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Unified nonlinear spinor field models are selfregularizing quantum field theories in which all 
observable (elementary and non-elementary) particles are assumed to be bound states of 
fermionic preon fields. Due to their large masses the preons themselves are confined. In 
preceding papers a functional energy representation, the statistical interpretation and the 
dynamical equations were derived. In this paper the dynamics of composite particles is discussed. 
The composite particles are defined to be eigensolutions of the diagonal part of the energy 
representation. Corresponding calculations are in preparation, but in the present paper a suitable 
composite particle spectrum is assumed. It consists of preon-antipreon boson states and three-
preon-fermion states with corresponding antifermions and contains bound states as well as preon 
scattering states. The state functional is expanded in terms of these composite particle states with 
inclusion of preon scattering states. The transformation of the functional energy representation of 
the spinor field into composite particle functional operators produces a hierarchy of effective 
interactions at the composite particle level, the leading terms of which are identical with the 
functional energy representation of a phenomenological boson-fermion coupling theory. This 
representation is valid as long as the processes are assumed to be below the energetic threshold 
for preon production or preon break-up reactions, respectively. From this it can be concluded 
that below the threshold the effective interactions of composite particles in a unified spinor field 
model lead to phenomenological coupling theories which depend in their properties on the 
bound state spectrum of the self-regularizing spinor theory. 

PACS 11.10 Field theory 
PACS 12.35 Composite Models of Particles 

Introduction 

Unified nonlinear spinorfield ( = N S F ) models 
are quantum field theories in which all observable 
(elementary and non-elementary) particles are 
assumed to be bound states of e lementary fe rmion 
fields. Accordingly, such models must be fo rmula t -
ed by dynamical laws for self-coupled fe rmion 
fields only. 

The fundamental dynamical laws for self-coupled 
fermion fields are given by N S F equat ions with first 
order derivatives ( = F D N S F ) and local interactions. 
However, if canonical quantizat ion is appl ied to 
such equations, the corresponding q u a n t u m field 
theory is non-renormalizable. In spite of this non-
renormalizability in the development of q u a n t u m 
field theory numerous at tempts were m a d e to give 
these models a physical and mathemat ica l meaning . 
Among these attempts are methods which in t roduce 
cut-offs, nonlocal interactions, lattice approximat ions 
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and other arbitrary regularization procedures . Such 
methods have in common that they impose ad hoc 
manipulations on a quan tum field theory which are 
not contained in the theoretical basis of the theory. 
Therefore, their theoretical value is dub ious and an 
approach is needed which does not m a k e use of 
such manipulations. 

One possibility to circumvent the non-renormal iz-
ability of F D N S F equat ions in a more systematic 
manner is the use of higher order der ivat ive non-
linear spinorfield ( = H D N S F ) equat ions. These 
equations exhibit self-regularizing proper t ies and 
are thus renormalizable or super- renormal izable . 
However, in the f ramework of canonical quant iza-
tion they imply the introduction of indef ini te metric 
in the corresponding state space which necessitates 
further investigations. 

Higher order derivative field equat ions were first 
introduced by Bopp [1] in constructing a self-
regularizing classical electrodynamics. Later on 
Podolski [2] made the same proposal. Wi lde rmuth 
[3] first discussed the canonical quant iza t ion of 
higher order derivative linear spinorfield equat ions. 
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A survey of further development would exceed the 
scope of this paper. Therefore, we refer with respect 
to this outline to a preceding paper [4], 

Using quantized HDNSF models, five different 
problems have to be treated and solved in order to 
provide a sound physical and mathematical basis 
for the application of such models: 

i) the foundation of the self-regularizing H D N S F 
equation itself; 

ii) the proof that in spite of the indefinite metric a 
meaningful physical and statistical interpreta-
tion of the theory is guaranteed; 

iii) the derivation of the bound state spectrum; 
iv) the proof that bound states representing 

"elementary particles" satisfy in certain approxi-
mations the corresponding gauge theories which 
govern the reactions of these particles if they are 
considered to be elementary and pointlike; 

v) the derivation of corrections of conventional 
gauge theories which result f rom the non-
elementarity of their "elementary" constituents. 

Although numerous efforts were made in the past 
to treat NSF models, no satisfactory and systematic 
answers are available in the literature for the 
solution of these peculiar problems. Hence a sys-
tematic approach is needed to solve these problems. 
Concerning the topical importance of unified N S F 
models in elementary particle physics Grosser [5] 
showed that their use is unavoidable at the preon 
level. Therefore, a research program was started by 
the author and collaborators in this field. The 
following results have been established so far : 
Grosser and Lauxmann [6] proposed an N S F model 
with second order derivatives at the preon level. 
Based upon a decomposition theorem of H D N S F 
equations into a set of FDNSF equations proved by 
the author [7] and Grosser [8], a self-regularizing 
second order derivative NSF equation was derived 
from a FDNSF equation through a symmetry break-
ing quantization by the author [9], The same de-
composition theorem was used for the derivation of 
a functional energy eigenvalue equation for the 
calculation of relativistic bound states by Grosser, 
Hailer, Hornung, Lauxmann, and Stumpf [10]. For 
this type of equation the author [11] discussed the 
properties of solutions in the two-fermion sector and 
confirmed the possibility of giving a correct statisti-
cal interpretation of the theory. This method can 
easily be extended to higher fermion sectors. Thus, 
as far as the problems i), ii) and iii) are concerned, 

they are solved in principle. Naturally fur ther inves-
tigations have to be performed in order to confirm 
and generalize the results obtained and to calculate 
the bound state spectrum numerically. Correspond-
ing papers are in preparation. Therefore, at the 
present stage of the theory the problems iv) and v) 
need to be investigated. The treatment of both these 
problems is very complicated. A first step in this 
direction is done in this paper. Before formulat ing 
our own peculiar approach we discuss the ap-
proaches given in the literature. 

If in iv) and v) the term "gauge theory" is 
replaced by "effective interactions" the problems 
iv) and v) are no longer specific for high energy 
physics. Rather they are always encountered where 
composite particles play a decisive role in physical 
processes. Thus, these problems are not only treated 
in high energy physics but also in nuclear physics, 
solid state physics and molecular physics. Generally 
all approaches can be grouped into two classes: the 
composite particle operator description and the 
composite particle state description. 

Apart from numerous Bethe-Salpeter bound state 
calculations etc. which in the strict sense are no 
genuine state calculations but only projection cal-
culations, in the literature the composite particle 
operator description is specific for high energy 
physics, while, for instance, in nuclear physics the 
composite particle state description is mainly used. 

The introduction of composite particle operators 
or states does not immediately imply the derivation 
of effective field theories for such "clusters". Such 
effective field theories for "clusters" are rather a 
further step in the use of composite particle opera-
tors or (and) states. As we are mainly interested in 
this problem we do not extensively review the mere 
introduction of such quantities in high energy 
physics but concentrate on those approaches where 
in addition to the introduction of composite particle 
quantities effective field theories for "clusters" were 
derived. 

The idea of generating relativistic composite par-
ticles, in particular bosons, by fusion of elementary 
relativistic fermions was inaugurated by de Broglie 
[12] who assumed the photon to be fusioned from 
two neutrinos. Later on, Fermi and Yang [13] 
proposed the pion to be a relativistic composite 
particle formed by a nucleon-antinucleon bound 
state. Finally, in the N S F approach of Heisenberg 
[14] any existing boson is assumed to be a bound 
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state of elementary relativistic fermions, and of 
course also the complicated heavy fermions are 
assumed to be bound states of such elementary 
fermions. These authors, however, did not try to 
systematically establish a connection between the 
field laws of the elementary fermions and the effec-
tive interactions between their bound states. The 
first step in this direction was taken by Jouvet [15] 
who studied equivalence proofs between F D N S F 
models and boson-fermion coupling theories 
(= BFCT) by considering the four-fermion inter-
action as the limit of an unrenormalized boson 
exchange interaction between fermionic currents 
where the bosons are fermionic bound states. The 
derivation of such an equivalence proof was 
motivated by the claim to make a nonrenormaliz-
able FDNSF equation renormalizable via a map on 
to a renormalizable BFCT model. Another approach 
in this field was initiated by Haag [16], Nish i j ima 
[17] and W.Zimmermann [18] who proposed a 
definition of local field operators for composite 
particles in terms of elementary fields and an exten-
sion of the L.S.Z. S-matrix formalism to include such 
operators. In the further evaluation of the m a p 
between FDNSF models and BFCT models bil inear 
spinorfield expressions were identified with boson 
operators, and several authors, Bjorken [19], Bialy-
nicki-Birula [20]. Lurie and Macfarlane [21], Gura l -
nik [22], established a map of the Green function 
equations of self-coupled fermion fields and those 
of quantum electrodynamics. Further progress was 
made by the application of the path integral 
representation of quantum field theory. From a 
given Lagrangian and the corresponding path 
integral R. L. Zimmermann [23] eliminated by func-
tional integration appropriate field quanti t ies and 
arrived at equivalent non-local Lagrangians with a 
reduced number of fields which for vanishing wave-
function renormalization constants of the el iminated 
fields become local. The latter condition coincides 
with the condition of Jouvefs proof. A survey of the 
field theoretical approach to composite particles, in 
particular with respect to his own method and its 
application to various nonrelativistic models, was 
given by Jouvet [24], Another way of proving the 
equivalence between F D N S F equations and BFCT 
models was proposed by Mandelbrojt [25] who tried 
to establish a relation between both theories by 
means of a unitary transformation of the field 
operators, a method being similar to canonical 

transformations in solid state physics. Massidda and 
Tirapegui [26] and Esposito and Esposito [27] 
elaborated the consequences of Jouvet's Z = 0 con-
dition in more detail. Tirapegui [28] related the 
Haag-Nishijima-Zimmermann (= HNZ) construc-
tion of composite field operators to the equivalence 
proof with the Z = 0 condition. Wilson and 
W. Zimmermann [29] and Otterson and W. Zimmer-
mann [30] analyzed the short distance behaviour of 
field operators products f rom an axiomatic point of 
view and subsequently derived a more refined 
version of the construction of local composite field 
operators. Yuk-Ming P. Lam and Schroer [31] gave 
a simplified proof of the equivalence theorem of 
Lagrangian field theories based on Gell-Mann-Low 
perturbation theory. Using the technique of 
auxiliary fields which was introduced by Coleman, 
Jackiw and Politzer [32] and Gross and Neveu [33], 
Kugo [34] and Kikkawa [35] derived by means of 
functional integration equivalent path integral 
expressions for self-coupled fermion fields and 
BFCT. This method was improved by Eguchi [36] 
and extended by several authors, Saito and Shige-
moto [37], Terazawa, Chikashige, and Akama [38], 
Konisi, Miyata, Saito, and Shigemoto [39], to 
establish equivalences between fermion self-coupled 
theories and electro-weak and strong fermion-boson 
models. Similar approaches, in particular with 
respect to demonstrate the renormalizability of NSF 
models, were made by Tamvakis and Guralnik [40], 
Campell, Cooper, Guralnik, and Snyderman [41], 
Haymaker and Cooper [42], Cooper, Guralnik. Hay-
maker. and Tamvakis [43], Shizuya [44], Munczek 
and Nemirovsky [45], Rembiesa [46], Konisi and 
Takahashi [47], Sharatchandra [48], Chiang Chiu, Su-
darshan, and Tata [49], Munczek [50], Chia, Chiu and 
Chou [51] etc. Thus it seems, as if the biunique 
map between non-renormalizable F D N S F and re-
normalizable FBCT is well understood at present. 

Unfortunately, however, this is not the case as 
there still remain open problems which are con-
cerned with the conditions under which such equiv-
alences are proved. In all these approaches it is 
necessary to introduce cut-offs, infinite and vanish-
ing renormalization constants etc. But using such 
procedures it is completely unclear what "being 
equivalent" really means. For instance, Broido [52] 
showed that the photon cannot be assumed to be a 
bound state of fermion-antifermion pairs within the 
framework of the Z = 0 equivalence theorem. La 
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Camera and Wataghin [53] emphasized that the 
Z = 0 condition is unacceptable. The conditions of 
such maps were systematically discussed by Kerler 
[54] and reemphasized by him, Kerler [55], In detail 
he investigated the drawbacks of such methods and 
concluded that a consistent biunique map of the 
above kind is impossible. This was confirmed by 
results of Eguchi [56] who discussed renormalization 
subsidiary conditions with respect to such maps. 
Also Tamvakis and Guralnik [57] studied such 
conditions and noticed that meaningful field 
theoretic models in four dimensional space t ime 
with nontrivial fix-points wait to be discovered. 
Banks and Zaks [58] showed that NSF models with 
local vector-condensates lead to observable violation 
of Lorentz invariance and not to effective gauge 
theories. Chiang, Chiu, Sudarshan and Tata [59] 
emphasized that the present equivalence proofs of 
NSF and BFCT models need to be reexamined as 
they are not sufficient to ensure equivalence. 
Nakanishi [60] criticized the bosonization of fer-
mions and Ellwanger [61] stated that no exact 
method is available to demonstrate that fermion-
antifermion condensation actually takes place in a 
given theory. Summarizing these results, it seems 
that the above mentioned techniques to prove 
equivalences between F D N S F and BFCT models 
are more dangerous and misleading than promising 
approaches in this field. 

Some of the difficulties encountered in the above 
approaches can be removed if selfregularizing N S F 
equations are used. In this case no emphasis is laid 
on the attempt to make nonrenormalizable N S F 
models via a map renormalizable. Rather one is 
interested to study the effective interactions of com-
posite particles arising from bound states of self-
regularizing NSF models. Recently such an ap-
proach was extensively elaborated by Dürr [62] and 
Sailer [63] in using "noncanonical" basic spinor-
fields. The essential assumptions introduced by these 
two authors consist in the use of a Wilson expan-
sion of local or nonlocal spinorfield operator pro-
ducts and the definition of gauge boson operators 
by the finite part of such products. Then by dressing 
the field operators, by assuming degenerate vacua 
and superconducting field configurations, by func-
tional integration etc. they arrive at FBCT models 
and vice versa after appropriate rearrangements 
from HDNSF models. The work of both authors is 
interesting with respect to the reduction of the 

variety of "phenomenologicar fields according to 
group theoretical and other dynamical properties of 
basic spinorfields. A similar approach was per-
formed by Amati and Veneziano [64] who studied 
the generation of gravity theory from H D N S F 
models. In both of these approaches completely 
satisfactory solutions of the map problem between 
HDNSF models and FBCT models have, however, 
not yet been reached so far. 

Apart from the technical problems, a basic 
objection remains which refers to all approaches 
discussed above, i.e. to H D N S F models as well as to 
FDNSF models: If gauge bosons, and in preon 
models even fermions, are described by products of 
two or more spinorfield operators they are deprived 
of nearly any remarkable physical content apart 
from their transformation properties. However, if 
bosons and fermions are genuine bound states of 
elementary fermion fields, then under suitable kine-
matical conditions their behaviour will differ f rom 
that of elementary pointlike particles. In particular, 
one has then to expect a similar richness of the 
physical phenomena at the high energy level as is 
known at the low energy level from atomic and 
nuclear physics. The variety of such phenomena 
cannot appropriately be described by operator pro-
ducts. Rather the wave functions, i.e. state represen-
tations, are needed, and thus the state approach to 
the derivation of effective interactions seems 
superior to the operator approach Therefore we will 
pursue this approach in the following. 

The first attempt to describe the reactions of 
composite particles in quantum mechanics was 
made by Wheeler [65] who introduced the resonat-
ing group method. Later on, Grif f in and Wheeler 
[66] proposed the generator coordinate method to 
treat collective motions in nuclei. Ekstein [67] start-
ed the theory of non-relastivistic multichannel 
scattering processes. Wildermuth and Kannelopoulos 
[68] reintroduced the resonating group approach by 
proposing the "cluster model" of nuclei. Wilder-
muth and collaborators extensively worked out this 
model to include all types of nuclear reactions, cf. 
Wildermuth and Tang [69]. Jordan [70] formulated a 
manifest Lorentz invariant Hamiltonian formalism 
for multichannel scattering processes. Koutchouk 
[71] constructed Fock spaces for nonrelativistic 
dressed particles, i.e. for bound states, and tried to 
discuss the effective dynamics of these particles. A 
similar approach was made by Girardeau [72] who 
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studied a second quantization representation for 
systems containing bound states, in particular atoms, 
nuclei and electrons. Rosenberg [73] developed a 
theory of nonrelativistic cluster approximations. 
Goldberg and Puff [74] discussed the formulat ion of 
a nonrelativistic many-body theory for composite 
particles in terms of second quantization. Along 
similar lines Gilbert [75] and Kvasnicka [76] dis-
cussed the second quantization representation for 
nonrelativistic composite particles. Fur ther refer-
ences are contained in the papers of these authors. 
Kramer [77] and collaborators extensively studied 
the group theoretical aspects of the interactions of 
composite nucleon systems. In a series of papers 
Schmid [78] studied the nonrelativistic N-cluster 
dynamics and the effective interactions of composite 
particles and discussed the properties of the corre-
sponding dynamical equations. The work of Wilder-
muth. Kramer and Schmid in particular reveals the 
inherent richness of composite particle theories and 
reactions which cannot be imitated by field opera-
tors alone. 

In contrast to high energy physics in nuclear and 
solid state physics one is not immediately forced to 
detect well-known phenomenological laws which 
underly strict symmetry conditions etc. In addit ion, 
of course, the relativistic invariance plays no role. 
Thus, even if we intend to apply the composite 
particle state description to high energy phenomena 
we cannot simply copy the nonrelativistic methods. 
Rather we have to develop a genuine field theoret-
ical method which is adapted to the needs of 
relativistic quantum field theory. The appropr ia te 
tool is functional quantum theory which was 
developed by the author and his collaborators. For 
brevity in this introduction we do not describe in 
detail the various steps required for an appropr ia te 
treatment of our problem but confine ourselves to 
discuss the essentials of the model used. 

By definition of NSF models all observable par-
ticles are assumed to be theoretically described as 
bound states of elementary unobservable fermion 
fields. In our case these elementary fermion fields 
are given by (pl (.v) and < p 2 ( . \ ) of Equation (1.3). 
According to a preceding paper [9] the masses n 
and m2 which appear in the corresponding equations 
of motion (1.2) have to be interpreted as "chemical 
potentials" for elementary neutrino fields. If these 
neutrino fields are assumed to describe the con-
stituents of the ground state of the model, i.e. for 

instance, the cosmological ground state, then the 
chemical potentials must take very large numerical 
values in order to reproduce the total mass of the 
cosmos by the average energy of a neutrino gas. 
Therefore, ni\ and m2 must have very large numer-
ical values, too. If one now forgets about the origin 
of these masses and treats the model in the common 
interaction representation, then the "elementary 
fermions" which correspond to the solution of the 
free field equations for the <px and <p2 fields, are 
completely confined. Due to their large masses the 
energetic threshold for the production of such 
"elementary fermions" is so high that it could be 
reached only at the expense of providing the aver-
age ground state energy of the cosmos. As this will 
never be the case, these "elementary fermions" will 
remain unobservable. Thus, by this mechanism the 
first part of the definition of NSF models concern-
ing their elementary constituents can be fulfilled. As 
far as the second part of the definition of N S F 
models is concerned it was shown for the special 
case of two-fermion bound states [11]: a consistent 
probability interpretation for bound states is pos-
sible and in spite of the large constituent masses 
there exist low energetic bound states with small 
masses. The procedure used for the two-fermion 
sector can be easily generalized to the treatment of 
the /7-fermion sector where one has to expect similar 
positive results. Special calculations are in prepara-
tion. In order to perform further investigations as 
long as no detailed bound state calculations are 
available we therefore assume: 

The NSF model (1.1) has a reasonable bound 
state spectrum with a consistent probability inter-
pretation. 

As the elementary fermions remain unobservable 
the states of the bound state spectrum are the only 
quantities which are related to observable results. 
Therefore, the whole dynamics of the model must 
be formulated in terms of these states. From these 
considerations it is obvious that it is impossible to 
realize this program by means of the field operators 
only, as these operators contain a mixture of observ-
able and unobservable ingredients. Therefore, we 
are forced to use the state concept. 

It was described above that the state concept has 
been applied mainly in nuclear physics. In nuclear 
physics the transition to a composite particle de-
scription is performed by a so-called "cluster ex-
pansion" where it should be noted that the notion 
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"cluster expansion" is used in a different meaning in 
high energy physics, statistical mechanics and 
nuclear physics. In the following we will use the 
notion "cluster expansion in the meaning of 
nuclear physics as an abbreviation of composite 
particle or bound state expansion calculations. 

In order to work with states in quantum field 
theory functional quantum theory can be used 
where the ordinary states of quantum mechanics are 
replaced by state functionals. In terms of these state 
functionals a functional relativistic cluster theory 
was developed by the author, see for instance the 
early review article [79]. 

Later on a consistent, manifest relativistic in-
variant system of functional equations was derived 
[80] for the calculation of bound state functionals 
and of corresponding multichannel bound state 
scattering functionals, i.e. for the description of 
composite particle reactions. Unfortunately, this 
approach does not seem to allow easily to elaborate 
the points ii), iv) and v) in a general convincing 
manner. Therefore, in order to solve these problems, 
the functional energy representation was investigat-
ed in more detail by the author and collaborators, 
the results of these investigations being cited at the 
beginning. In using this representation as a starting 
point of a relativistic cluster expansion the question 
arises immediately whether such an expansion can 
be really performed without violating relativistic 
invariance. 

In ordinary quantum theory one is confronted 
with the same problem by using the energy repre-
sentation, i.e. in this case the Schrödinger equation. 
Tomonaga [81] and Schwinger [82] showed formally 
that the Schrödinger equation allows a correct 
relativistic transformation for relativistic quantum 
fields. Bopp [83] developed a quantum theory of 
relativistic point particles by using relativistic 
Hamiltonians. Jordan [70] constructed a Lorentz 
invariant multichannel scattering formalism based 
on Möller operators. Lam [84] related the non-
covariant energy perturbation theory to a Feynman 
relativistic invariant graph representation. Halpern 

[85] connected formally Galilean invariant 5-matr i -
ces to corresponding Lorentz invariant ones. With 
respect to cluster expansions Licht and Pagnamento 
[86] and Peres [87] considered the generalization of 
nonrelativistic cluster functions to relativistic ones. 
In particular, the latter approach needs fur ther 
clarification. 

Compared with these approaches in ordinary 
quantum theory the situation is more simple in 
functional quantum theory: The functional energy 
representation can be considered as a subsidiary 
condition for a fully relativistic invariant set of 
functional equations. If there is any doubt about 
relativistic invariance one can return to these equa-
tions in a unique way and demonstrate this invari-
ance explicitly. This is discussed in Section 3. There-
fore the requirement of relativistic invariance of the 
energy representation and the cluster expansion 
does not raise any new difficulties in functional 
quantum theory. 

Since we forgo to describe the various steps 
required for a functional cluster expansion of the 
NSF model (1.1) in this introduction we finally only 
comment its results and raise some obvious ques-
tions: We assume an idealized and simplified 
bound state spectrum consisting of one scalar boson 
(= preon-antipreon bound state) and of one spin 
1/2 fermion (= three preon bound state) for all 
momenta and the corresponing antiparticles. The 
transformation of the functional energy representa-
tion (1.11) of the model (1.1) into composite 
particle functional operators produces an hierarchy 
of effective interactions at the composite particle 
level (9.1), the leading terms of which are identical 
with the functional energy representation (2.6) of a 
phenomenological boson fermion coupling theory 
(2.1) apart from quantization terms. Then three 
questions arise: 

i) Can one derive correction terms to the phenom-
enological boson-fermion interaction which 
allow experimental verification? 

ii) Is it possible for a suitable bound state spectrum 
to also derive nonabelian gauge theories and 
corresponding interactions? 

iii) Does the bound state calculation allow to avoid 
infinities which occur in the phenomenological 
boson-fermion coupling theories? 

Concerning i), correction terms follow from the 
hierarchy of interactions (9.1). But these correction 
terms are very small and cannot be expected to 
become experimentally verified. It has, however, to 
be observed that there exist other correction terms 
which do not appear in the present calculation. In 
order to simplify our calculation for a first step, 
antisymmetrization was not fully taken into account: 
Only the clusters themselves are internally anti-
symmetrized, but antisymmetrization between var-
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ious clusters was omitted. The inclusion of the latter 
would lead to exchange forces between clusters 
which describe the deviations f rom their point l ike 
behaviour and can be expected to be measurab le . 
Corresponding calculations will be pe r fo rmed in 
forthcoming papers. 

Concerning ii) it can be demons t ra ted that in the 
hierarchy of interactions (9.1) some terms a p p e a r 
which correspond to the nonl inear field te rms in 
nonabelian gauge boson theories. These te rms 
vanish for scalar bosons due to symmetry properties. 
For vector bosons such terms in general will not 
vanish. Hence there seems to be a possibili ty to also 
derive nonabelian gauge theories in the f r a m e w o r k 
of such expansions. 

Concerning iii) it will be demons t ra ted in a for th-
coming paper that for renormal izable N S F models 
the calculation of bound cluster states by means of 
(3.1) is renormalization free, i.e., no infini te renor-
malization counter terms are requi red to t reat these 
bound states. Fur thermore , as will be discussed in 
Sect. 9, the quantization terms of the boson- fe rmion 
coupling theory are softened as soon as bosons and 
fermions are considered as composi te particles, 
a l though the N S F model is proper ly canonically 
quant ized. This seems to indicate that for a com-
posite boson-fermion coupling theory no infini te re-
normalization constants will be needed. 

Summarizing these comments it seems that this 
paper is to be considered as a first s tep towards a 
more profound understanding of relativistic com-
posite particle interactions. 

1. Spinorfield Energy Representation 

Unified field models are fo rmula ted by means of 
self-regularizing H D N S F equations. In order to con-
centrate on the essential propert ies of such mode l s 
we omit all algebraic complicat ions which are 
required for the formulat ion of realistic models and 
we confine ourselves to the most s imple version of a 
H D N S F equation which exhibits self-regularization, 
relativistic invariance and locality. Such an equat ion 
was derived from first principles by the au tho r [9] 
and reads 

[(- / -/ dfl + m,) ( - / de + m2)]iß y/„(x) 

= 9 Kßyö Vß ( * ) Vy (x) Vö (x) (1.1) 

In order to derive an energy representat ion we 
decompose this equation into a system of two 
F D N S F equations. It was proved by the au thor [7] 
and by Grosser [8] that the set of nonlinear equa-
tions. /• = 1,2 

( - / dM + mr),ß (p'ß(x) (1.2) 

= 9K K ißyS Z (p'ß(x) Z <Py(x) Z <P5 (X) 
r"= I 

is connected with (1.1) by a b iunique m a p where 
this map is defined by the self-consistent relat ions 

|fj(-v) = <p\ (x) + (p\{x), 

<p[ (x) = k\ ( - i dM + m2)a/y y/ß(x), 

<pl(x) = A2(-//<?,+ m\)*ßVß(x) ( L 3 ) 

with /.| := ( A m ) _ l ; / 2 = - ( A m ) _ 1 and Am := m2 —m \. 
The quantization of this model was pe r fo rmed in 

[11] and of a similar, more complicated model in 
[10]. It turns out that the y/, i / /-anticommutator 
vanishes for equal times, and therefore all field 
operators in the interaction term of the corresponding 
Lagrangian completely ant icommute. In order to 
obtain a forminvariant Lagrangian with respect to 
permutations of such ant icommuting operators , at 
the quantum level the classical vertex V^ßys must be 
replaced by 

V,aßyS:=2d,ßö,s-2c\ddvß. (1.4) 

It is further convenient to introduce the t ransformed 
operators 

0'(.Y):=;.r,/V(-Y); (P2{x) := ;.2 - , / 2 ^ ( . y ) . (1.5) 

Then the quantum version of the model is def ined 
by the state f u n c t i o n a l 

r-n X„ 
a„ 

^ ( A « ) ) = Z Z \T{x{k,,...Xkn\a) 
/;= 1 ... k„ 

/'i ... r„ (1.6) 
• Dn (.Y| k\, ...,xn kn)y d 4*! . . . d4.v„ 

3(1 
with 

with the scalar interaction K •xßyd • - °-j.ß °yö ö, R Ö- Ä . 

R(.Y| ÄTJ , . . . ,x„ kn a) (1 .7) 
•Xn 

: = < 0 r ^ ( . Y , A-,)... kn) a), 

where Dn) are appropr ia te functional basis states 
and where 
0 ; ( . Y , 1 ) = ^ ( . Y ) ; <pr

s(:Y,2):=^(.Y) i .e. k= 1 , 2 . 
(1.8) 

Although the state functionals (1.6) are the basic 
quantities of the theory for concrete calculations it 
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is necessary to introduce the t r ans fo rmed state functionals 

5 (A «)> = exp X U % v , k) Fi( (x, k, x\ k') j'ß(x\ k') d4.v d4.v' 
kk' 

with 
r r r r 

SKA «)> = Z Z J y(x\ k u . . . , xn kn a) Dn (.v, k\,..., x„ kn)) d4.Y, . . . d4 .v„, 
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(1.9) 

(1.10) 
n= I k1...kn *i 

r! ... rn 

where the F-functions in (1.9) are the f ree field 
propagators and where (1.10) can equivalently be 
taken as an appropr ia te descript ion of the states a ) . 

The energy representation of the spinorf ield, i.e. 
the corresponding functional equa t ion for funct ional 
energy eigenstates of this field was discussed in [10] 
and for the above case given in [11]. If the index k is 
combined with the spin index a to give a superspinor 
index a = (a, k) then the corresponding funct ional 
equation reads 

2 

E £> = Z I/«(r) GU'G^-V- mröx/1)d'ß(r)d3r 3> 
r= I 

(1.11) 

+ 9\\J\(r)-jl{r)]G^ V?ßyöd„(r) d g ( r ) d d ( r ) d3r 

with 2 
dß{r) = Z W r ) r ' ) # ( r ' ) d V ] . (1.12) 

r= 1 

For details of the defini t ion of all quant i t ies in the 
above expression we refer to [10, 11] and preceding 
papers cited there. In part icular, /.t is absorbed in g. 

As the fields (1.5) are independen t we have 
F r r' = drr' F r. 

In order to avoid lengthy calculat ions it is con-
venient to apply a more compact notat ion. Tak ing 
into account F r r' = örr> F

r and considering spinor and 
conjugate spinorfields separately we obta in by in-
troducing 

I r r r 
Kßyö-= z) a ß y Ö 

= 9 GS,' Ka'ßyö s (r - x) ö (r - y) ö (r - z) ( - 1)z (1.13) 

and 
F,<,<•:= Fix, x') (1.14) 

r r 

~ßß'-= F(x,x') ß ß' 

from (1.11) the equat ion 

+ Kßyö.h [dß dy dö + Fyy'h' dß d5 ~ Fdä'js' dß dy 

- Fßß'jß' dy dö + Fyy'jy' Fd6'j6' dß + Fßß'jß' Fyy' jf d6 

- Fßß'jß'  F66'Jö' dy ~ Fßß'jß' Fyy'jy' F&&'j g) 

+ Kßyäjy. [dß dy d6 + Fyy'jy, Öß d6 - F 6 j dß dy 

- Fßß'jß' Öy dS + Fyy'jy' F^jS' dß + Fßß'jß' Fyy'jy' Ö & 

- Fßß'jß' Föö'jö' dy - Fßß'jß' Fyy'jy' F6 ä'j 6'} 5 ) 

:=#>\jj,d,8\ g > , (1.15) 

where the summation convention is used th rough-
out and where normal order ing is assumed in the 
interaction term of the original q u a n t u m field 
equation. The indices r, r', r" are intent ional ly 
omitted at the- r igh t -hand side of (1.13) as they 
correspond to the free summat ion which appea r s in 
the interaction term of Equat ion (1.2). T h e opera-
tors K^ß and are symbols for the k inema t i c 
terms appearing in (1.11) and need no fu r the r 
explanation. 

The Eq. (1.15) is the exact funct ional equa t ion for 
the ^-funct ional state resulting through a direct 
derivation from the original field equa t ion wi thou t 
any approximation or manipula t ion . It will be the 
starting-point of our fur ther considerat ions. Only in 
the ultimate stages of calculation we will re turn to 
the more detailed indexing used before. 

2. Coupling Theory Energy Representation 

The simplest model of a coupling theory is 
realized by the interaction of spin 1/2 f e rmions with 
scalar mesons. Its phenomenological field equa t ions 
read 

( - / f dß + m\ß Xß(x) = g 5 (.v) / a (.v), 

(•-//2)^(.v) = -^(-v)Za(-v), (2.1) 

where / means the phenomenological f e rmion field 
and .9 (A) the boson field. For a compar i son with 
the dynamics of the unified N S F model we need the 
functional energy representation for this mode l , too. 
In order to derive this representat ion we in t roduce 
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the conjugate momentum 77 of the .9-field. This 
yields the equations 

( - ' VM dfl + m)xß Zß(.x) = g 5 (A) (x), 

,9 (A) = 77 (A); (2.2) 
ot 

- 4- 77(.Y) + ( A - p2) 5 (A) = -gX* ( * ) /A (-V) • 

The quantum version of this theory is defined by 
state functionals !X(>/, rj, J, K, a)} in which v), 
^(A), / (A). A-(A) are the sources of the 5 or 77 
Fields, respectively. The definition of state func-
tionals and the derivation of their corresponding 
functional equations are given for instance by Lurie 
[88]. If we apply the method of [10] to these equa-
tions we obtain the following functional equat ion 
for the energy representation 

J ,,(r) (/ y0 r V + 7° m) — — d3/- + f r,(r) (/ f y • V 
dt]{r) 

~ \ J ( r ) d3/- + J t f ( r ) (A -p2) - J - d 3 r 

m) 
öfj(r) 

3,. 

gh(r) 

SK(r) 

(5 ,,o 

SJ(r) 

— d >r+g$n(r)y° — 

(2.3) 

d 3r+g\K{r) 
Srj(r) <5J(r) " J ' w ' br] (r) ÖJ (r) 

+ / [2f ^ (r) ,7 (#•) d 3 r - f t f (/•)/(/•) d3r] X > = £ X>. = £ I ) . 

<5>/ (r) <5/7(r) 
d3/-

In this equation the first bracket contains the kinetic energy operators of the free fermions and mesons. 
The second bracket contains the interaction energy operators of fermions and mesons and the last bracket 
gives the quantization terms of both fields. While the fermion part is formulated in the original field 
(source) and its Hermitian conjugate Field (source) or its adjungate field, respectively, this is not the case 
for the meson field (source). For the further use it is of advantage to also express the meson part in terms of 
a field and its Hermitian conjugate field. This can be done by performing a Four ier t ransformat ion of the 
sources in (2.3) with rj, ij, J, K going over into rj, rj, J', K and by applying the transformation 

K(p) = 2"1 / 2 co(py1/2 [b(p) - b+{- p)], J(p) = 2~wl co(p)w2 [b(p) + b+(- p)] 

afterwards. This transformation induces the follow in2 transformation for the functional derivatives 

SK(p) 
= 2 -U2oAp) 1/2 

<56 (p) öb+(-p) SJ(p) 
= 2"1/2 co(p) - 1 / 2 

öb(p) öb+(-P) 

(2.4) 

(2.5) 

By performing these operations we can replace (2.3) by the following equation 

E 2> = f n (p) E,(P) ^ ^ d V -I Up) Ej(p) d 

ön(p) Sij{p) 
d3p 

+ Sb(p) Eb(p) — d 3 p - \ b + ( - p) Eb (p) 6 

db(p) bb {- p) 
d3p 2> 

- jgin(p)y° 

+ g\n(p) 

(5/7 (s) 

<5 

>-1/2 1/2 

ö m 

ö 

- 1 / 2 CO 

CO ' " ( p ) 

1/2 (?) 

bb(q) 

(5 
+ 

(56+(- q) 

(5 

<5 (p - q + s) d3p d3q d35 

b{p+ q + s) d3p d3q d3s 
öb(q) 8b+(-q) 

2- 1 / 2 o T I / 2 ( p ) [6(p) - b+ ( - p)] ( 5 ( - p + q - s) d3p d3q d3sf X> 
<5q(q) brj(s) 

+ /[2 j n ( P ) n ( p ) d3
P -\\b{P)b(p) d3

P + 1 J b+ (p) b+ (p) d3
P] z 

where for brevity the tilde notation has been suppressed. 

(2 .6 ) 
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The energy expressions E/(p) and Ej(p) are still 
not diagonal in the spin space but this does not play 
any role for our fur ther t reatment . In order to 
realize the similarities between ordinary field theory 
and functional field theory it should be noted that 
the sources play the role of creat ion opera tors while 
the functional derivatives have to be ident i f ied with 
destruction operators. On the o ther hand , it has to 
be emphasized that this ident i f icat ion does not 
imply the use of the interact ion picture. D u e to its 
construction it is rather representa t ion f ree as these 
operators are referred to the funct ional state space 
an not to the genuine state space of the q u a n t u m 
field under consideration. 

3. Ouster Expansion of Functional States 

In order to per form a cluster expansion, the 
cluster states have to be def ined . For the calculat ion 
of such states in [11] the t runcated funct ional 
equation 

2 

E S ) = Z J./e(r) Gxß-V-möyiß) dß(r) d3/-

+ g\[i\(r)-jl.{r)} G«,W,ß,,6 Z Fßß'(r~ r')jß'(r') 

Z dy'(f) drs (r) 
/•' r"= 1 

5 ) d3/ ' d V (3.1) 

was used with = - K"/<a + Klx ißyb '•xyßb iybß- In 
accordance with [11] we therefore in t roduce the 
following definition: 

Definition 1: A relativistic cluster state (composi te 
particle state) is a solution of the funct ional equa-
tion (3.1). 

A comparison with (1.11) shows that by the 
truncation the functional nondiagonal elements with 
respect to the number of coordinates are omit ted . 
This means that in (3.1) the effects of the polar-
ization cloud are suppressed, i.e. (3.1) gives the 
"hard core" of the various clusters wi thout fu r the r 
dressing these particles. T h e omission of this polar-
ization cloud does not mean , however, that we are 
working with an approximat ion . Ra ther the polar-
ization cloud is included at a later stage of the 
calculation in order to allow a successful m a p of 
H D N S F models on to B F C T models. 

In the introduction the quest ion of relativistic 
invariance of cluster expansions has been raised. As 
such expansions are formed f rom direct products of 
single cluster states the relativistic invar iance of a 
cluster expansion is guaranteed , p rov ided each 
cluster functional t ransforms itself correctly. This 
can be seen as follows: According to [10] the 
truncated functional equat ion (3.1) arises by a 
limiting procedure to equal t ime variables f rom the 
combination of the general ( t runcated) funct ional 
equation 

(iCißdß-mrd,ß) d'ßix) g> 

= g w^ßys X j Eßß'(x — x') jß'(x') d4 .v' 
L r = I 

X d!:(x) d f ( x ) (3.2) 

and the eigenvalue equat ion for P0 which comes 
from the set of equations 

/ dfl d::(x) d4.v %)=p„ 5 > . (3.3) 

Then, owing to this procedure, any solut ion of (3.2) 
and (3.3) must also be a solution of (3.1) as the 
derivation of (3.1) f rom (3.2) and (3.3) is valid for 
state functionals without any restriction. Solut ions 
of (3.2) and (3.3) are assumed to exist, as (3.2) and 
(3.3) are compatible. The reverse however , is also 
true: to any solution of (3.1) and the spacel ike 
momentum conditions of (3.3) there exists a un ique 
solution of (3.2) and (3.3). This can be verif ied by 
observing that (3.2) defines a Cauchy p rob lem if the 
initial data for equal times, i.e. the solut ions of (3.1) 
are given. In this case (3.2) can be considered as 
multitime evolution equat ions for which under the 
appropriate definit ion of initial data un ique solu-
tions can be found. Thus the following theorem 
holds: 

Theorem 1: The solutions of (3.2) and (3.3) possess 
a biunique correspondence to the solutions of (3.1) 
and (3.3) momentum conditions. 

It can easily be verified that the m o m e n t u m con-
ditions of (3.3) and equat ions (3.1) are compat ib le . 
Therefore, if necessary, any one- t ime cluster state 
functional can be uniquely cont inued into the corre-
sponding multi t ime state functional for demons t ra t -
ing relativistic invariance. 
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Cluster expansions are always connected with 
projection operations, i.e. scalar products of states 
or state functionals. Therefore, in order to obtain a 
relativistic invariant cluster theory not only the state 
functionals themselves, but also the scalar products 
have to be relativistic invariant. If such scalar 
products are defined they must be compatible with 
the general quantum theoretical formalism. In [11] 
we showed that in indefinite metric spaces of the 
kind which occur in our model the scalar product of 
energy eigenfunctionals can be directly derived 
from the general quantum theoretical formalism. In 
particular, we obtained for the scalar product of two 
states p) and p'} which correspond to solutions of 
the energy eigenvalue equation (3.1) and the 
momentum conditions (3.3) the following expression 

(P P') = \o{r\ •••rn p) <p(r\ ...rH\p') d3''i ••• d3/-„ 3(i x„ x\ x„ 
(3.4) 

where o{... p) and <p{... p') are the corresponding 
left-hand and right-hand solutions of these opera-
tors. This norm expression seems to be completely 
noninvariant against relativistic transformations. 
However, the following theorem holds: 

Theorem 2: Let p} and p'} be two states which 
are defined by their functional maps being solutions 
of (3.1) and the momentum conditions (3.3). Then 
their scalar product is given by the relativistic 
invariant expression 

(p p'} = i<r(xl • • • Xn p)ö(nx])... 
X, x„ 
r i /•„ ... S(nx„) cp(A*j . . . A„ p') d A] . . . d4A„ , (3.5) xn x„ 

where n is an arbitrary timelike vector. 

Proof: Owing to Theorem 1 we can uniquely 
continue a{rx...rn p) and (p(r\...rn p') into the 
multitime region to obtain CT(A]...A„ p) and 
(p(A-I ... xn p'). Therefore, the integral in (3.5) is 
well defined. We now compare this expression for 
two different «-vectors. We have 

(P P')n = \opö{nx) (pP'dr, 

( p p')n- = \opö(n' X)(pp-dr 

by definition. As both the «-vectors are timelike we 
can find a Lorentz transformation n ' = Ln which 
transforms n into n'. We now apply this transforma-

tion to the coordinates A, too, with A' = L - 1 A . 
Under this transformation we have n' x = nx' and 
obtain 

{P p')n' = \o{x\ ... X'n L~] p) 

• ö(nx') (p{x\ ... x'n L~1 p') d4.vj .. . d4A^ 

= J A ( A | . . . . V „ L ' ] P ) 

• d{nx) (p(Ai ... xn LT1 p') d4.v, . . . d4.v„ 
= (L~]p L-]p'\. (3.7) 

Now if the functional map of the states /?) and p'> 
transforms correctly, the original states must exhibit 
the correct transformation property, too. Therefore, 
we have L~]p'} = U(L~]) p'} and (L~]p = 
(p U~[(L~]). Substitution of these relations in 
(3.7) finally gives (p p')„> = <p p')n• Q.E.D. 

As n is arbitrary we can always choose it to be 
« = (0,0,0, 1) and then obtain (3.4) which is there-
fore equivalent to a relativistic invariant expression. 

According to Definition 1 cluster expansions 
depend on the manifold of solutions of (3.1) and 
due to the required relativistic invariance according 
to Theorem 1 on the p= 1 ,2 ,3 momentum con-
ditions of (3.3). A short inspection of (3.1) shows 
that it is not necessary to take into account the 
// = 1,2,3 momentum conditions of (3.3) explicitly. 
The manifold of solutions satisfying these con-
ditions is automatically produced by (3.1) if the 
solutions are required to be basis states of represen-
tations of the spatial translation groups. Hence the 
spectrum of (3.1) alone determines the cluster ex-
pansion completely. Furthermore, it will be shown 
in the following that such an expansion in turn 
determines together with the basic equation (1.11) 
the map of HDNSF models on BFCT models 
completely. Thus, if a HDNSF model works correct-
ly, by its spectrum that BFCT model should be 
produced or selected respectively which describes 
the phenomenological reactions of clusters in com-
plete agreement with experiment. It is obvious that 
such an aim needs a large number of iteration steps 
for its realization. 

At the present stage of the investigation no 
detailed knowledge about the manifold of solutions 
of (3.1) is available. Therefore we are forced to 
make plausible assumptions about this manifold in 
order to work with it, and it is reasonable that we 
confine ourselves to assumptions about the spec-
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trum which lead to the most simple but realistic 
BFCT models. Such a model with spin 1/2 fermions 
and antifermions and scalar mesons was discussed 
in Section 2. As the elementary fermions of our 
HDNSF model are energetically confined, the 
observable fermions must be bound states of these 
elementary fermions. The lowest number of elemen-
tary fermions which is needed for the construction 
of a spin 1/2 cluster is three. We thus postulate: 

Assumption 1: The set of solutions of (3.1) con-
tains only one subset of bound state solutions which 
are given by the two-fermion and three-fermion 
bound states 

{(p2{rur2 k)\/k&R3}, 

{<h (r\, r2, r3 k), <p3 ( r , , r2, r3 k) Vk e R3}, 

where k is the center of mass momentum and where 
(p2 represents a scalar boson, while <p3 and <p3 are 
spin 1/2 fermions and antifermions. For the corre-
sponding masses mh and w/ holds mbl mi <1 /;?], m2. 

In particular. Assumption 1 implies that the scalar 
particle is identical with its antiparticle while for 
the spin 1/2 cluster-fermion particles and anti-
particles are different. 

As was shown in [11] for the two-fermion case, in 
the limit of large m, and m2 masses the operator of 
(3.1) practically becomes Hermitian. If we extra-
polate this result to higher sectors which are defined 
by the number of elementary fermions n = 3, 4 , . . . , 
we have to expect that in any sector a complete set 
of solutions must exist. On the other hand, apart 
from the bound states of Assumption 1 according to 
this assumption, no further bound states can exist. 
Thus, in these and in all other sectors the remaining 
solutions being required by the completeness con-
dition must be scattering states. As the rest masses 
of the bound states are small, in practically all 
energy ranges scattering processes of bound states 
may occur. In contrast, the scattering processes of 
elementary fermions alone or of bound states with 
participation of elementary fermions occur only 
above the energetic threshold of elementary fermion 
production which is very high owing to their large 
masses. Thus, below the energetic threshold of 
elementary fermion production only bound states 
and bound state scattering occur and the theory 
looks like a theory of these particles only. It is this 
region where we shall map the H D N S F model on to 
a BFCT model. This leads to the assumption 

Assumption la: The model will be treated below 
the threshold of elementary fermion production. 

This assumption, however, does not mean that we 
have to introduce a cut-off. Rather the theory is at 
any state relativistic invariant. The only thing that 
happens is that above this threshold new channels 
are openend and therefore, due to the appearance of 
elementary fermions the map of H D N S F to BFCT 
breaks down. This break-down of the map is accom-
panied by the appearance of indefinite metric. 
While the bound states have a positive norm 
according to [11], the elementary fermions partly 
have a negative norm and so their scattering states. 
Therefore, above this threshold where elementary 
fermions are allowed to occur the statistical inter-
pretation breaks down. This means: 

HDNSF models possess a high energy limit of 
their applicability which manifests itself not by a 
violation of relativistic invariance. but by the break-
down of the statistical interpretation. 

This seems to be a very interesting property as we 
never loose relativistic invariance, though still 
avoiding the dangerous claim to have a theory valid 
for all energy ranges. Thus in the following we will 
work only in the physically meaningful channels 
below the break-up where all dangerous elementary 
fermion states are hidden states. In the first step of 
our discussion we will, however, formally include 
hidden states, too, as they play an important role in 
transforming state functionals of our H D N S F model 
onto to cluster functional states of BFCT models. 

The state functionals of H D N S F models as well 
as of BFCT models are defined by expansions with 
respect to basis functional states which in their turn 
arise from functional source operators by a Fock 
space construction. Having in view a map between 
both kinds of models in terms of functional states 
and equations we must first establish a connection 
between the source operators of these basis func-
tionals. 

Returning to the simplifying notation of Sect. 1 
we denote the two-particle solutions of (3.1) for 
elementary fermion number . / = 0 by C"' and the 
three-particle solutions for elementary fermion num-
ber „7 = 3 and JV= — 3 by Cr

q
s' and C"bc respec-

tively. The complete sets of these solutions {C%1'}, 
{Cgs'}, {C'xbc) then contain not only the physically 
meaningful bound state solutions but also the un-
physical scattering solutions of elementary fermions. 
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We now define the cluster source operators 

bn := Q r j J r , (3.8) 

U C f ' j J J , , (3.9a) 

L ••= C"bc!aJJc, (3.9 b) 

where here and in the following the summat ion 
convention is used. Then the following theorem 
holds: 

Theorem 3: Between the cluster source opera tors 
(3.8), (3.9a) and (3.9b) and the corresponding 
products of fermion source opera tor a b iun ique 
map exists. 

Proof: As the solution of (3.1) { Q 1 } , {Cr
q

5t}, 
[C"b c) are assumed to form complete sets in their 
corresponding state spaces, there must exist corre-
sponding dual state sets {/?£p}, {Rr

q"}, {R°bc} such 
that the orthonormali ty relations 

R»n!C"n'=ön.n, (3.10) 

V q - v ' = <V„, (3.11a) 

RaJc C f ( = 4 , H., (3.11b) 

and the completeness relations 

Z * » " V Q ' = <V« <Vr, (3.12) 
n 

K ^ ' C , " ' = ö r . r ö s > s d r i , (3.13a) <7 

W c < c (3.13b) 
H' 

are simultaneously satisfied, where for brevity we 
omitted antisymmetrization. F rom these relations it 
follows that 

Ä.Ä- = (3.14) 
n 

i r j s ] , = Z lq , (3.15a) 

J a J b J c = l K h C L , (3.15b) w 

i.e. the inversion of (3.8), (3.9a), (3.9b). Q.E.D. 
It has to be noted that in our model the dual sets 

cannot be identified with the lef t -hand solutions of 
(3.1), as the scalar products (3.10), (3.11 a), (3.11 b), 
of the dual set states with the r ight-hand solutions 
of (3.1) differ f rom the values of the physical scalar 
products. Hence any dual set needs a special con-
struction. We sketch this for the case of the boson 
states. 

According to Assumption 1 there exist boson 
states whose t ransformation propert ies are iso-

morphic to those of pointl ike scalar boson states. 
We therefore conclude that the spec t rum of the 
extended bosons (and elementary fe rmion scattering 
states with the same t ransformat ion proper t ies) 
must be homomorph ic to those of the point l ike 
bosons. In particular, we expect and assume that for 
the extended bosons positive and negat ive energies 
occur pairwise as this is the case for point l ike 
bosons. The general q u an tu m n u m b e r n of the 
boson clusters (3.8) can then be decomposed into a 
positive class and a negative class for all three-
momenta [k] of the center of mass mot ion and for 
all internal quan tum numbers [vj. Thus we write 
!«!={(+, k, v)J. In part icular for v = 0 we obta in 
the bound states, while with v =t= 0 e lementary 
fermion scattering states are denoted . In analogy to 
the pointlike boson states we assume that for the 
extended boson states Cuv (+ ,A ,0 ) = Cg1' (k)+ and 
Cut ( - , A, 0) = Co'(k)~ belongs to posit ive and 
negative energies respectively. Thus f rom (3.8) we 
obtain two sets of boson operators {b(+, k, 0)} = 
\b<+)(k)! and {b(—, k, 0)} = {6(_)(&)} which are 
needed for the functional descript ion of the bound 
boson state. In conventional q u a n t u m field theory 
the destruction and creat ion opera tors a{k), a+(k) 
correspond to these source operators . T h e construc-
tion of a dual set of states for point l ike bosons was 
described in detail by Hagedorn [89]. If wi thin a 
certain approximation the center of mass mot ion is 
separated from the internal mot ion of the cluster, 
the construction of a dual set for point l ike bosons 
can immediately be taken over to the extended case. 
We postpone this discussion to Sect. 7 where we will 
also give explicit formulae . 

We now turn to the representat ion of state func-
tionals of our H D N S F model in terms of cluster 
functional operators (3.8), (3.9a) , (3 .9b) . As is 
known from nonrelativistic nuclear physics etc. any 
complete cluster expansion needs an an t i symmetr i -
zation with respect to all e lementary fe rmion 
coordinates which occur in the var ious clusters. At 
the physical level this complete an t i symmetr iza t ion 
leads to exchange forces which are impor tan t for 
many physical phenomena . On the o ther hand , all 
calculations become considerably more compl ica t -
ed. In a first step of discussing maps of H D N S F 
models upon BFCT models we there fore do wi thout 
antisymmetrization, i.e. we work with a Har t ree- l ike 
expansion and not with a Har t ree-Fock- l ike expan-
sion. 
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In our abbreviated notation the funct ional states 
(1.10) can be written 

x 1 
••• 0> (3.16) 

n= i n! 

if additionally superspinor indices are included in 
this compact notation. We now assume that we 
consider states below the energetic threshold of 
elementary fermion product ion. Then all states can 
be constructed by mixtures of bound cluster states 
only. It must therefore be possible to express this 
property in terms of a cluster expansion of 5 ) , i-e-
we get for 5 ) the equivalent representa t ion 

5 > = Z c(nx...nN,qx...qK,wx...wL\a) 
N, K. L 

•bni...bnJqi... lqJWl... / ~ J 0 > . (3.17) 

If the cluster operators (3.8), (3 .9a) , (3 .9b) are 
expressed by superspinors 

(3.18) 

lq = Q M . k . h 2 . h 3 , (3.19 a) 

/ , (3.19 b) 

and if these expressions are subst i tuted into (3.17), 
then from (3.17) and (3.16) we obta in l inear rela-
tions between the corresponding expansion coeff i -
cients by appropriate projections. This yields the 
relations 

(DM...ßn) %y = <p„(ß\.~ßn)\a) 

= Z cin^-.nN^i . . . qK, w, . . . wL\a) (3.20) 
N. K. L 

• (Dn(A,...ßn) bni... bnN, lqi... lqic, TWl... TWl \o). 

One can also try to establish the reverse relat ion, i.e. 
to express the C(N, K, L) in terms of the <pn by 
using the representations (3.14), (3.15a) , (3 .15b) . 
However, we do not per form this explicitly because 
in any case both kinds of relations are, due to their 
complexity, of no use for practical calculat ions, and 
such calculations are not our intention. We are 
rather satisfied by having demons t ra ted that an 
expansion of the kind (3.17) is possible. The next 
step in our program is to t ransform the funct ional 
equation (1.15) from the elementary f e rmion source 
representation into a cluster source representa t ion 
and to calculate the functional state (3.17) directly 
by means of this t ransformed equat ion. In this way 
the use of the complicated relations (3.20) ect. is 
avoided. 

Finally, we consider the symmetr ic proper t ies of 
the expansion (3.17). By direct calculat ion it fol lows 
from (3.8), (3.9 a), (3.9 b) that the fol lowing relations 
hold 

[ 6 „ , M _ = 0; [/,,/„<]+= 0; [/",/".,]+ = 0 . (3.21) 

Therefore, c(n] ... nN, qx ... qK, W| ... wL) must be 
symmetric with respect to permuta t ions of nx . . . nL 

and antisymmetric with respect to pe rmuta t ions of 
q\ . . . qK and H-, . . . wL respectively. This is of course 
the influence of the Pauli principle with respect to 
the clusters as a whole. The expansion (3.17) does, 
however, not contain the exchange of f e rmions 
between different clusters as was emphas ized above. 
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