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Abstract: The purpose of this paper is to study the subgroup embedding properties of S-semipermutability, semipermutability, and seminormality. Here we say H is S-semipermutable (resp. semipermutable) in a group G if H permutes
which each Sylow subgroup (resp. subgroup) of G whose order is relatively prime to that of H. We say H is
seminormal in a group G if H is normalized by subgroups of G whose order is relatively prime to that of H. In
particular, we establish that a seminormal p-subgroup is subnormal. We also establish that the solvable groups
in which S-permutability is a transitive relation are precisely the groups in which the subnormal subgroups are all
S-semipermutable. Local characterizations of this result are also established.
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1.

Introduction and statement of results

All groups considered will be finite.
A subgroup H of a group G is said to permute with a subgroup K of G if HK is a subgroup of G. H is said to be
permutable (resp. S-permutable) if it permutes with all the subgroups (resp. Sylow subgroups) of G. Examples of
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permutable subgroups include the normal subgroups of G. However, if G is a modular, non-Dedekind p-group, p a
prime, we see permutability is quite different from normality. For instance, letting Cn denote the cyclic group of order
n, we see that C2 is permutable but not normal in the the group C8 oC2 where the generator for C2 maps a generator
of C8 to its fifth power. Kegel [10] proved that an S-permutable subgroup is always subnormal. In particular, as was
shown by Ore [12], a permutable subgroup of a group is subnormal. A group G is called a PST -group (resp. PT -group)
if S-permutability (resp. permutability) is a transitive relation. By Kegel’s result (resp. Ore’s result), a group G is a
PST -group (resp. PT -group) if every subnormal subgroup of G is S-permutable (resp. permutable) in G. Agrawal [1]
(resp. Zachar [16]) classified solvable PST -groups (resp. PT -groups). In [1, Theorem 2], Agrawal showed that a solvable
group G is a PST -group if and only if the nilpotent residual of G is an abelian Hall subgroup of G upon which G acts
by conjugation as power automorphisms. He also showed that a solvable PST -group G is a PT -group if and only if
the Sylow subgroups of G are modular. This is essentially Zachar’s characterization of solvable PT -groups. A number
of other research papers have been written on these groups. See for example [2–6, 8, 9].
It seems reasonable to investigate other distinguished families of subgroups of a group G which permute with the
subnormal subgroups of G. For example in [7], the first author and Heineken studied groups G whose subnormal
subgroups permute with all the maximal subgroups of G. These groups are characterized in terms of their Frattini
factor group. It was shown by Maier [11] that a subgroup which permutes with all the maximal subgroups of G need
not be subnormal. Also, Ballester-Bolinches, Cossey, and Soler-Escrivá [3] considered solvable groups G all of whose
subnormal subgroups permute with the system normalizers of G. These groups are closely related to the solvable
PST -groups. They also arrive at a nice result which says any subgroup permuting with all system normalizers of a
solvable group is necessarily subnormal. It is our purpose here to study subgroup embedding properties different from
those mentioned above and to characterize the finite solvable groups whose subnormal subgroups satisfy these different
embedding properties.
A subgroup X of a group G is said to be semipermutable provided it permutes with every subgroup H of G such that
(|X |, |H|) = 1. Moreover, X is said to be S-semipermutable if it permutes with every Sylow subgroup Y of G such that
(|X |, |Y |) = 1. An S-semipermutable subgroup of a group need not be subnormal (see Example 4.1). S-semipermutable
subgroups have been studied in [2, 15, 18]. A subgroup X of a group G is said to be seminormal1 provided that it is
normalized by every subgroup H such that (|X |, |H|) = 1. We say X is S-seminormal if it is normalized by every Sylow
subgroup Y of G such that (|X |, |Y |) = 1.
For the purposes of this article, we will call a group G an SPS-group (resp. SP-group) if all the subnormal subgroups of
G are S-semipermutable (resp. semipermutable) in G. We will also call G an SN-group provided that every subnormal
subgroup of G is seminormal.
We arrive at the following results.

Theorem 1.1.
Let G be a solvable group. Then G is a PST -group if and only if it is an SPS-group.

Theorem 1.2.
A subgroup X of a group G is seminormal if and only if it is S-seminormal.

Theorem 1.3.
Let X be a p-subgroup of a group G which is seminormal. Then X is subnormal in G.

Examples 4.2 and 4.3 show that if the order of a seminormal subgroup of a group has more than one prime divisor it
need not be subnormal.
1
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Theorem 1.4.
Let G be a solvable group. Then G is an SN-group if and only if it is a PST -group.

Theorem 1.5.
Let G be a solvable group. Then the following are equivalent:
(1) G is an SN-group;
(2) G is an SP-group;
(3) G is an SPS-group;
(4) G is a PST -group.
Let p be a prime. As was introduced by Robinson in [13], a group G is called a Cp -group if every subgroup of a Sylow
p-subgroup P of G is normal in NG (P). As was introduced by Ballester-Bolinches and Esteban-Romero [5], a group G
is called a Yp -group if whenever K is a p-subgroup of G every subgroup of K is S-permutable in NG (K ).

Theorem 1.6 ([5]).
Let G be a group.
(1) G is a solvable PST -group if and only if G is a Yp -group for all primes p.
(2) G is Yp -group if and only if G is either p-nilpotent or G is a Cp -group and has abelian Sylow p-subgroups.

Definition 1.7.
Let G be a group.
(1) G is a Ybp -group if for every p-subgroup K of G every subgroup of K is semipermutable in NG (K ).
(2) G is a Yep -group if for every p-subgroup K of G every subgroup of K is S-semipermutable in NG (K ).
e
(3) G is a Ye p -group if for every p-subgroup K of G every subgroup of K is seminormal in NG (K ).
It was established in [2, Theorem D] that Yp = Ybp = Yep . We arrive at the following result:

Theorem 1.8.
e
Yp = Ybp = Yep = Ye p .

Using Theorems 1.6 and 1.8, the following corollary is immediate.

Corollary 1.9.
Let G be a group. The following are equivalent.
(1) G is a solvable PST -group.
(2) G is a Yp -group for all primes p.
(3) G is a Ybp -group for all primes p.
(4) G is a Yep -group for all primes p.
e
(5) G is a Ye p -group for all primes p.
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2.

Preliminaries

In this section we present a number of results which are used in proving Theorems 1.1–1.6, 1.8.

Lemma 2.1 ([15]).
Let H be an S-semipermutable subgroup of a group G and let N be a normal p-subgroup of G, p a prime.
(1) If H ≤ K ≤ G, then H is S-semipermutable in K .
(2) HN/N is S-semipermutable in G/N.
(3) If all the p0 -elements of G act by conjugation as power automorphisms on N, then G/CG (N) is nilpotent.

Lemma 2.2.
Let G be a solvable SPS-group.
(1) If T is a subnormal p-subgroup of G, p a prime, then O p (G) acts as power automorphisms on T .
(2) G is supersolvable.

Proof. (1) Let x be a nontrivial element of T and let Q be a Sylow q-subgroup of G where p 6= q. Then hxiQ = Qhxi
and hxi is a subnormal Sylow p-subgroup of hxiQ. Thus Q normalizes hxi and result follows.
(2) Let M be a minimal normal subgroup of G. Then M is an elementary abelian p-group for some prime p. Let P be
the Sylow p-subgroup of G and let x be a nontrivial element in M ∩ Z (P). By (1), hxi is a normal subgroup of G. By (2)
of Lemma 2.1, G/hxi is an SPS-group and, by induction, it is supersolvable. Hence G is supersolvable.

Lemma 2.3.
Let G be a solvable PST -group and let M be a subnormal nilpotent subgroup of G. Then M is S-seminormal.

Proof.

Assume first that M is a p-group, p a prime. Let L be the nilpotent residual of G. By [1, Theorem 2.3], L is
an abelian normal Hall subgroup upon which G acts as power automorphisms.
Assume M ≤ L. Then M is normal in G and hence S-seminormal. Thus we may assume M ∩ L = 1. Note M ≤ Op (G)
and Op (G) ∩ L = 1. Let q be a prime divisor of the order of G and let Q be a Sylow q-subgroup of G, q 6= p. Then
either Q ≤ L or Q ∩ L = 1. Assume that Q ≤ L. Then Q E G and QM ≤ G. But M is a subnormal Sylow p-subgroup
of QM so that QM = Q×M. Now assume Q ∩ L = 1. Then (QL/L)(ML/L) − MQL/L = QML/L since G/L is nilpotent. It
follows that [Q, M] = L. But [Q, M] ≤ [Q, Op (G)] ≤ Op (G). This means that [Q, M] ≤ L ∩ Op (G) = 1 and QM = Q×M.
Hence M is an S-seminormal subgroup of G.
α

Now assume |M| = p1 1 · · · pαr r is the prime factorization of |M|. Let Pi be the Sylow pi -subgroup of M, 1 ≤ i ≤ r. Then
Pi is a subnormal S-seminormal subgroup of G.
Let q be a prime divisor of |G| with q 6∈ {p1 , . . . , pr }. Let Q be a Sylow q-subgroup of G. Then Q normalizes Pi and
so Q normalizes M. Thus M is an S-seminormal subgroup of G.

3.

Proofs of the main results

Proof of Theorem 1.2.

Let H be an S-seminormal subgroup of G and let T be a subgroup of G such that
α
(|H|, |T |) = 1. Let |T | = p1 1 · · · pαr r be the prime factorization of |T | and let Ri be a Sylow pi -subgroup of T . Further,
let Pi be a Sylow pi -subgroup of G such that Ri ≤ Pi . Then Pi normalizes H and it follows that T normalizes H. Thus
H is seminormal. A seminormal subgroup of G is certainly S-seminormal and so the theorem holds.
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Proof of Theorem 1.3.

Let X be a seminormal p-subgroup of a group G, p a prime and let Q be a Sylow q-subgroup
of G, q =
6 p. Then Q normalizes X and so O p (G) ≤ NG (X ). Therefore, [G:NG (X )] is a power of p. By [14, Lemma A], X
is S-permutable in G. Hence, by Kegel’s result [10], X is subnormal in G.

Proof of Theorem 1.1.

Let G be a solvable SPS-group and let p be the largest prime divisor of the order of G.
Let P be a Sylow p-subgroup of G. By (2) of Lemma 2.2, G is supersolvable and so P is a normal subgroup of G.
Let L be the nilpotent residual of G. By [1, Theorem 2.4], it is enough to show L is a normal abelian Hall subgroup of
G upon which G acts by conjugation as power automorphisms. Note L is nilpotent since G is supersolvable.

By (2) of Lemma 2.1, G/P is an SPS-group and so, by induction, it is a PST -group. By [1, Theorem 2.3], LP/P is an
abelian Hall subgroup of G/P. Note that either G = PCG (P) or G/CG (P) contains a nontrivial p0 -element. Assume first
that G = PCG (P). Then P ≤ Z∗ (G), where Z∗ (G) denotes the hypercenter of G, and G = P×Q where Q is the Hall
p0 -subgroup of G. Then L ≤ Q and L ' LP/P so that L is an abelian Hall subgroup of G. Now assume that G/CG (P)
is not a p-group and let x be a nontrivial p0 -element of G. By (1) of Lemma 2.2, x acts as a power automorphism on P
so that P = [P, x] and hence P = [P, G] ≤ L. By (1) of Lemma 2.2 and (3) of Lemma 2.1, G/CG (P) is nilpotent so that
L ≤ CG (P). This means P ≤ Z (L). Now L/P is an abelian Hall subgroup of G/P and so L is abelian Hall subgroup
of G.
Let y be an element in L of order a power of a prime r. Since hyi is subnormal in G and G is an SPS-group, it follows
that O r (G) normalizes hyi. Thus hyi E G and G acts as power automorphisms on L and G is a PST -group.
Conversely, if G is a solvable PST -group, it is an SPS-group. This completes the proof of Theorem 1.1.

Proof of Theorem 1.4.

Let G be a solvable group. If G is an SN-group, then it is an SPS-group and hence a

PST -group by Theorem 1.1.
Assume that G is a PST -group and let X be a subnormal subgroup of G. By Theorem 1.3, it is enough to show X is
S-seminormal. Let L be the nilpotent residual of G. By [1, Theorem 2.3], L is a normal abelian Hall subgroup of G upon
which G acts by conjugation as power automorphisms.
Consider L ∩ X . Assume first that L ∩ X 6= 1, set Y = L ∩ X and note Y E G. Let q be a prime divisor of |G| such that
(q, |X |) = 1. Further, let Q be a Sylow q-subgroup of G. Now G/Y is a PST -group, X /Y is a subnormal subgroup
of G/Y and (q, |X /Y |) = 1. By induction it follows that QY /Y normalizes X /Y in G/Y . Hence Q normalizes X in G.
Therefore, we may assume L ∩ X = 1 and so X is nilpotent. By Lemma 2.3, X is an S-seminormal subgroup of G and G
is an SN-group.

Proof of Theorem 1.5.

This follows directly from Theorems 1.1 and 1.4.

Proof of Theorem 1.8.

e
e
By [2, Theorem D] it is enough to show Ye p = Yp , p a prime. Let G ∈ Ye p and let K be a
p-subgroup of G. Let H be a subgroup of K and let Q be a Sylow q-subgroup of NG (K ), q =
6 p. Then QH = HQ since
Q normalizes H and thus G ∈ Yp .
Let G ∈ Yp . By (2) of Theorem 1.6, G is either p-nilpotent or G is a Cp -group and has abelian Sylow p-subgroups. Let
K be a p-subgroup of G.
First assume G is p-nilpotent. Then NG (K ) is p-nilpotent. Let H be a subgroup of K and let Q be a Sylow q-subgroup
of NG (H), q 6= p. Since H is a subnormal Sylow p-subgroup of QH, QH = HX Q and hence H is S-seminormal in
NG (H).
Next assume that a Sylow p-subgroup P of G is abelian and every subgroup of P is normal in NG (P). We may assume
−1 
−1 
H ≤ K ≤ P. Then H E NG (P). Let x ∈ NG (K ) and note that H E NG P x . Thus H E NG (P), NG P x
and

−1
since NG (P) is abnormal in G, x −1 ∈ NG (P), NG P x
. Thus H x = H and H E NG (K ). This means that H is an
e
S-seminormal subgroup of NG (K ) and ∈ Ye p . This completes the proof of Theorem 1.8.
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4.

Examples

Example 4.1.
Let S4 , A4 , and K4 denote, respectively, the symmetric group of order 4, the alternating group of order 4, and the Klein
4-group. Let G = S4 and let H = h(123)i. Then H is S-semipermutable in G but it is not semipermutable in G since it
does not permute with an element of order 2 in K4 , the Sylow 2-subgroup of A4 .
An S-permutable subgroup of a group is subnormal. That this is not the case with S-semipermutable subgroups can be
seen in the subgroup H in S4 . Notice that H is not seminormal in S4 .

Example 4.2.
Let D10 = x, y | x 5 = y2 = 1, x y = x −1 , the dihedral group of order 10, and C15 = t, s | t 5 = s3 = 1, ts = st , the
cyclic group of order 15. Let G = D10 ×C15 and let K = hti×hyi. Since hsi centralizes K if follows that K is seminormal
in G. Note that K is not subnormal in G.

Example 4.3.
Let H = hxiohyi be a semidirect product of a cyclic group, hxi, of order 11 by a cyclic group, hyi, of order 5. Let
G = H×S4 . Set K = hxi×S3 where S4 is a copy of the symmetric group on three elements in S4 . Then K is a
seminormal subgroup of G which is not subnormal.

5.

An application

In [17], Zhang called a group G an S-group if every subgroup of G is either S-semipermutable or abnormal. He
established the following characterization of S-groups.

Theorem 5.1 ([17]).
A group G is an S-group if and only if G is precisely one of the following:
(1) G is a nilpotent group;
(2) G = LoD with D a system normalizer of G and L the nilpotent residual of G, where L is an abelian Hall subgroup
of G of odd order satisfying:
(2a) G acts as power automorphisms on L (that is, G is a solvable PST -group);
(2b) if S is a Sylow subgroup of L and y, z are elements of D, where y is a p-element and z is a q-element (p and
q distinct primes), then either S ≤ CL (y) or S ≤ CL (z).
Moreover, if G has at least one abnormal Sylow subgroup, then D is a Sylow p-subgroup of G where p is the smallest
prime divisor of |G| and CL (P) = 1.
Note that an S-group is an SPS-group. This follows because any subnormal subgroup of an S-group is not abnormal
and hence S-semipermutable. In [17, Lemma 1], Zhang showed that and S-group is solvable. Thus by Theorem 1.1,
an S-group is a PST -group. This establishes part (2a) of Theorem 5.1. Now assume that G is an S-group with an
abnormal Sylow p-subgroup, say P. By Theorem 5.1, P is a system normalizer of G. Thus semipermutability is a
transitive relation in G by [15, Corollary 4].
A group G is called a BT -group if semipermutability is a transitive relation. BT -groups were introduced by Wang,
Li, and Wang in [15] where they classified solvable BT -groups. Other characterizations of solvable BT -groups were
established in [2].
We now consider a subclass of the class of S-groups. Let us call a group G an S̄-group provided that every subgroup
of G is either seminormal or abnormal. Since an S̄-group is an S-group, it follows from the above discussion that G is
a solvable PST -group. We now show that G is in fact a BT -group.
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Theorem 5.2.
Let G be an S̄-group. Then G is either nilpotent or a system normalizer of G is an abnormal Sylow subgroup of G.
In particular, G is a BT -group.

Proof.

Let L be the nilpotent residual of G and D a system normalizer of G. As we have already seen G is a solvable
PST -group. We note that L is a normal abelian Hall subgroup of G and G is a semidirect product of L and D, G = LoD.
Assume that G is not nilpotent so that L 6= 1. Let P be a Sylow p-subgroup of D, p a prime. Then P is a Sylow
p-subgroup of G. Assume that P is not an abnormal subgroup of G. Since G is an S̄-group, P is S-seminormal. Thus
O p (G) normalizes P so that P E G. Hence if every Sylow subgroup of D is not abnormal, then G is nilpotent which is
a contradiction. Let us assume P is abnormal. Then NG (P) = P and D = P since D is nilpotent. By [15, Corollary 3.4],
G is a BT -group.
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