
Preface

The book is the result of the authors’ activity in the linear theory of elasticity and
finite element analysis for the last ten years at the Institute for Problems in Mechanics
of the Russian Academy of Sciences. In spite of the fact that the basis statements of
linear of elasticity were formulated in the 19th century, it still remains very attrac-
tive for many scientists. In the last decades, various numerical approaches, in which
finite element formulations based on conventional variational principles as well as
Galerkin algorithms play a key role, have been actively developed. In these methods,
some equations of elasticity (equilibrium equations, boundary conditions in terms of
stresses and etc.) are given in generalized forms, whereas the stress-strain relation of
Hooke’s law is considered, often implicitly, as a strict local equality.

The governing relations in the linear theory of elasticity describe the deformed state
of an elastic body at any internal point, and the stresses and displacements in interior
should tend to their boundary values. It is implied that the components of the elas-
tic modulus tensor are also continuous functions of spatial coordinates including the
boundary. But it should be taken into account that boundary conditions are generated
by specific physical and geometrical factors, for example, some part of the boundary
can be an interface between two or more media. In this case, any such point be-
longs simultaneously to the body under consideration and the bodies producing these
boundary conditions, that is, to parts of continuum with different mechanical proper-
ties. Strictly speaking, the elastic modulus tensor on such surfaces is not rigorously
defined.

To introduce this uncertainty into linear elasticity problems explicitly, an integral
statement of the stress-strain relation is proposed by the authors in the method of in-
tegrodifferential relations. The boundary value problem modified in accordance with
this approach can be reduced to the minimization of a nonnegative functional over
all admissible displacements and equilibrium stresses. Such reformulation became a
starting point to develop an advanced numerical technique to stress-strain analysis and
solution quality estimation in linear elasticity.

The book can be tentatively divided into three essential parts. The first part deals
with basic concepts of the linear theory of elasticity that provide the foundation for
the other two parts. In Chapter 2, conventional notations for the stress, strain, and
displacement fields, governing equations, as well as the formulations of boundary
value problems are introduced and discussed. The relations of simplified models,
such as elastic beams and membranes, are considered. The classical and generalized
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variational principles in linear elasticity are described in the next chapter. Emphasis
is placed on their applications to numerical solution of boundary value problems.

The middle part of the book (Chapters 4–7) is devoted to the method of integrod-
ifferential relations. Various ways to weaken the constitutive relation between the
equilibrium stresses and kinematically admissible displacements, given usually in the
local form, are discussed in Chapter 4. A parametric family of quadratic nonnega-
tive functionals, Hooke’s law in the integral form, is introduced, and corresponding
minimization problems for analysis of stress-strain states as well as natural vibra-
tions of elastic bodies and structures are formulated. Numerical algorithms based on
polynomial approximations of unknown stress and displacement functions and suit-
able minimization technique are described, and their efficiency is illustrated on the
example of two-dimensional static and dynamic problems.

In Chapter 5, variational properties of the quadratic error functionals introduced are
discussed. It is shown that the stationary conditions of these functionals together with
the equilibrium equation and boundary conditions are equivalent to the complete sys-
tem of equations in the linear theory of elasticity. In addition, the integrodifferential
formulations have a direct relation to conventional variational principles and make it
possible to decompose the problem into two independent subproblems of displace-
ments and of stresses, respectively. The bilateral estimates of the elastic energy stored
are derived for different types of boundary conditions.

Chapter 6 focuses on numerical approaches grounded on the method of integrod-
ifferential relations and advanced finite element technique. An adaptive algorithm
using high order piecewise polynomial approximations of kinematically admissible
displacements and equilibrium stresses for an arbitrary triangulation is presented. Var-
ious mesh refinement and mesh adaptation strategies based on explicit local and inte-
gral energy estimates are discussed.

Chapter 7 is devoted to the approach in which the original problem in partial differ-
ential equations is approximated by a system of ordinary differential equations. The
variational technique developed is spread on the case of semi-decrete approximations
for the displacement vector and stress tensor including, on the one hand, a polynomial
expansion of finite dimension over some coordinate components and, on the other
hand, unknown functions over one remaining component. The approach is illustrated
on plane static and dynamic beam problems.

The last part of the book deals with an alternative to the approaches discussed in the
previous chapters. In the asymptotic approach considered in Chapter 8, the consistent
boundary value problem is composed of the appropriately selected coefficients in the
semi-discrete polynomial expansion of the stress-strain relation. The attractiveness
of this technique is that the differential order of the approximate system of equations
is half the one following the variational approach. The corresponding algorithms for
two- and three-dimensional static modeling as well as natural vibration analysis of
elastic beams are presented.
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In what follows, a modification of the Petrov–Galerkin method based on integral
projection of the stress-strain equation on a special set of test functions and semi-
discretization of admissible displacement and stress fields is described. The relations
among the projection, asymptotic, and variational approaches are discussed in Chap-
ter 9. Numerical projection algorithms are developed to design least-dimensional
systems that guarantee given solution quality.

Chapter 10 focuses on applications of the projection approach to spatial static prob-
lems for elastic beams with an asymmetric cross section. Special attention is paid
to effective computation of such mechanical characteristics as bending and torsion
stiffnesses, flexural center coordinates, etc. The influence of cross-section shape and
boundary conditions (Saint–Venant’s principle) on beam deformation is numerically
quantified.

In Chapter 11, the approach on the basis of the projection technique is spread on the
three-dimensional dynamic case. The frequency-wave analysis of natural and forced
beam vibrations is performed. General features of eigenfrequencies and eigenforms
are illustrated on the example of combined torsional, longitudinal, and lateral vibra-
tions for beams with triangular cross-sections. Spectrum characteristics of the beams
and their specific resonance properties caused by the lack of symmetry are discussed.

The appendix contains the most important definitions and necessary information on
the vector and tensor algebra as well as functional analysis.

Potential readers of this book will be mathematicians, engineers, as well as gradu-
ate and postgraduate students who are interested in learning the mathematical basis,
modeling, and numerical technique in solid mechanics.
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