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Abstract. We discuss the asymptotic behaviour of the genus and the number of
rational places in towers of function ﬁelds over a ﬁnite ﬁeld.

1. Introduction
The theory of equations over ﬁnite ﬁelds is a basic topic in classical number theory.
Its foundations were laid (among others) by Fermat, Euler, Lagrange, Gauss and Galois.
The object of the ﬁrst investigations in this theory were congruences of the special form
y 2 1 f ðxÞ ðmodulo a prime numberÞ;
where f ðxÞ is a rational function with integer coe‰cients. Assuming an analogue of Riemann’s hypothesis for the zeta function that he introduced, E. Artin conjectured an upper
bound for the number of solutions for such congruences. The general solution of that conjecture was given by A. Weil (the elliptic case being settled before by H. Hasse), and it can
be stated as follows: Let F be a function ﬁeld over the ﬁnite ﬁeld Fq with q elements, let
NðF Þ denote its number of Fq -rational places and gðF Þ denote its genus. Then the celebrated theorem of A. Weil [23] states that the following inequality holds:
NðF Þ e q þ 1 þ 2gðF Þ 

pﬃﬃﬃ
q:

Ihara [13] noticed that one has a strict inequality above if gðF Þ >
Setting

pﬃﬃﬃ pﬃﬃﬃ
qð q  1Þ=2.

Nq ðgÞ ¼ maxfNðF Þ j F is a function ﬁeld over Fq with gðF Þ ¼ gg
and
AðqÞ ¼ lim sup Nq ðgÞ=g;
g!y
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