluctuations which survive even below psc1 [141].
Recent studies in La2�x�yEuySrxCuO4 (LEuSCO) show
that the Nernst signal sets in along with the formation of a
CDW-like superstructure and may originate from the re-
lated charge ordering [143, 146] rather than from vortex
motion [145]. While the superstructure is static in LEuSCO,
LNdSCO [59], LBCO and La2�x(Ba1�ySry)xCuO4 [174,
192] below T0 (Fig. 5) fluctuating order is observed in
LSCO [173] and also in Y-123, at least at specific doping
levels [64, 65, 67, 140]. Fermi surface reconstruction has
also been observed recently in NCCO. It can be described
in terms of band folding resulting from the AF order [36,
74]. Yet, the details and the origin behind the reconstruc-
tion remain important problems to solve on either side of
zero doping.

As already mentioned, to some extent there is a similar-
ity to CDW and SDW materials with dimension d greater
than one, where only part of the Fermi surface is gapped

while the rest sustains metallicity [193, 194] or even
superconductivity such as in 2 H-NbSe2 [195]. Beyond
these similarities the type of order in the cuprates has
many new features. In particular in the high-Tc compounds,
an ordered phase is not established, and it is probably sen-
sible to speak of nematic order [62, 189], including spon-
taneous deformations of the Fermi surface [196], with
only the rotational symmetry broken.

The lattice appears to play a crucial role in stabilizing
the order. It has been shown for La-based compounds that
the tilting angle qt of the copper-oxygen octahedra may be
a parameter to quantify the proximity to static order [60].
If qt exceeds a critical value static order is established by
kind of a lock-in transition and superconductivity disap-
pears. Hence, in realistic models electron-phonon interac-
tion should be included in the Hubbard model [92] to
bring the derived phase diagrams closer to the experiments
[93, 197].

There is no evidence whether and which fluctuations
contribute to superconductivity (see also Section 5.2). How-
ever, it was shown for LBCO at 1=8 doping and for LEuSCO
that static order quenches the 3D phase transition [60,
198]. In the case of LBCO the CuO2 planes decouple and
the phase transition to 2D superconductivity is suppressed
by fluctuations [198]. Upon applied pressure the static order
becomes nematic and superconductivity is restored [199].

There are two conclusions. (i) The pseudogap phase
has many signatures of a broken symmetry other than the
gauge symmetry of superconductivity. There are many ex-
perimental indications that the rotational symmetry is bro-
ken and that the electronic states partially reconstruct due
to incipient charge order driven by the strong correlations.
The contribution of superconducting fluctuations to the
pseudogap is small as can be seen independently from the
spectral weight redistribution in the optical conductivity
[200]. (ii) As soon as the order becomes static supercon-
ductivity is quenched. In this sense there is a competition
between the two phases, and the possible coexistence is
clearly different from that in conventional CDW and SDW
systems [195, 201]. To which extent the critical fluctua-
tions of incipient order contribute to or drive superconduc-
tivity needs to be clarified [56].

5. Superconductivity

Superconductivity in the cuprates mesmerized nearly all
solid state scientists for its unprecedented robustness. The
essential parameters of Y-123 are summarized in Table 2
and compared with those of Al and Nb3Sn. Applications
on a large scale were expected to be realized within a few
years. The transition temperatures were high enough to
make cooling with liquid nitrogen an option. Upper criti-
cal fields in the 100 T range and critical current densities
of jc ’ 107 A cm2 close to those of the best metallic al-
loys and three to four orders of magnitude above the max-
imal capacity of Cu triggered expectations of completely
replacing power transmission lines, storing energy or con-
structing magnets with fields in excess of 30 or even 40 T
virtually free of energy consumption. However, a brief look
at Table 2 shows were the problems are buried. Neverthe-
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less, substantial progress could be made since 1986 and
several of the ideas have become commercial products
(see Section 6).

5.1 Experiments

One can spot the short coherence length x0 (used if spe-
cialization to xBCS or xGL is not necessary) to be among
the major problems to deal with, since it prevents effec-
tively the pinning of flux-lines. The resulting flux flow
goes along with energy dissipation and kills all applica-
tions in high fields and with large currents. Typically, one
pinning center per coherence volume x2

0; abx0; c is needed.
Hence, in conventional alloys flux flow can be suppressed
by a moderate density of defects (see Table 2). In addition,
(non-magnetic) impurities have little impact on supercon-
ductivity in an s-wave superconductor [202]. In contrast,
Tc is rapidly reduced in the cuprates, and a high density
of pinning centers is required. Fortunately, the structure
helps, but one had to learn to keep the pinning centers
away from the CuO2 planes. For instance, oxygen clusters
on the CuO chain sites of Y-123 pin effectively [203] and
have only mild influence on Tc [22]. In general, strain
fields and columnar defects pin best. For practical pur-
poses the proper distribution of pinning centers is among
the major challenges, and the dynamics of flux lines re-
mains an important field of research [204, 205]. What is
the origin of the short coherence length and of the sensi-
tivity to disorder?

One could phrase it this way: you have the choice be-
tween Skylla and Charybdis. The high transition tempera-
ture goes along with a large energy gap D which results in
a short coherence length, xBCS ¼ �hvFðpDÞ�1. The high
transition temperatures in turn, come from an exotic cou-
pling mechanism which makes superconductivity in the
cuprates unconventional. Following the definition pro-
posed by Pitaevski [206] and Brueckner et al. [207] un-
conventional means that

P
k

Dk

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

k þ jDkj2
q ¼ 0 : ð4Þ

Hence the gap Dk is strongly anisotropic, changes sign
and has nodes on the Fermi surface making Tc highly sus-

ceptible to defects. The sign change is topologically differ-
ent from a strongly anisotropic but generally positive gap
with vanishingly small minima and goes along with a dis-
continuous transition from a four-fold to a two-fold rota-
tional symmetry which implies a change in the phase of the
gap similar to the structure of atomic orbitals with l 
 1.
Since spin singlet pairing was identified early by NMR
[157], odd internal angular momentum of the Cooper pairs
going along with spin triplet states can be excluded.
Hence, l ¼ 2 is the lowest possible angular momentum,
and dx2�y2 is realized.

Experimentally, the sign change of the gap can be de-
monstrated only in a phase-sensitive experiment [208,
209] and not by spectroscopy probing the magnitude of
the gap, jDkj. The dx2�y2 character was pinned down by
Wollman and coworkers [208] and consecutively corrobo-
rated in various ways for both electron- and hole-doped
cuprates [209].

On the Fermi surface, k ¼ kF , the d-wave gap is simply
given by Dj ¼ D0 cos ð2jÞ with D0 the gap maximum
and j the azimuthal angle which is zero on the M–X line
[see Fig. 7] with the origin in M. On a tight-binding band
structure, as given in Eq. (3), the gap is parameterized as

Dk ¼
D0

2
½cos ðkxaÞ � cos ðkyaÞ� ð5Þ

for a quadratic unit cell with lattice parameter a.
It is an enchanting coincidence that the paper on the

unconventional gap in UBe13 [210] directly precedes the
article on superconductivity in La––Ba––Cu––O [1]. There,
the magnetic penetration depth lðTÞ was used as adiag-
nostic tool which also brought the break-through for the
cuprates [211]. Although there were very early indications
that the gap is strongly anisotropic and may even have
nodes [212–215], only the experiment of Hardy and co-
workers on high-quality Y-123 single crystals [211] trig-
gered an avalanche of activities including the first phase
sensitive experiment by Wollman et al. [208].

To map out the magnitude of the gap in the cuprates
spectroscopically, resolution in k-space is needed. For this
reason ARPES became particularly important since one
can map electronic single-particle energies with a resolu-
tion DE . 2 meV as a function of the in-plane momentum
kk with a resolution of the Fermi surface angle j of better
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quantity unit Al Nb3Sn Y-123 comment Ref.

Tmax
c K 1.19 18 93 [25]

D0 meV 0.18 4.3 35 [221]

D0 kBTc 1.76 2.7 4.3

xab
BCS Å 2 � 104 100 20

Bc
c1 T 0.01 0.1 0.05 B k c

Bc
c2 T 24 130 B k c [282]

Bab
c2 T 240 B k ab [283]

xab
GL Å 15

xc
GL Å 40 1.5

lab Å 500 800 900	 100 B? ab [50]

kGL 0.5 20 80

jcð5 K; 10 TÞ A/cm2 1:6 � 103 106 5 � 107 [301]

Table 2. Superconducting parameters of Al,
Nb3Sn, and Y-123. The data for Al and
Nb3Sn are taken from Ref. [283]. The refer-
ences for Y-123 are indicated in the last col-
umn. Some entries are estimated using the
relations xBCS ¼ �hvFðpD0Þ�1 and Bc2 ¼
F0ð

ffiffiffiffiffiffi
2p
p

xGLÞ�2 with vF the Fermi velocity
and F0 ¼ 2:07 � 10�15 Wb the flux quantum.
The critical current for Al is determined via
the Silsbee criterion [283] for a wire with
1 mm diameter. All derived quantities should
be considered order of magnitude estimates.
Note that xBCS and xGL are related but dif-
ferent quantities. l has no index since it can
be measured with some accuracy (see, e.g.,
Ref. [50]). Also in the case of l, the London
and the Ginzburg-Landau (GL) definitions
should be distinguished.



than one degree. The cuprates and ARPES profited mu-
tually from each other, in kind of a symbiosis, since Bi-
2212, due to its extremely two-dimensional structure and
the exceptional cleaving plane between the Bi––O layers,
facilitated deep insight into the physics of the cuprates by
photoemission and thus enormously fueled the method it-
self [87]. The most important results are the observation
of the Fermi surface and of the momentum dependence of
jDkj [216, 217] as shown in Fig. 12, of the pseudogap
[57, 58] having the same momentum dependence as jDkj,
the doping dependence of the dispersion [86, 137], and
various renormalization effects on the band structure which
are believed to be in close but not yet understood relation-
ship with the Cooper pairing [96, 102, 218].

Electronic Raman scattering [219] is among the few
other possibilities to see the gap anisotropy directly since
different parts of the Fermi surface are projected indepen-
dently by appropriately adjusting the polarizations of the
incoming and outgoing photons [132, 133]. Since light
scattering is a two-particle method both the gap in the ex-
citation spectrum and the condensate are seen. At optimal
doping the results agree with those from ARPES. Addi-
tional information is obtained predominantly at more ex-
treme doping levels closer to the onset points of supercon-
ductivity. It turns out that the gap close to the nodal
direction scales with Tc in very wide doping ranges [139,
220–226] in qualitative agreement with low-energy tun-
neling [228] and recent ARPES results [229]. In the latter
experiment the particle-hole mixing typical for (k, �k)
pairing can be seen below but close to Tc at E > EF . This
identifies the observed gap as the superconducting one.

On the electron-doped side ARPES [73] and Raman
scattering [230, 231] reveal gap magnitudes D0=kBTc in
the range 2 to 2.5, much smaller than for hole-doping.
Phase sensitive experiments show that the gap changes sign
similarly as on the hole-doped side [209, 232]. The gap
appears to vary non-monotonically [73, 231]. However, the

interference with the pseudogap may influence the magni-
tude of the superconducting gap and needs to be clarified
further. The relatively small gap ratios signal intermediate
to weak coupling, and it is not overly surprising that D0

approximately follows Tc in the relatively small doping
range where superconductivity exists [233].

For p-doping, the approximate scaling of the gap ex-
tracted from extended portions of the Fermi surface
around the nodes as D0 ’ 4:5 kBTc in the under- and over-
doped ranges [132, 139, 223, 228] is rather surprising as
one would expect the gap to reflect the supposedly doping
dependent coupling strength. In fact, most of the electron-
electron interactions such as those from spin fluctuations
or Coulomb repulsion increase towards p ¼ 0. However,
all these coupling potentials are not isotropic but dominate
along the principle axes so that the nodal part could be
less influenced. It has been argued that the increase of the
gap may be compensated by the loss of major parts of the
Fermi surface due to the interaction itself [87, 138, 139,
234–236]. The reduction of the superfluid density towards
low doping may be a a fingerprint of this phenomenon
[123, 237, 238] but there is no quantitative understanding
yet.

One would expect that this problem could be clarified
by looking at the environment of the X points (anti-node)
where the strong interactions prevail. However, the loss of
coherent quasi-particles and the opening of the pseudogap
for p � 0:19 progressively shroud the pairing dynamics.
This is further complicated by the emergence of inhomo-
geneities which can be observed by scanning tunneling
spectroscopy (STS) as shown in Fig. 13. In the spectra of
Bi-2212 large and small gaps are spatially separated, and
the large gaps line up with oxygen defects where the dop-
ing level is expected to be reduced [239]. The pseudogap
and the superconducting gap may even mix in some dop-
ing ranges [178, 240, 241].

Affairs do not simplify on the overdoped side. While
the condensation energy has a maximum close to p ¼ 0:19
and the superfluid density tends to saturate [123, 238] the
nodal and anti-nodal gaps continue to develop indepen-
dently. In addition, the interpretation of the coherence
peaks remains controversial. There are particularly enligh-
tening experiments. (i) Electronic Raman scattering with
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Fig. 12. The magnitude of the gap jDkj as a function of the Fermi
surface angle as defined in Fig. 7. Note that the labels on the Bril-
louin zone in the inset correspond to the reciprocal lattice of Bi-2212.
The inset shows experimental points for the Fermi surface (circles)
and the tight-binding fit (full line). The hairlines indicate the replica
originating from the superstructure of the Bi––O layers. From [217]
with permission.
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Fig. 13. Inhomogeneity of the tunneling spectra of slightly under-
doped (p ¼ 0:15	 0:01) Bi-2212 as seen by STS. The spectra in
panel (a) are measured at the spots in panel (b) having the same
color. Note that the slope close to zero bias depends only little on the
position. The asymmetry for positive and negative bias results from
the charge order. From [239] with permission.



applied pressure demonstrates that the superconductivity-
induced anti-nodal structures decouple from Tc already at
optimal doping [242]. (ii) In STS the energy of the coher-
ence peaks in the range of D0 is different from what one
would expect from the slope close to zero bias [228, 239,
241] and depends on the location on the sample [239].

The p-mode at energy ER (see Section 4.3.2) follows
TcðpÞ, and ERðpÞ ’ 1:3 D0ðpÞ on the overdoped side [163,
165–167, 172, 243]. On the underdoped side, data on
Y-123 [165, 243] show that the scaling with Tc is not
valid any more. As to whether or not the proportionality to
D0 takes over depends on the definition of the gap which,
in my opinion, remains problematic, in particular in the
presence of the pseudogap. Hence, the p-resonance proves
to be in close relationship to unconventional superconduc-
tivity [168, 172, 171], while the more stringent question as
to its relationship with the magnitude of the gap and with
the origin of the Cooper pairing is not settled.

In summary, not all microscopic properties in the
superconducting state are clarified. While the symmetry of
the energy gap is found to be universally dx2�y2 [209] the
magnitude, which could be instrumental to identify the
origin of Cooper pairing, is hard to pin down. Close to the
node scaling with Tc seems likely but around X discrepan-
cies as large as 	50% between different probes are typi-
cal. The condensation energy seems to peak at p ¼ 0:19
[123] making superconductivity most robust slightly above
optimal doping.

5.2. Origin of superconductivity

The basic notions of the superconducting state are a d-wave
gap and a universal dome-shaped dependence of the tran-
sition temperature Tc on doping p. Whenever p ¼ 0 is ac-
cessible the cuprates are AF insulators highlighting the
importance of strong electronic correlations. In the range
0 < p < 0:20 a competition of ordering phenomena is ob-
served. These facts should be captured at least qualita-
tively by a theoretical approach towards superconductivity.

In conventional superconductors the condensation of
electrons into Cooper pairs is an instability of the normal
metallic state. Cooper showed that an infinitesimally weak
attractive potential, �V0, which is non-zero only for ener-
gies xk � �hw0 with �hw0 the energy of the coupling bo-
son (phonon in conventional metals), makes two electrons
with opposite momenta and spins living above a filled
Fermis sphere, xk ¼ ek � EF > 0, to pair and to reduce
their energy by D [244]. Bardeen, Cooper and Schrieffer
(BCS) derived how N ¼ Oð1023Þ electrons can exploit this
energy gain by forming a condensate which is character-
ized by a single wave function similar to that of an elec-
tron in an isolated atom or an infinite plane wave [12].
The energy gain and the transition temperature Tc depend
linearly on the cutoff �hw0 and exponentially on the cou-
pling strength l ¼ NFV0 with NF the density of electronic
states at EF . In the BCS approximation, l� 1, there is no
direct relationship to real materials. This open problem
was solved by Eliashberg who showed how l can be de-
rived from the phonon spectrum and reach values in ex-
cess of 1 [245, 246]. Coupling spectra a2ðwÞ FðwÞ with
a2ðwÞ the energy dependent electron-phonon interaction

and FðwÞ the phonon density of states have been derived
for elements and alloys from electron tunneling spectra
[247]. Since FðwÞ can be measured directly by neutron
scattering a and F can be derived independently and serve
as a basis for a quantitative comparison with theoretical
predictions [248] and, therefore, provide key information
for a microscopic understanding of the pairing. Generaliza-
tions including momentum dependent coupling and boso-
nic excitations other than phonons have been put forward
but require various approximations (similary as Eliashberg’s
original approach) [102, 170, 218, 249, 250]. In all cases
the characteristic bosonic energy must be much smaller
than the electronic energies, �hw0 � EF , [251] implying
that the interaction is retarded. This means that one deals
with two fairly different time scales. The electronic one re-
acts instantaneously to a perturbation. The other one main-
tains the polarization field created by one electron suffi-
ciently long so as to allow a second electron to experience
it. This condition holds excellently in conventional metals
having �hw0=EF ¼ Oð10�2Þ.

In the beginning (see Section 2) strong electron phonon
coupling with l > 1 was considered to lead to sufficiently
stable Cooper pairing in the cuprates. The limiting case is
the formation of polarons which, at low temperature, con-
dense into bi-polarons [13]. Polaronic behavior was indeed
observed at low doping [252, 253] but is hard to pin down
at optimal doping and beyond. This does not imply that
electron-phonon coupling can be disregarded. Actually,
there are experimental indications such as doping depen-
dent shifts in the phonon spectra [254, 255], isotope ef-
fects at low doping [256], kinks in the electronic disper-
sion in the entire doping range [96, 98, 100] or strong
coupling effects of specific phonons [257, 258]. However,
the derived overall coupling constants are considered to be
too small to support superconductivity in the 100 K range
[218, 259], and the way the electron-lattice interaction en-
ters is probably different from the situation in conven-
tional superconductors [93, 259].

Coupling mechanisms other than phononic can arise
from low-energy spin [160–162, 260–263] or charge fluc-
tuations [104] or from high-energy instantaneous interac-
tionssuch as the Coulomb repulsion U or the exchange
coupling J [264–266]. In all cases the Hubbard model is
a useful starting point that predicts antiferromagnetism,
phase separation and superconductivity [83, 267] as shown
in Fig. 14.

For t < U �1 superconductivity can be obtained
even though the interaction is repulsive, since the d-wave
gap changes sign and facilitates a solution of the gap
equation. In a real-space argument one would say that the
two electrons avoid the repulsive part of U by arranging
in a d-wave pair function which vanishes when the poten-
tial is repulsive [83, 267] as already pointed out by Pi-
taevskii and Brueckner et al. [206, 207]. This type of in-
teraction is instantaneous since it is purely electronic and
on a very high energy or short time scale [266].

In the limit U !1 the Coulomb repulsion is inte-
grated out and J ’ 130 meV becomes the highest energy
scale right after the band width. For p . 0.03 the nearest-
neighbor coupling J leads to the usual Heisenberg-type
long-ranged AF order (given that there is finite coupling
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in c-direction). At higher doping only short range order
and paramagnetism survive. There are indications that the
coupling between 2 spins survives beyond optimal doping
[54]. On this basis Anderson formulated the RVB ap-
proach [264], where local singlet pairs start to couple well
above Tc via the exchange energy J and condense into
Cooper pairs below Tc. Then, the pseudogap is the energy
reduction in the RVB state and phase fluctuations prevent
the singlets from condensing above Tc.

Upon proceeding to lower energies the pairing becomes
more conventional in the sense that the interaction is re-
tarded. Then, the Eliashberg theory can be applied [245,
246, 249], and a coupling spectrum should be derivable
from any type of electronic response or, turning the argu-
ment around, observable by an appropriate independent
experimental method such as neutron scattering in the case
of spin fluctuations. There are quantitative studies of how
the spin spectrum could provide enough coupling for the
cuprates [103] but there is no consensus yet since the in-
teraction between a spin fluctuation and an electron can be
treated only phenomenologically. Alternatively, the elec-
trons can also interact via fluctuations of orbital currents
[106, 107] or of the charge density [104, 105]. Small mag-
netic moments as possible indications of orbital currents
were discovered recently below T* [269] but it is as com-
plicated as in the case of spins to determine the coupling.
Traces of charge fluctuations are even harder to pin down
since there is no independent probe for the related excita-
tions [62]. Caprara et al. propose to study the related Asla-
mazov-Larkin fluctuations by light scattering [270]. Since
charge fluctuations couple to the lattice, the phonons may
be back in the game in an indirect fashion [92].

Presently, spectra measured with different methods are
analyzed in order to find fingerprints of the relevant bo-
sons. These include ARPES [96, 98, 102, 103], neutron
scattering [103], STS [88], IR [170, 271–273], and Ra-
man spectroscopy [89, 274, 275]. There are indications for
both electron-phonon [96, 98] and electron-spin [102] in-
teraction in the nodal ARPES spectra. With adjusted cou-
pling constants the nodal electron dispersion can be repro-
duced by and large on the basis of the spin susceptibility

[103]. Away from the node high-resolution ARPES data
do not exist yet. The optical and Raman spectra always
show two well separated energy scales at approximately
50 and 200 meV [273, 274] which cannot a priori be
identified with specific excitation. The strong polarization
dependence in the Raman results [274] may help to assign
the modes via the selection rules. Then charge and spin
fluctuations would dominate at low and high energies, re-
spectively [275] making the exchange coupling J an im-
portant player, as suggested by Anderson [266], along with
coupled charge-phonon excitations. However, as in the
other cases the experiments have been done above Tc and
the coupling constants can at best be guessed. Is there any
independent criterion to foster a decision?

Poilblanc and Scalapino derived a partial sum rule for
the complex Eliashberg gap function Fðk, wÞ, Iðk, WÞ ¼
fkðFÞjðw�WÞ, varying between 0 for W ¼ 0 and approxi-
mately 1 for W!1 which measures the contributions to
the pairing interaction at a given momentum k as a func-
tion of the cut-off energy W [276]. When all the coupling
(attractive or repulsive) is exhausted at high energies
Iðk, WÞ approaches 1. In Pb for instance, IðWÞ increases
most rapidly at the transversal and longitudinal phonon
frequencies, exceeds unity above the energy range of the
phonons due to the unretarded repulsion in normal metals
and approaches 1 asymptotically in the high energy limit
[277]. This type of analysis requires high resolution data
for the gap function Fðk, wÞ which do not exist for the
cuprates yet. However, theoretical models can be studied,
and in the Hubbard model 80% of the coupling occurs in
the energy range of the spin fluctuations. In contrast to
Pb, IðkWÞ does not exceed unity in the Hubbard model
indicating instantaneous pairing interactions at higher ener-
gies such as J and U. Their relative weight has still to be
clarified [83, 277–279]

It will be an important step forward if the relevant in-
teractions or energy scales in the cuprates can be identi-
fied. In spite of enormous progress both experimental and
theoretical, the main question as to the relative contribu-
tion of the various possible pairing mechanisms is not yet
answered. Probably, it is the right mixture which allows
one to explain not only the phase diagram but also the
material dependence.

It has been noticed that the maximal Tc and the ratio
t0=t depend in a systematic way on the distance of the
apical oxygen from the CuO2 plane reflecting the indivi-
dual electronic structure of the compounds [280]. Johnston
and coworkers derived the corresponding electron-phonon
coupling lph and find that Tc can be tuned substantially by
varying the ratio ls=lph with ls the coupling via spin fluc-
tuations [259]. Similarly, since the three-band Hubbard
model includes p–d charge fluctuations which depend sen-
sitively on details of the materials it may supplement the
“plain vanilla” one-band model [281] by adding a channel
for tuning Tmax

c [83].
In any case, we have to further sharpen our diagnostic

tools to finally tackle the proper origin(s) of superconduc-
tivity in the cuprates and, maybe, get ideas towards novel
materials. Although new superconductors have usually been
found through the intuition of the materials scientists, the
search was always guided by concepts.
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Fig. 14. Phases predicted by the 3-band Hubbard model on the p-
doped side. Similar to the 1-band version (oxygen orbitals not explic-
itly taken into account) antiferromagnetic (AF) and superconducting
(SC) correlations corresponding to finite order parameters are found.
In the overlap region a pseudogap appears in the derived spectral
functions. SC vanishes only at p ¼ 0. Additional crossover lines are
found at higher doping if electron-phonon interaction is included [92,
93]. From [83] with permission.



6. Applications

Applications are certainly among the driving forces behind
the search for new superconductors with high Tc. It is not
only the higher transition temperatures which relax the re-
quirements for cooling but also the enhanced robustness of
superconductivity as quantified by the condensation en-
ergy DF / B2

c / T2
c with Bc the thermodynamical critical

field. In Y-123 for instance (see, e.g. Table 2), the upper
critical field Bc2ðTÞ, at which superconductivity collapses,
is in the range 140 T in the low-T limit and still some
40 T at 77 K [282]. The critical current densities exceed
104 and 106 A cm2 at 77 and 4.2 K, respectively. For ac-
tive devices a switching frequency t�1 in the THz range
can be reached for the large energy gap, t�1 ’ D0=�h.
Given these advantages, why took it more than 20 years
until the first application was commercialized?

6.1 Basic requirements

At the time the cuprates were discovered there were al-
ready various applications of conventional metallic super-
conductors and there still are [283]. Large-scale coils for
magnetic resonance imaging (MRI) became popular, and
many of us had an opportunity to experience one of the
machines. A field of up to 3 T with well-defined small
gradients in a volume of approximately 1 m3 is provided
by a system of superconducting coils. The multi-filamen-
tary wires are made of NbTi embedded in a matrix of
alloyed Cu. They can be fabricated by established extru-
sion techniques and wound up conventionally as copper
[283]. After a very long experimental phase Nb3Sn coils
providing fields in excess of 21 T became available in
1980ies and are standard for high-field NMR magnets
only since the late nineties [284]. None of the techniques
can be used for the cuprates.

It is rather complicated to get sufficiently homogeneous
large-scale products at competitive costs since the materials
have to be synthesized at 600–800 C and are brittle. Y-123,
the workhorse in applications, is a quaternary compound
and small deviations from stoichiometry reduce Tc sub-
stantially. On the other hand, defects at average distances
close to the coherence length x0 ’ 20 Å are necessary for
high critical fields and currents. The enormous a–c aniso-
tropy and the critical current of in-plane grain boundaries
which decreases exponentially with the misalignment an-
gle [285] require essentially mono-crystalline specimens.
For coils or for power transmission lines the quality must
be maintained over hundreds of meters.

6.2 Upcoming products

In spite of the difficulties various products are in the test
phase now (for recent reviews see, e.g., Ref. [286–290] or
the web-links in the references). Bi-2223 wires can be
bought from the shelf with lengths up to 1.5 km [291].
For this product Bi-2223 powder is filled in metal tubes,
mostly Ag, and then rolled and recalcined several times to
get the platelet-like micro-crystals aligned. Very good re-
sults are obtained with oriented films of Y-123, which are
deposited on strained metallic bands on top of various

buffer layers and, in many cases, laminated with Ag [292,
293]. There are various techniques to grow thin films as
described in Section 3. For industrial production costs
play a central role. Thermal co-evaporation of the metallic
elements followed by in-situ post-annealing in oxygen
[40] is among the promising methods. It was developed in
a spin-off company of the Technical University Munich
which now sells superconductors as well as production
and test equipment [292]. For some applications such as
inductive ovens jet-printing is used to deposit liquid pre-
cursors which are processed afterwards [294]. In this way
complicated geometries can be realized, possibly at the
price of a slightly reduced critical current. On the other
hand, the technique is extremely simple and cost effective.

On this basis products are being developed in wider
collaborations. An example is the fault current limiter. In
contrast to conventional technology the device can reversi-
ble interrupt the connection between the generator and the
grid in the case of an overload. Inductive fault current
limiters can cut spikes without fully interrupting the trans-
mission. The first device produced by Zenergy Power was
delivered in 2010 to CE Electric in the United Kingdom
[290]. In the United States dynamic synchronous conden-
sers are used to compensate variable inductive and capaci-
tive loads resulting from and enhancing rapid fluctuations
of the power consumption in the grid. Filters for base sta-
tions of mobile communication have a much better selec-
tivity and are substantially smaller. The superconducting
filter element has an area of only a few square centimeters.
Thousands of these filters, which fit into a 1900 rack, have
been installed already [295]. Motors and generators having
rotors with superconducting coils have a slightly better
efficiency and a substantially reduced size and weight.
This helps to reduce the material consumption and makes
the technology favorable for, e.g., ships or upcoming ap-
plications such as wind turbines. It has been demonstrated
that thin-film Y-123 receiver coils improve the signal-to-
noise ratio of MRI by a factors between 2 and 9 com-
pared to that achievable with copper [296] as shown in
Fig. 15. At the National High Field Laboratory in Talla-
hassee solenoids for the 30 to 40 T range are under devel-
opment [298]. For many experiments these magnets can
replace the 45 T Hybrid magnet with a superconducting
outer and a conventional inner coil having a power con-
sumption of approximately 30 MW.

All these applications are local, and cryogen-free cool-
ing is possible and is actually used widely. The develop-
ment and optimization of pulse-tube cryo-coolers in the
last decade simplified the refrigeration substantially and
improved the reliability. The maintenance intervals are
years and the base temperature of a single stage machine is
close to 30 K. For the filters miniature Stirling coolers have
been developed with a power consumption in the 100 W
range [295].

For non-local application such as power transmission
cooling is still an issue. It is very much relaxed by the use
of liquid nitrogen but still complicated and subject to fail-
ure [288] although the development of cryo-cables is very
advanced. Therefore, superconductors are mainly consid-
ered for specialized applications, where conventional tech-
niques cannot carry the increased load. Nevertheless, using
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a cable manufactured by AmSC, the Long Island Power
Authority started to transmit electricity for 300,000 house-
holds in April 2008 as shown in Fig. 16 [293]. Demonstra-
tion projects have been started in various other places of
the world.

The sensing technique with SQUIDs (Superconducting
Quantum Interference Device) on the basis of conventional
superconductors was already mature at the end of the
1980ies while the use of cuprates operated at 77 K has
still to overcome some problems [286]. Due to low pin-
ning potentials the noise is the main problem to fix. While
the noise of approximately 50 fT

ffiffiffiffiffiffi
Hz
p �1

at 1 Hz is still too
high for magneto-encephalography the study of the heart
is feasible and has enough resolution [297]. There exist

small start-up companies producing integrated solutions
[299]. SQUIDs are now used mainly in the laboratory but
also in military applications, in geology, and in quality
control. Tristan Technologies offers a nitrogencooled high-
Tc SQUID for geology [299]. Bits for quantum computing
are so far only made of conventional metals since the op-
eration temperature is in the mK range anyway.

7. Summary and perspectives

The highest transition temperatures to superconductivity so
far are observed in copper-oxygen compounds with CuO2

planes as the common building elements. The planes are
separated by perovskite-like blocks. Tc can reach 135 K
under normal conditions and exceed 150 K with 25 GPa
applied pressure. The upper critical field Bc2ðT ! 0Þ
reaches values well above 100 T in compounds with Tc ’
100 K.

The cuprates share the proximity of superconductivity
and other ordered phases or states with incipient order
with various materials such as f -electron systems, organic
metals and the recently discovered iron-based supercon-
ductors. It is a crucial question as to which extent super-
conductivity gets fueled by the neighboring instabilities
and their fluctuations. Apparently, the dimensionality
plays a role since low dimensions favor fluctuations and
reduce the screening [300].

At present the Hubbard model seems a viable way to-
wards a microscopic description since it captures antifer-
romagnetism, competing phases and superconductivity.
However, it is an open question which of the interactions
emerging from the model, i.e. spin fluctuations, exchange
coupling and Coulomb repulsion, dominate in driving
superconductivity. Even phonons may enter in a couple of
ways yet different from those in conventional systems.

So far neither theory nor experiment are in a state to
suggest search strategies for new superconducting materi-
als. However, from what we know from the comparison of
the cuprates, iron-pnictides and f -electron systems, nearly
planar systems at the brink of stability of a magnetic or
charge-ordered phase seem to be favorable.

After 25 years of research into cuprates various appli-
cations emerge. The most popular passive devices are
frequency filters, fault current limiters, power transmis-
sion lines, dynamical capacitors, high field magnets, effi-
cient eddy current heaters, and low-noise pick-up coils.
Presently, only SQUID magnetometers are among the
cuprate-based applications using the dynamic properties
(Josephson effect). Although cycle frequencies in the
THz range would be possible computing with Josephson
junctions appears very unlikely an application of the cup-
rates at the moment for the enormous and continuous
progress of semiconductor devices relying on established
technology.
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Forró, Martin Greven, Marco Grilli, Rudolf Gross, Werner Hanke,
Christine Hartinger, András Jánossy, Jochen Mannhart, Brian Moritz,
Natalie Munnikes, Bernhard Muschler, Ralf Nemetschek, Matthias
Opel, Darren Peets, Wolfgang Prestel, Bernard Revaz, Ewald Scha-
chinger, Barbara Stadlober, Thomas Staufer, Leonardo Tassini, István
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